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BENFORD’S LAW AND APPROXIMATION OF LOGARITHMS OF NATURAL
NUMBERS BY RATIONAL NUMBERS

V. L. Bernik, N. 1. Kalosha, D. V. Vasilyev

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus
e-mail: bernik.vasili@mail.ru, kalosha@im.bas-net.by, vasilyev@im.bas-net.by

Received: 02.04.2025 Revised: 19.05.2025 Accepted: 23.05.2025

Keywords: diophantine  Abstract. The paper is devoted to studying the frequencies at which first digits occur in

approximation, Benford’s law, series formed by powers of integer numbers. A number of generalizations of this problem are

first digit distribution, powers of  considered, and the relation between the distribution of first digits and Diophantine properties

integers. of logarithms is discussed. In conclusion of the article, several interesting problems in modern
theory of Diophantine approximation are proposed.

3AKOH BEH®OPJIA 1 NIPUBJINZKEHUE JIOTAPU®PMOB HATYPAJIBHBIX YN CEJI
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KumogeBsie cioBa: modanro-  AHHOTanus. B cTatbe ucciie[oBaHbB YaCTOTHBIE CBOMCTBA MEPBBIX LH(P B IOCIEJOBATEIb-

Bbl NPUOJMKEHHs, 3aKOH BeH- HOCTH, 00pa30BaHHOI CTENEHsAMH LIeJbIX ucell. PaccmarpuBaercs psi 006001eHnil 3Toi

(opna, pacnipenenenye nepebx  MPOOJIEMBI, a TaKke 00CYKIaeTCs CBA3b MEXJY PAcIpesie/ieHHeM IepBbIX Upp U AUO0-

udp, CTENEeHH LeJIbIX YHCell. (anToBBIME cBOiicTBaMHU JTorapudMoB. [IpeanaraeTcst ps akTyanbHBIX IPOOIEM B TEOPUN
O aHTOBBIX MPUOIMIKEHHUIL.

1. Introduction

If we exclude initial zeros in the decimal representation of any non-zero real number, there will

be nine possibilities for the leading digit: a = 1,2,...,9. Surprisingly, in most cases these digits occur
with different frequencies, and the frequency of a digit a is roughly equal to
a+1
g4 (1)
a

The first publication describing this phenomenon is due to astronomer and mathematician Simon
Newcomb [1]. Frank Benford [2] provided numerous real-world examples that exhibit this distribution
of first digits. Newcomb’s observation became known as Benford’s law, and the distribution (1) as
Benford’s distribution.

Benford’s law holds for many random and deterministic sequences, and the sequence 2", n=1,2,...,
is a notable example. Recently, Benford’s law for power sequences was studied by Hiirlimann [3].

We are going to prove that sequences a”, where a = 2,3, follow Benford’s law. We are also going to
estimate the residual term and show how our estimate is related to Diophantine properties of logarithms
of natural numbers and their combinations. Several generalizations of these facts will be discussed, and
computer simulations will be used to evaluate the strength of the obtained theoretical results.
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This study originates from a conversation between Vasili Bernik and academician Yuri Prokhorov
at a number-theoretic conference in Bielefeld. Not every result presented in the paper is new; some of
them are repeated for completeness and ease of understanding.

2. The main results

Let v(A,Q) be the frequency with which a positive integer A occurs as leading digits in the
first O values of the sequence 2" (1 < n < Q). Let [B] and {f} denote respectively the integer and
fractional parts of a real number (3.

Theorem 2.1. Let A be an arbitrary positive integer. Then there are infinitely many positive integers
n =n(A) such that the decimal representation of A coincides with the leading digits in the decimal
representation of 2".

The proof of the theorem is based on two simple lemmas.

Lemma 2.2. The number 1g2 is irrational.

Lemma 2.3. For any irrational number «, the sequence {na}, n = 1,2,..., is everywhere
dense in [0,1).

The proof of Lemma 2.2 is commonly known, and Lemma 2.3 can be proved using Dirichlet’s
pigeonhole principle. In fact, Weyl’s criterion [4] implies a much stronger result.

Lemma 2.4. The sequence {no}, n = 1,2, ..., is uniformly distributed on [0, 1) if and only if « is
an irrational number.

Now it is easy to prove Theorem 2.1. Let A have k decimal digits, A =ajay. . ax, 0 < a; <9,
a; # 0. Let us write 2" in the form

2n — 10n1g2 — 10[101g2] . 10{n1g2}.

The leading digits of 2" coincide with A if

or
{nlg2} € [1gA,1g (A+1))mod 1. (2)

It follows from Lemmas 2.2-2.4 that the condition (2) holds for infinitely many n.
Let I C [0,1) be an interval or a finite union of intervals, and let N (¢, Q) be the number of positive
integers n, 1 < n < Q, such that {na} € I. If {n«} is uniformly distributed, we have

Ni(Q) = (1+o(1)) Q1.
Now taking o« = 1g2, I = [IgA,lg (A+1))mod 1 yields

A+1 A+1
Ni(122,0) = (1+0 (1) Qlg == = Qlg "= +R(0), G)
Jim 0"'R(0) =0,

1. e., the frequency with which the leading digits of 2" coincide with the digits of A is asymptotically

equal to v(A) = lgA%l. In particular,

v(1)=1g2=0.3010..., v(2)=Ig>=0.1760...

9 10
V(8)=lg§=0-0511--- : V(9)=lg§=1—lg9:0.0457....

NS ION]

Thus decimal representations of the numbers 2" start with the digit 1 more than 6 times more frequently
compared to the digit 9.

A natural question arises: how accurately is the value N; (Ig2,Q) approximated by the number
QOlg ’%? To answer this question, we must estimate from above the remainder R (Q) in (3). This estimate,
in turn, is determined by the measure of irrationality of Ig2, i. e., by how well 1g2 is approximated
by rational numbers.
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Lemma 2.5. Let the following inequality hold for an irrational number  and any integers
p,q € Z xN:

‘B—Z‘>C(B)q_>‘,?\>2. )
Then for any interval I C [0,1) we have

Ni(B,Q) = 1]0+0 (0" "% TInQ). )

. .. . . 2A+4
where the implicit constant in the Vinogradov symbol O does not exceed ZC— + 1

Lemma 2.5 can be proved using Vinogradov’s “little glasses” method [5] by decomposing the
characteristic function of the interval / into a Fourier series. Then the residual term can be estimated
from the inequality
i IIvBl| ™! < iwlm L>8
= c(B) LT
where ||x|| is the distance from the real number x to the nearest integer.

The class of numbers M (A) such that the inequality (4) holds is very broad. All real numbers with
bounded partial quotients in their continued fraction representations (for example, all quadratic irrationals)
lie in the class M (2). For an arbitrary A > 2, all real algebraic numbers (Roth, [6]) and almost all real
numbers in the sense of Lebesgue measure (Khinchine, [7]) lie in M (A). Today it is known [8] that
1g2 € M (A) for A = Ag = 2*2, and thus Lemma 2.5 leads to the following quantitative form of Theorem 2.1.

Theorem 2.6. Let B(A, Q) be the number of positive integers n, | < n < Q, such that the leading
decimal digits of 2" coincide with the decimal representation of A. Then for any ¢ > 0 we have

v=1

B(A,Q) = ngl%—l—O(Ql_l/(?\o—l)—&-a) _ ©

If we replace the sequence 2", n=1,2..., by the sequence ¢”, 1,2, .. ., then from results of Masayoshi
Hata and Elena Rukhadze [9; 10] we obtain that the residual term in (6) can be replaced by

0 (Q0,66) '

It is easy to see that the number 2 in Theorems 2.1 and 2.6 can be replaced by an arbitrary natural
number b > 2, b # 10',1=0,1,2,.... This yields results similar to Theorem 2.6 with the same residual
term as in (5) if for all p,q € Z x N the inequality

llgb RO ™

is satisfied [8].

Another natural generalization of the problem can be stated as follows. Take two natural numbers
Aj and A;. Let B(A},A;, Q) be the number of integers n, 1 < n < Q, for which 2" starts with A;, and
3" starts with A,.

Theorem 2.7. There exists a real number 11, 0 < p < 1, such that for any 0 < ¢ < 1 — L we have

Al+1. Ay+1
Ig

+ 0, (0"19)

as Q — oo,

Theorem 2.7 can be proved similarly to Theorem 2.6 since the sequence of two-dimensional
vectors d, = ({nlg2},{nlg3}) is uniformly distributed in the square [0,1) x [0, 1). Hence, these vectors
infinitely often belong to the rectangle

[lgA,1g (A+1)) x [IgB,1g (B+1))mod I.

This follows from the fact that the numbers 1,1g2,1g3 are linearly independent over the field of rational
numbers and the multivariate Weyl criterion [4]. Moreover, there exists a constant A} = A; (2,3) that
provides a quantitative characteristic of this linear independence of the form

|laslg3 +axlg2+ay| > c(2,3)H ™M, (8)
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where a; € Z, aj +a3 # 0, H = max;<;<3 ‘aj‘.
The estimates (8) and more general estimates

lalg pr + ar—11g pr—1 + ...+ a2lg2 + a1 | > c(2,...,pk)H*7‘2, 9)

aj € Z, Z]](':Z a? # 0, where p; is the jth prime number, were first obtained by A. Baker [11]. In the
paper [8], Baker wrote these estimates in the form (8), (9). From these estimates, we can obtain quantitative
results about the uniform distribution of fractions in a k-dimensional unit cube, which are similar to (5).
Having obtained such results, we can directly prove Theorem 2.7 and the following more general theorem.

Theorem 2.8. Let py be the kth prime number, and for arbitrary natural numbers A1,A,, ..., A
let B(Ay,...,Ax, Q) be the number of positive integers n, 1 < n < Q, such that the leading digits of 2"
coincide with the digits Ay, 3" has the same property with respect to Ay, ..., p; —to Ay. Then we can
specify w1, 0 < wy < 1, such that for any €1, 0 < €1 < 1 —py, as Q — o we have

As+1
s

1 + 0, (QM71).

k
B(Alv"'7Ak7Q) = Qng
s=1

Note that estimates from below for linear forms of the type (9) can be much more accurate if we

take particular combinations of numbers by, ..., by.
Of course, it isn’t necessary to restrict Theorem 2.8 only to prime numbers. The result holds for
composite numbers, as long as the set by, ..., b, satisfies the requirement that their logarithms, taken

together with the number 1, are linearly independent over the field of rational numbers. For example, we
can take by =4 and b, =9, but can’t take by =2, by =4 orb; =2, by, =3, b3 =6.

Let us consider another generalization. Let Bgs) (Q) be the number of positive integers n, | <n < Q,
such that the decimal digits of the number 2", starting from the (s+ 1)-th position, coincide with the
number A;. From now on, we allow A; to have leading zeros, for example, A| = 002). Further, let

0T 10t +A +1

vs (A1) =
’ IZIZOH 107 + A,

Theorem 2.9. As Q — o, we have

BY (Q) = 0vy (A1) + 0, (@' M=1we). (19)

The proof of Theorem 2.9 is similar to the proof of Theorem 2.6, since in the decimal representation
of 2", the digits of A; appear starting from the (s+ 1)-th position if {nlg2} lies in the interval
[lg (10°¢+A),lg (10°t+A+1))mod 1 for some s-digit number 7. Theorem 2.6 holds for any such
interval. Now it remains to calculate a sum of the right-hand sides of the expressions of the type (6)
over all 9-10°~! possible values of 7.

Clearly, this direct approach leads to a significant increase of the residual term in (10) because of
the implicit constant in the Vinogradov symbol. Take, for example, s = 6, then the residual term in (10)
for the sequence ¢ becomes at least 10°. Therefore, to obtain meaningful estimates of the remainder
term of (10), we need to take Q of the order 10?!, which is very large.

The results of numerical experiments (see Section 3) suggest that fluctuations of the residual term for
the individual intervals cancel each other out, to a degree, when summation is performed. We were able to
formally prove that this type of interference does occur for a union of evenly spaced intervals of equal length.

Lemma 2.10. Let the inequality (7) hold for an irrational 3 and all (p,q) € Z x N. Then for all
integers M > 1, S < M, real numbers a and b, 0 < b—a < M~ and

V=U_gla+jM " b+ M),
the asymptotic equality

Ny (B,0) = VI Q+0: (@'~ %)

holds, where the implicit constant in the Vinogradov symbol O does not exceed

2A+10 1 1
2 W(e(MmMA-”cus))'
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The result of Lemma 2.10 depends on Diophantine properties of both (3 and M 3. The relation
between ¢ (f3) and ¢ (M) is not simple, but for most numbers (in the sense of Lebesgue measure) these
quantities can be considered to be equal.

Recall that the integer base 2 can be replaced with an arbitrary real base a > 1. Take

5—1
lgalzc, lgaz:\/i7 lgaz =e, lgas=m

and let Baj (Q), 1 < j <4, be the number of integers n, 1 < n < Q, such that the leading digits of the

number a’; coincide with the digits of a positive integer A. Using well-known results about rational

approximation of Iga;, we can retrace the proof of Theorem 2.6 to obtain the following result.
Theorem 2.11. As Q — oo, we have

Bu () = 0" 1 10 (n0): (an
B, (0)= Q™ T+ 0(m0): (12)
By ()= 0l 10 (n"0); (13)
Bu (@) =0 1 1 0(0}). (14)

For almost all a and an arbitrary positive constant € > 0, we have

B.(A,Q) =Qlg %1+0(1 2eg). (15)

There is every reason to expect that the estimate of the residual term in (11) will be the tightest

among (11)—(15) since the golden ratio @ has the continued fraction representation [1,1,...], leading
to the estimate (4) with ¢ (a;) = (v/5)™! =8, A =2, for any 5 > 0 and ¢ > o (3).
Let us consider another generalization of the original problem. Take m; = 10*,... my; = 10°.

For these sequences, we can define B’ (Ay,...,Ay, Q) similarly to B(Ay,...,A;, Q) in Theorem 2.8 by
replacing p; with m;. Then the well-known metric lower bound on values of polynomials with integer
coefficients [12] can be used to obtain the following theorem.

Theorem 2.12. For almost all x and any & > 0, we have

k
At
B (A1,...,A,0) Q + (mk“’Q) .

3. Results of computational experiments

In order to evaluate the accuracy of our theoretical bounds, we have performed a number of
computations for large numbers Q, obtaining the following results.

Calculation of B(A,Q) forb=2and all A = 1,2,...,9 shows that the deviation of B (A, Q) from
the asymptotic estimate Qlg =~ A+l does not exceed 7 for 1 < Q < 10°. This suggests that 1g2 is like most
real numbers, i. e., that it hes in the class M(2).

Looking at the sequences 2" and 3" simultaneously, for the quantity B(A;,A», Q) we have obtained
that for all combination of the numbers (A},47), | <A} <9,1<A4,<9,0< 10°, we have

Ay + I Ay+1
Ig
A
Finally, considering the second, third, fourth, fifth and sixth digits for bases 2 and 3, and for all

possible digits 0 < A} < 9, we obtain that the maximum deviation of Bgs) (A1,0Q) and Bgs) (A1,Q) from
Qv (Ay) for 0 < Q < 10° does not exceed 22 (s = 2), 65 (s = 3), 122 (s = 4), 405 (s = 5), 921 (s = 6).
These results are visualized in the Figures 1 and 2 below.

B(A1,A2,0) — Qlg < 12.
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Maximum Deviations for 2" and 3"
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Fig. 1. Maximum deviations of Bg‘v) (A1,0Q) and Bg“‘) (A1, Q) from the respective asymptotic values
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Fig. 2. Maximum deviations of B(ZS) (A1,Q) and Bgs) (Ay,Q) for Q = 107 as s changes from 1 to 6

Fig. 2 suggests that the asymptotic growth of the respective deviation is proportional to ¢* and
not 10°~!, as expected from considering the 10°~! intervals.
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4. Conclusion

The problem of quantitative characterization of statistical properties of the first digits of integer
powers has a long history. We have established the connection between this problem and Diophantine
properties of logarithms, and obtained estimates for the remainder term in the asymptotic expression for
the number of integer powers with specific first digits. We have also proposed numerous generalizations
of this problem and provided state of the art solutions. Our results rely on known theorems establishing
Diophantine properties of the respective real logarithms. However, these theorems are often very inexact,
and improving them often requires solving difficult classical problems of Diophantine approximation.
In certain cases, metric approach allows researches to circumvent this obstacle by proving the desired
Diophantine properties for a subset of a box T C R” of sufficiently large Lebesgue measure [12].

5. Topical problems in the theory of Diophantine approximation

The results presented in the paper show how Diophantine properties of numbers can have surprising
consequences in other areas of mathematics. To close out the article, let us formulate several topical
problems in Diophantine approximation.

Problem 1. Consider the well-known Dirichlet-type theorem on solutions of the inequality

[Px)| < Q™ (16)

in polynomials P(x), deg P < n, H(P) < Q. Obtain bounds on the measure of sets o(P) such that inequality
(16) holds for points in these sets.
Problem 2. Study inequality (16) for a) irreducible polynomials and b) reducible polynomials.
Problem 3. Generalize inequality (16) to the fields of a) complex numbers and b) p-adic numbers.
Problem 4. Consider the inequality

ID(P)| <2222 v>0, (17)

where D(P) is the discriminant of a polynomial P with integer coefficients of degree n and height
H(P) < Q. Find upper and lower bounds for the number of such polynomials satisfying the inequality (17)
in the fields of real and p-adic numbers.

The authors would like to thank Y. V. Prokhorov, Y. V. Nesterenko, A. Dubickas, F. Goetze and
V. G. Safonov for a number of useful constructive comments.

This work was supported by the Institute of Mathematics of the National Academy of Sciences
of Belarus within the framework of the state programme “Convergence—2020".
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1. BBegenue

ITycts V, W — eBKIMIOBH IPOCTPAHCTBA pa3MEPHOCTEN /1 M 1 COOTBETCTBEHHO, Torga A :V — W
ecTh JIMHeHHOe oToOpaxeHue panra k < min{n,m}, A* : W — V — conpsikeHHoe K A 0TOOpaxeHHe.
U3sBectHO, uto A* 0 A : V — V ecTh caMOCONpsiKEHHBII onepaTop, MaTpuliell KOTOPOro B HEKOTOPOM
OpTOHOpMHpOBaHHOM Oasuce &y = (€1,...,€,) MPOCTPAHCTBA V SBISETCS QUArOHAIbHAS MATPHUIIA
diag[p?,...,p2], tae p1 = ... = px > 0= P41 = ... = P, €CTb TAK HA3BIBAEMBIE CUHTYJISIPHBIE UKMCIIA
oreparopa A (Bce UCTIONb3yeMble B CTAThe CBEACHHUS O MATPUIAX U JIMHEWHBIX OTOOPaKEHUSX MOKHO
Haiitu B [1] u [2, [1. 4, § 16]). Teopema 0 CUHTYISIPHOM Pa3JIOKEHUHU YTBEPKAAET, UTO CYLIECTBYET TaKOU
oproHOpMEpOBaHHbIi 6asuc F = (fi,..., f,,) npocTpancTBa W, 4to

A(e;)) =pifinpni < nu A*(f;) = pje; upu j < m.

O603HaunM yepe3 B = (A*0A)!/2 1V — V kopens u3 camoconpsikeHHOro onepatopa A* o A,
a uepe3 B” : V — V — p-1o crenens onepatopa B. B 6aszuce &y = (¢1,...,€,) MaTpuIeii oneparopa
BP :V — V aBnsercs quaroHanbHass Matpuna diag [pf TR

BBeneM B paccMOTpeHUE 4YUCIIO

1 1
|Al, =tr(B”)r = (p{ +...+p2)7, tne p > 1.

Scuo, uto [Alp = 1/p?+... 4+ p2 a |A|1 = p1 + ...+ py. UsBecTHO [1, p. 464—465], uto |A|, stBAsteTCS
HOpPMO#i1 B BeKTOpHOM mnpoctpancTse Lin(V, W) Bcex JMHEHHBIX OTOOpaXKeHMil, KOTOpasi Ha3bIBACTCsI

p-Hopmoit Llammena omobpascenust A. Hopma IllaTTeHa siBisieTcs MaTpUUHOl, T. e. |Ap o Ay, <

A A . .
< A2y - [Ai]p ans kommnosuummn V —5 W =2 U 1uHERHBIX OTOOpaKEeHHUI.
Bcerony nanee V u W GyayT eBKJIMIOBBI IIPOCTPAHCTBA PA3MEPHOCTEM 11 U 11 COOTBETCTBEHHO.
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Onpenenenne 1.1. O603HauMM 1151 TMHEHHOTO O0TOOpa)eHus A : V — W uucno
1/p
IIAHpZSlgP Y IlAGE)” )

i<n
IJie CynpemMyM OepeTcsi 1o BceM OPTOHOPMUPOBaHHBIM Oaszucam € = (eq, ..., e,) mpocTpaHcTBa V (depe3
||A(e;)|| obo3naueHa aamHa BekTopa A(e;)).

BriepBble Takoro poja XapakTeprCTHKA JMHEHHOTro 0ToOpaXeHus Oblia paccMoTpeHa B pabdote [3]
JU1s1 opToroHasipHO# npoekiyu A = pr: R” — W na nognpocTtpanctBo W C R” B cBS3U ¢ yTOUHEHHEM
OLIEHKH JMCIIEPCUH CITydaifHOi ommOKy B Teopuy [aycca MeTosa HAaMMEHBIINX KBapaToB.

Hcnonb3ysi cTaHIapTHBIE PacCyKICHUS U HEPaBEHCTBO MHHKOBCKOTO, HECJIOKHO TIOKa3aTh, YTO
|Al|, mpu p > 1 siBisieTcsi HOpMOii THelHOTO OTOOpakeHus A :V — W, rne V u W — npoctpancTsa
pa3MepHOCTeil m, n COOTBETCTBEHHO.

Ilesibio NaHHO# 3aMETKH SIBJIsieTCs cpaBHeHNe HopMbl || A||, u p-Hopmsl Ilartena |A|,. C ogHoit
CTOPOHbI OHH TIOX03H 110 (hopMe U Kpome Toro || Alj» = [Al, (410 ciesyeT U3 LenouKkn paBeHCTB

* * 2
tr(A 0 A) =Y (A" o A(ei),ei) = Y (Ale)), Ale:) = Y 1A (e) | (1)
i<n i<n i<n
JUIst OOOrO OPTOHOPMUPOBAHHOTO Gasuca & = (ey,...,e,)).

C zpyroii CTOPOHBI, MPOBEPKA HEPABEHCTBA TPEYroNbHUKA s p-HOopMbl IlaTTeHa |A|, BBI3HI-
BaeT OOJIbIINE CIOKHOCTH (4TO He Tak st HopMsl || A||,). Teopema 1.2 emme cuibHee MOgYepKUBaET
HETPUBUAJILHOCTh BO B3aUMOOTHOIICHUH MEXIY HUMH.

Teopema 1.2. /[as auneiinozo omoopasxcenus A :V — W cnpasedauso
1A |Al,, ecaup =2
b=
cp-|Al, ecaul<p<2
(30ecy Koncmanma ¢, = nl/l”*l/z).

Jloka3aTesbcTBO TeopeMbl 1.2 OCHOBBIBAETCSI Ha TOUHBIX OLEHKAX VIS CPEIAHUX K-CTETICHHbIX,
MOPOK/IaeMbIX JIMHEHHBIM OoTOOpaxeHueM (cM. Teopemy 1.3). HarmoMHuM, 9TO cCpeiHUM k-CTEeTeHHBIM
HEOTPHLIATEeNbHBIX YHceN (1, .., 3, Ha3bIBAeTCs YUCIIO

1

(7ﬁﬁ+'“+ﬁf’>% npu k #= 0

n

Ak(617"'7[3ﬂ): l
(Bl'”"ﬁn)z HpI/Ik:()

W3BecTHO, YTO

Ak(Bla"'?Bﬂ) >A2(Bla"')Bn) >Al(ﬁl7"'aﬁn) Hka> 2 2 l. (2)

IMycts A :V — W ectb uneiiHOe oToOpaxenue u € = (ey,...,e,) — OPTOHOPMHUPOBAHHBIT Oazuc V.
Yepes Ay (E) ob6o3naunm Ag(B1,...,PRn), tie B; = |[A(e;)|| = 0 npu i < n.

Teopema 1.3. IIycmo p1,. .., P, ecinb cutzyaspHble yucaa AuHelinozo omoopascenus A :V — W.
Toz0a 05 M06020 opmoHopmuUposantozo oasuca € = (ey, ..., e,) npocmpancmea V cpeonee cmenentoe
A (E) yoosaemsopsiem 0soiinomy nepasencmay

1. Ak(pl,...,pn) ZAk((g) >A2(p1,...,pn) npu k>2;

2. Ak(P1s--oypn) S AK(E) <Aa(piy-.-,pn) npuk < 2.

3ameuanue 1.4. B [3] 015 opmoeonanvroti npoexyuu A = pr: R* — W oasn k = 4 6v110 ycma-
HOBA€eHO 080LIHOe HePABEHCMEBO.

3

~—
D=

S|3

Komopoe cozaacyemcsi ¢ meopemoii 1.3, maxk kax cuHzyasipHble YUCAA OPMOZOHAALHOU NPOEKUUU
pasol P1 = ... = Py = L,a py+1 = ... = pp = 0. B pabome [4] 0as opmozonanvHoli npoexyuu 6viaa
ycmauos.nena Heyayumaemocmv ouerku (3) cHu3zy, a 6 [5] Obiau nonyuervt Heo6x00uMble U OOCMAmMouHble
YCA0BUSL ON5i CYUW4ECBOBARUSL OPMOZOHANBbHOZ0 DA3UCA, NPOEKMUPYIOW,E20CS 8 BEKMOPbL PABHOU ONUHDBL.
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2. Penykumsi Teopembl 1.2 k Teopeme 1.3 1 0OpTOroHaJIbHBIM MAaTPHIIAM

AcHo, uto mns cuHrynspHoro 6asuca &y A,(Ey) coBmamaer ¢ A,(p1,...,Px). DTOT dakT u
Teopema 1.3 COBMECTHO BJIEKYT:

1. maxgA,(E) =A,(p1,...,Pn) TIPH p > 2;

2. mingA,(E) =A,(p1,...,pn) pu p < 2.

Mostomy [|A|, = maxe (Lic, ”A(ei)Hp)l/P = n'/P maxg A, (€) npu p > 2 copmanaer ¢

1/p
1
nP A, (p1,. .. 00) = Y of = |Al,.
i<n
B yueGHuke C. M. AreeBa «Kypc JmHeitHo# anreOpbl» copepkutcs, 4to A,(E) = A (p1,...,Pn)
171 TaK Ha3bIBAEMOTO pagHobedpentozo basuca & = €4, T. €. TAKOTO OPTOHOPMUPOBAHHOTO Ga3uca,
y KOTOPOTO [UIHHBI [3; BceX BeKTOpOB A (e;) paBHBI Mexk Ly co00¥ (1, clieioBaTebHo, 3; = Az (PB1,...,By) =

= Ay(p1,...,pPn)). CremoBatenbHo,

3. maxgAp(E) =Aa(p1,...,Pn) IpH p < 2;

4. mingA,(€) =Az2(p1,...,Pn) IPU p > 2.
ostomy ||A|, = maxe (Lic, HA(ei)Hl’)l/p =n'/P maxg A,(€) npu 1 < p < 2 coBmajiaer c

1/2
n'PAs(pr,...pn) =0 PV Y 02| =cp A
i<n

TTokaxem, 4TO JIOKA3aTeJIbCTBO TeOpeMbl 1.3 CBOAUTCS K aHAJIOTUYHOMY YTBEPKACHHUIO JIJIs
OPTOTOHAJIbHBIX MAaTPHII.

Hpennoxenne 2.1. [Tycmv Ey ecmov cunzyasphulii, a & — OPMOHOPMUPOBAHHBILE OAZUCHL NPO-
cmpancmea V. [ycmo maxoce T ecmv opmozonaneras mampuya T (Ey | E) nepexoda om cunzyasprozo
6aszuca Ey k 6azucy €, a cuHzyaspHble YUCAa omodpadiceHuss A cmosm Ha OUAzZOHAAU MAMPULBL
R = diag[p1,p2,...Pn), 20e p1 = p2 = ... = pp. To20a || A(e;)|| = Bi 0asn mobozo i < n cosnadaem
¢ 0aunoii s; i-2o cmonbya mampuupl T = RT.

okazarebeTBo. JlocTaTOYHO MOKa3ath, 4to Tk ects Marpuia T (Ew|A(E)) nepexona ot cuHTy-
napHoro 6asuca Ew k o6pasy A(E). JefcTBUTENIbHO, €j = )i’ 1;;€; U IOTOMY

Alej) = iifijA(ﬁi) =

M:

(tijpi) fi-

]

I
—_

CrnenoBatenbho, s, = Y1 (t;0:) = ||A(e;)|| = B O
Hpennoxenne 2.2. Ecau & — opmonopmuposanuwlii 6asuc npocmparncmea V, T — mampuya

nepexooa om cuneyasprozo oasuca Ey k &, mo Ay(E) = <Z?:T‘S’A) “ 20e S; ecmb 0AuHa i-20 cmoadya
mampuypt Tg.

Orciofa cietyet, 4To MpH JoKa3aresabeTse Teopemsl 1.3 (1)—(2) anuHbl BekTopoB || A(e;) || MoxHO
3aMEHUTh Ha JJIMHBI §; CTOJIONOB MaTpuisl Tg.

3. JloxazareancTBo Teopembl 1.3 (1)

U3 HepasencTa (2) u 1ienouku paBeHcTB (1) ciepyet, uro Az (€) = Ax(p1, ..., Pn) MU TOOOTO
OPTOHOPMHPOBaHHOTO Oasuca & = (ey,...,e,) MpocTpaHcTBa V, a Takxke

Ar(E) = Az(pi1y...,pn) ipu k = 2 u Ap(E) < Aax(p1y---,Pn) ipu k < 2.

Ortcona 1 U3 npejIokeHus 2.2 cieayeT, 4To JoKa3aTeIbcTBO HepaBeHcTBa (1) u3 reopemst 1.3
CBOZIMTCS K HEPABEHCTBY ISl OPTOrOHAIBHBIX MATpPUIl TIpH k > 2:
k k1 no k1
<91+--~+pn)k>< i:lsi)k
> .
n n
,HJIH €ro yCTaHOBJICHH A BOCIIOJIb3yEMCA HEPABEHCTBOM Hencena: ecimm rlmagKkast YyucjaoBad q)yHKLII/IH

y = f(x) sIBIsETCS BBITYKJION, TO BBHINOJHACTCS HEPABEHCTBO:
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f(oqxl +...4+ (ann) < oqf(xl) +...4+ (x,,f(xn),

e uicna xp, oy, . .., &, > 0 TaKOBBI, YTO MX CYMMa paBHa €AMHULIE (CCJ'II/I ke GyHKuus f(x) BOTHYTa, TO

f(oqxl 4+ ...+ ocnxn) > oqf(xl) 4+ ...+ oc,,f(xn)).

Scno, uto (*) dynkims f(x) = X2, UMelomas 2-1o npousBonbHyio f()(x) = LA - 1)x§—2, SIBJISIETCS

BBHINTYKJION 1pH k > 2 1 k < 0 (aBaseTca BorHyToil pu 0 < k < 2).
[Tyctp k > 2. Tak Kak ) ;< tizj =1, To aus j-ro cTojdia MaTpuibl Tg UMEET MECTO

k
(PTtfi+ -+ opty) > SITPY + ..+ 1Pk

IIpumenuB HepaBeHCTBO MeHceHa i KakAOoro CToNoIa, MOy YMM:

k k
(Pithi+ .+ optm) >+ 4 (Tt + -+ Pity)* <A,
tie A= (o8 +.. .+ 0+ (B b+ 20 = () 2Pk

n

IMockonbky matpuiia T OPpTOrOHaJIbHA, TO (tlzl +... +ti2n)pf = pf.‘ JUTS BCeX i < 1, M IOITOMY A = p’l‘ +
+ ...+ pk.

k

IMockonbKy (GyHKIUs f(x) = X2 MOHOTOHHO BO3pacTaeT mpu k > 2, 10
1 1
( ?_lsf.‘>k . (p’{+...+pﬁ)k
=) |l—)".
n n

Ortcofa ¥ U3 MpeayokeHus 2.2 noayvyaem

k

a(e) = (BEr) g (ALt ey

4. lokazareabcTBO Teopembl 1.3 (2)

Jloka3aTeabcTBO HepaBeHCTBa (2) M3 Teopemsl 1.3 cBOAMTCA K HEPaBEHCTBY [JIs1 OPTOTOHAJIb-
HBIX MAaTpHIL:

1

nookol k kil
<ﬂ>k>(m>knpuk<2,k#0; )
n n

(ﬁsi) % Z (]ﬁ pi) % npu k = 0. ®)

CHauasna JOKakeM HEepaBeHCTBO (5), KOTOpOe MOXHO MepenucaTh B BUAE
n n 101 n 1
(IT(xet)")" = (ITe)’
j=1 “i=1 i=1
W B PaBHOCWJILHOM BHJIC

n n 1 n
[T(Xe}) = 1]e:
=1 V=1 i=1
Jliist ToKa3aTeNbeTBa MOC/IEAHEr0 HEPABEHCTBA BOCIIONB3YEMCS HEPABEHCTBOM AlaMapa, IIPUMEHEHHbIM
K Marpuie Tr. YuutsiBast, uto det(7g) = det(T') [T, pi, a Matpuna T OpTOroHaIbHA, MOy YUM TpeOyemoe:

n n n n n 1

[Tei=ldeun)| [Toi < [Tsi =TT (X 20?)°

i=1 i=1 i=1 =1 Vi=l

HaxkoHern, npoBoasi pacCy:kAeHHUsI, aHAJIOTHUYHbIE TE€M, YTO ObUIM HPUBEACHBI B MpPEbIAYIIEM
naparpade, 10kaxeM HepaBeHCTBO (4). U3 () cnenyer, uto s¥ = (pr3, +... + p,%t,%i)g HE IPEBOCXOIUT
120K + ...+ 120" npu k < 0; n ne menbwe 7,05 + ... +12,0k npu 0 < k < 2. Orciona u u3 Toro, uro
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MaTpula T OpTOroHajibHa, CJIE€AYyEeT, 4YTO

k
2

k 2,2 22\5 2,2 242
si = (P1ti+ -+ Pt ) > - (P + -+ Pilan)

-

I
_

npu k < 0 He TPEBOCXOAUT
(th+. . )es + F EH +)ph = 0 + 4 poh

(14 npu 0 < k < 2 He MeHblIIe p?+...+p’,‘t).
[Mockonbky dyHKIMs f(x) = X2 MOHOTOHHO Bo3pacTtaeT npu 0 < k < 2 1 MOHOTOHHO yObIBaeT
npu k < 0, To

k

n 1 k k1
(Lls’> > (M) “ mpn 0 < k < 2 wm k < 0 — HepaBeHCTBO (4) yCTAHOBIICHO.
n n

B 3akimouenue, aBTop BelpakaeTt d6jarogapHocTb npodeccopy C. M. AreeBy, 110J, pyKOBOICTBOM
KOTOPOTO BHIMOJIHEHA 3Ta PadoTa.
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1. BBegenne

Cy1mecTBoBaHueE [T100aIbHBIX MOJIEH € 3a1aHHOM rpymIioi [amya s pa3HbIX KJIacCOB IPYII, a TaKkKe
C MpeANICaHHBIMHU JIOKAJIbHBIMYA CBOVCTBAMHU JIJIS1 BETBJICHHUS BO3HUKAET B CBA3HU C PA3JIMYHBIMU BOIIPOCAMU
TEOpUH YKcesl. B CBSI3U ¢ 3TUM MOXHO OTMETUTh, K NIpUMepy, padoTsl [1] u [2].

B 970i1 cTaThe MBI pacCMaTpUBAaEM HEKOTOPOE Hepas3BeTBIeHHOE pacinupenue [anya E /F KOHEUHOM
crenenu d ¢ rpynmoit [amya I' giist yrcnoBeix noneit £ u F, u KoHeuHOU abeseBoit moarpyrmoi G C
C GL,(E) 3a1aHHOM 9KCTIOHEHTHI £, TIe MBI [IpEAIosaraeM, 4to G yCTOWYMBA OTHOCUTEILHO €CTECTBEHHOTO
ko3 punmentTHoro I-geiicTBus.

B nanHo#t pabote Og 0003HaYaeT MAKCUMATbHBIN TOPSAAOK YrciioBoro nosist K, a F(G) o6o3HauaeT
ToJ1e, KOTOpOe NMOoJTyvaeTcs MPUCOEeIMHEHNEM K F' BCeX MaTpUYHBIX K03 (DUIIMEHTOB Bcex Matpull g € G.

OcHoBHas LieJIb JaHHOMU CTAThH — 10Ka3aTh CyLIeCTBOBaHUE abeseBblx I -ycToitunbix noarpynn G C
C GL,(R) s 331aHHOTO 1 ¥ 33/IAHHOTO TTOKa3aTeJist ¢ Tpyrbl G (R 0003HavaeT HEKOTOPBIE JIeIeKUHIOBbI
nozikosbla E, HO Hanbosiee MHTEPECHBIM ciTydaeM siBisieTcst R = Op) Takux, uto F(G) = E obecrieunBaet
HEKOTOpbIE Pa3yMHbIE OrPaHUYCHUS 1151 (PUKCMPOBAHHOIO HOPMAaJbHOTO paciuupenusi E/F u uesnbie
4HCIIa 7, t, d OCTAIOTCSA BEPHBIMU. YCTaHOBJIEHA HUKHASA IPaHULIA AJI1 BOSMOXHBIX CTENIEHEH n IpecTaBie-
Huit G: n > C = C(E, F,d,t,h) takas, uaro ¢g(r)d < C < $g(t)dh, rae h — nmokazaress rpymIibl KJIACCOB
nonst F; &p(t) = [E(() : E] — obobiuenHas dyHkims itnepa ajst nonst E (; 06003HavaeT MPUMUTHBHbII
t-xopenb u3 1). Takxke goka3aHO, YTO B HEKOTOPBIX CIy4asX BEpXHsA rpaHuLa yiaydiiaema (treopema 1,
vactu 1), 3), 4)), xots1 HukHsist rpanuia C = §g(1)d < n He MOKeT ObITh yiydllieHa (peaiokeHue 2).

OTu pe3ynbTaThl UIMEIOT HEKOTOPHIE MPIUIOKEHUS K KOHEYHBIM apr(pMETHIECKUM TPyIaM, uxX
KOTOMOJIOTHSIM U ITOJIOKUTESIBHO OIPEJIEJICHHBIM KBAIPATUUHBIM PEIIETKAM HaJ| KOJIbLIAMU LIEJIbIX YUCEIT
B MOJISIX BIIOJIHE BEIECTBEHHBIX uucell (cM. [3-5]), HanpumMep, 0O00IIEHHBII «IIPUHIMIT Xacce»: s
apudmMeTndeckux rpymn G onpezeneHHoro tvna (Gr ABJIeTCSA KOMIIAKTHOM), BIIOJIHE BELIECTBEHHO-
ro K/Q u Gal(K/Q)-ycroitunBoii moarpymmst Go, u3 GL,(Ok) SiIpO eCTeCTBEHHOr0 OTOOpaKeHHsI
xoromonoruit H'(Gal(K/Q),Go,) — [1,H'(Gal(K,/Q,),G,) Tpusnansio. HekoTopble pe3yibTaThl,
CBsI3aHHbBIE C yCTOMYMBOCTBIO [asTya 1151 HOPsAAKOB B KOHEYHOMEPHBIX ainreOpax, MOKHO HaiiT B [6]. ABHas
KOHCTPYKIIMS BIIOJIHE BEIIECTBEHHBIX HEPA3BETBIIEHHBIX PACIIMPEHUII MOJIe ToIe3Ha B 3TON CUTYyalllH.
HekoTopsle HHTEpECHBIE KOHCTPYKLIMM HEPA3BETBIICHHBIX U BITOJIHE BEIECTBEHHBIX (& TaKKe MHUMBIX )



Hepaszeetsiennsle pacumpenus [anya u noarpynmst GL, 21

YHUCJIOBBIX MOJIEH MOMy4YeHbl B cTaThsAX [7—10], cM. Takxke [11]; HEKOTOpbIE KOMIIBIOTEPHBIE BBIYUCICHUS
¢ ucnionp3oBadreM KANT u PARI moryT OBITh TTOJI€3HBI 7151 9TOH 11eJr (CM., Hatpumep, [8; 10]). dpyras
KOHCTPYKIIUS BIIOJTHE BEIECTBEHHBIX HEPA3BETBICHHBIX PACIIMPEHHI, UMEIONHX 3aJaHHyIo Tpymy [anya,
NpuBeJieHa B Teopeme 3.

CraTbsi OpraHM30BaHa CJIeAyIIUM 00pa3oM. PopMyITMPOBKH pe3y/IbTaTOB IPUBECHBI B pasjiene 2,
paszaeinsl 3, 4, 5 MOCBSILEHH WX AOKA3aTeIbCTBAM.

BOJIBITMHCTBO CUMBOJIOB ¥ 0003HAYEHUIA, KOTOPBIE MBI UCIOJIB3YeM B 9TOW CTaThe, SIBJISIOTCS
TpaguuoHHbIMU. Q u Q,, 0603HAYAIOT OJIE PAMOHAIBHBIX YMCEN U P-aJUYECKMX PAlIMOHAJILHBIX YUCE]L.
Z v N 0003HaYaIOT KOJIBIO PAllMOHAIBHBIX IEJIBIX Yhces U HaTypaibHbX yncel, R u C o6o3HavaioT
N0JIs1 AGACTBUTENbHBIX M KOMIUIEKCHBIX uncel. GL,(R) 0603HayaeT oOIyo JIMHEHHYI0 rpymny Haj R.
Mbi mitem [E : F| st crenenu pacumpenust nosist E /F. MakcuMabHbIN HOPSIIOK YHCIOBOTO 1osist K
obo3navaetcst Og. B 310ii ctarbe Mbl umem I puist rpynn [anya, o,y € I' mis sanementos I'. Ml nuiem
(; 1U1s1 IPUMHUTHBHOTO ¢-KOpHs U3 1, Gk (t) = [K((;) : K] o6o3HauaeT 0600meHHy0 (yHKIHIO Dittepa
aust nosst K, I,, 0603HauaeT equHuYHy0 (m X m)-matpuily, detM siBisieTcst onpeaennteaeM MaTpuibl M.
Ecmu G — xoHeuHast tuHeiiHas rpynmna, F(G) 0003HavaeT MoJte, MmoiyYeHHoe PUCcoeJUHeHIeM K F Bcex
MaTpUUHBIX K03 duimeHToB Becex Matpuil g € G. s I, neiictBytoniero Ha G, v moobix 0 € 'u g € G Mbl
mimeM g° uist odpasa g nog aeiicteueM o. K o603Hauaet noamone I'-ycToitunBbIX 3neMeHToB nons K,
dimgA obo3Hauaet pazmepHocTh K-anre6pst A Hag nonem K, My, (R) — nonHy0 MaTpuuHyio anredpy Haj R.

2. Pe3yabTaThbl

[Tycts E 0603HauaeT KOHEYHOE PaCIIUpPEHHUE MOJIst aredpandeckux unces F, ormunoe ot F. ITycts
O, 0003HaYaET MepecedeHne Kojell HOPMUPOBAHKSI BCEX PA3BETBICHHBIX POCTHIX U/EAJIOB B KOJIbLE
Og, n nycts O = FNOF.

[Mockosnpky kosbua Oy u O MOMYNOKaIbHBI, H3BECTHO, YTO OHHU SIBJSIOTCS OOJIACTSIMH IJIaB-
HBIX HJIEAJIOB.

Teopema 1. ITycmo d > 1,t > 1 6yoym 3adanvt payuonarvhvle yeavie uucad, u nycme E/F
OYOem HOPMANbHBIM HEPA3EEMBACHHBIM PACUUPEHUEM NOAEIL aN2eOpau4ecKux uucen cmenenu d ¢ epyn-
noii Taaya T.

1) Ecaun > g(t)d, cywecmeyem xoneunas abenesa I'-ycmoiiuusas nodepynna G C GL,(O)
axcnonenmol t makas, wmo E = F(G).

2) Ecau n = &g (t)dh u h — nokazameaw epynnot kaaccos epynnvt F, cywecmeyem koneunas
abenesa I'-ycmoituusas nooepynna G C GL,(Og) nokazameas t maxas, umo E = F(G).

3) Ecau n > bg(t)d u h 63aumno npocmet ¢ n, mo G, ykazanuas ¢ 1), conpscena 6 GL,(F)
¢ nooepynnoii epynnvt GL,(Og).

4) Ecau d neuemno, mo G, 3adannas ¢ 1), conpsicena ¢ GL,(F) ¢ nooepynnoii ¢ GL,(Og).

Bo scex npugedennuix sviue cayuasx G modxcem O0blms ROCMPOEHA KAK 2PYNNA, NOPONCOCHHASL
mampuyamu g¥,y € I 0as nekomopozo g € GL,(E).

Pe3ynbTathl, CBSI3aHHbIE C YCTONYUBOCTHIO [alya KOHEUHBIX TPYIII B CUTYAIUSX, TIOOOHBIX HAIIEH,
BO3HHKAIOT B TEOPHH OIpPE/ICJIEHHBIX KBAIPATUYHBIX PEIIETOK, apU(PMETHIECKHX TPYIIIT U KOTOMOJIOT Ui
Tanya. Tousee, mycTh E — BIOJIHE BEIlIECTBEHHOE YKCIIOBOE Noje, H — anrebpanveckas noarpymma B GL, (C),
onpezeneHHas Haj noanosiem F B E. Ecin H onpefiesieHa B CJle/IyI0IEeM CMBICTIe: BellleCTBEHHAs IPyIia
JInu H(R), moarpynma R-touyek, kommnakTtHa, T0o noarpymmna H(Og) Og-todek H SBISETCS KOHEYHOM
I'-ycToliunBoii NoArpynmno, u mocjieHee ycJIoBUe UMEET HEKOTOphle MHTepecHble cienctrus ([3;4;12],
cM. Takxe [13]). DT pe3ynbTaThl TaKKe TECHO CBA3aHbI C HEKOTOPBIMU ACTICKTAMH 11€JI0OYKCIICHHBIX
Tpe/ICTaBJIeHHIT KOHEUHBIX TPy, CM. [4;14;15]. B Haliem KOHTEKCTe MBI M3y4aeM, MOXHO JIM Peaii30BaTh
3ananHoe noste E, HopmaiibHoe Haj F, kak none E = F(G) B oboux cinydasx G C GL,(0) uG C GL,(Og),
M €CJIM 3TO TaK, KAKOBBI BO3MOXHbIE TIOPS/IKK 71 MATPUYHBIX peaM3aluii u CTpyKTypa G.

Teopema 1 JaeT MONOKUTENBHBINA OTBET HA BOIPOC: MOXHO JIM Pean30BaTh JI0O0E HOPMaIbHOE
HepasBeTBJIEHHOE pacimpenne unciosoro nonsi E /F kak E = F(G) ns vekotoporo G C GL,(Og) tipu
ycnoBun n > Gp(t)dh. Mbl 1oka3sBaeM, 9TO T000e KOHEUYHOE HOpMasbHOE pacumpenue noust E/F
MoxkeT ObITh monyueHo kak F(G)/F, ecan > ¢g(t)d nist Hekotoporo G C GL,(E). ®PakTHyecKku, Mbl
CTpOMM HeKOoTOpbie areOpbi [anya B cMbiciie [16] 1 ycTaHABIMBaeM HIKHUE IPAHUIIBL IS KX BO3MOXHBIX
pa3MepHocTeii n. B npeyioxeHnn 2 J0Ka3aHo, YTO OrpaHUYEHUsI JJIs 3a/IaHHBIX LEJIbIX YKcel 1,1 v d
B TeopeMe | He MOryT ObITh YJIyYIIEHBL.
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IIpeanoxenue 2. [Tycme E | F — 3a0annoe nopmanvhoe pacuiupenue noneti anze0pauueckux uucen
¢ epynnoii [anya T, [E : F] =d, u nyemo G C GL,(E) — koneunas abeaesa I'-ycmoituusas noozpynna
sxcnonenmol t maxas, umo E = F(G) un—munumanvho eozmodxcnoe. Tozoan = ddg (t) u G nenpusoduma
omnocumenvro conpsicenusi 6 GL,(F). Boaee mozo, ecau G umeem MUHUMANLHO 803MONCHDILL NOPAIOK,
mo G — epynna muna (t,t,...,t) u nopsoka t™ 0as HEKOMOPO20 NONOHCUMENLHOZO UeN020 uucra m < d.

YcenoBus cnenyiomieit Teopemsl paccMatpuBaiuch JI. Mope-baiiu [7] B 6osee o61meii cutyarmm.
B obmiem citydae cyinecTBoBaHMe I7I00aJIBHBIX TOJIeH ¢ 3a/laHHO# Tpymmoii [anya u npennvicaHHbIMU
JIOKAJIbHBIMHU CBOWMCTBAMHU [1J1s1 BETBJIEHUS SIBJIETCS IOBOJbHO TOHKMM BonpocoM. JI. Mope-baiin nokazan
CYyIIIECTBOBaHME OTHOCUTEJILHBIX PACIIUPEHUIl YUCIIOBBIX TMOJICil ¢ 3aJaHHOU JIOKAJIBbHOM CTPYKTYpOi
BETBJICHHS HaJ 3aJJaHHBIM MHOXECTBOM IIPOCTHIX AEJUTENIell U Hepa3BETBJICHHBIX B JPYTrUX MecTax.
OpHako Haia KOHCTPYKIIHS B TeOpeMe 3 JaeT BIIOJIHE BellleCTBEHHbIE Hepa3BeTBIIEHHbBIE PaCIIMPEHHUS
OoJsiee SIBHBIM M TMPOCTBIM CIIOCOOOM.

Teopema 3. /las oannoii xoneunoii epynnet I' cyuecmayem 6ecKOHeUHO MHO20 HOPMANLHBIX
Hepa3gemeNeHHbIX pacuiupenuil enoare eewjecmeennolx noaeil E /F, umerowux epynny Taaya T.

3. loka3aTeabCcTBO Teopemnl 1

Joka3aTesbcTBO TeopeMsl 1. [l 1060ro pacimpenus yucioBoro nomst L/L; o6a konbua O
u O’L] SIBJIIIOTCSI HOJTYJIOKAJIbHBIMH, TI09TOMY OHH SIBJISIIOTCSI KOJIbLIAMH TJIABHBIX H€aIoB, U O} umeer
6a3uc Hax OIL,- Haunewm ¢ nokasaresnscrsa 1). st 3agansoro 6asuca wi, wa, ..., w, u3 O Hax Of Mbl
HaMepeHbl IOCTPOUTh MaTpULly g = [g;jli i = Y%, Bjw; 1 omapHo KOMMYTHpYIOIIHE MATPHIIb B; TaKUM
00pa3oMm, 4TOOB HOpMaJIbHOE 3aMblKanue nost F (11,812, ..., gnn) Hal F coBmazaso ¢ E 1, Takum 00pasom,
rpynmna G, nopoxaenHas g°, o € I, spnsiercst abenieBoit I'-ycToitunBoii rpymimoi SKCIOHEHTH! . Bo-niepBbIx,
MBI OIIpeJeJIsieM COOCTBEHHBIE 3HAUEHN s, KOTOPbIE JOKHBI UMETh MaTPULBI B;, €C/M g UMeeT 3aJaHHbIi
Habop coOCTBeHHBIX 3HavYeHMii. CoOupast 3aJaHHble COOCTBEHHBIE 3HAUEHM S MOMTAPHO KOMMY THPYIOIINX
MOJTYHPOCTBHIX MATPHIL U UCTIONB3Y sl PEryIsipHOE MpeCcTaBlieHre, Mbl cTpouM [-ycToiunByio abeneBy
rpymy G i UenblX MapaMeTpoB, YKa3aHHBIX B MPEAJIOKEHUM.

JlokazarenbcTBO 1) MCMONB3yeTCs B JOKA3aTeJIbCTBE OCTAIBHON YacTH TeopeMbl. PakTHUecKH,
HEKOTOpbIE pe3yJbTaThl U3 TEOPUM NIPE/ICTABJICHUN MOPSIKOB B MOTYNPOCTHIX anredpax (cm. [17, § 75])
HPUMEHSIIOTCS K 1opsiaky D = Op[By,Ba,...,By] C A BHyTpu F-anrepst A = F[B1,Bs,...,By|. YTBep-
KIeHus 2), 3) ¥ 4) 3aKIII0YAI0TCS B TOM, YTO KOHCTPYKIMS NpejicTaBienus G, 3ajaHHas B 1), MOXeT ObITh
peanmsoBana Haj O 6e3 CIONb30BaHMS LEIOUNCIIeHHOro Oasuca O Haj O (B o01ieM ciiydae Kombity Op
He TpebyeTrcs 6a3uc Hag Op). DTOro MOXHO JTOCTHYb, UCTIONB3Ysl Teopemy lllteitruia—IlleBanne mis
MoAyJiel Hall KosibliaMu [leiekuHa, KoTopas IPUMEHSAETCS K MOPSAKY D Wiv npsAMOil cyMMe ero KOmuid,
a Takke oguH pesyabrat lllypa nia 3) u pesyabrar, jokazaHHselil @penuxom [18] nna 4).

Hoxazameavcmeo 1). B HallleM 10Ka3aTeIbCTBE Mbl PACCMATPUBAEM [JBA PA3HbIX CITydasl.

Cyyait 1. Mt ipeonaraem, uto F ((;) u E nuHeiiHo He nepecekaotcst Han F u [E : F| = d. B atom
ciayuae ¢g (1) = Gp (). Iyctb wi = 1, wa, ..., w, Oynet 6asucom O Hag O, niycts I Oynet rpynmoii [anya
E () nap F((;). Iycts g Gynet nomynpocToit (d X d)-Matpuiieil ¢ COOCTBEHHBIME 3HaYeHUsAMH (4, 1, ..., 1.
Ucnonb3ys paznoxenue g = By +wyBy + ... +wg B4, Mbl MOXEM MOCTPOUTb MaTpullbl B, i = 1,2,....d,
¥ MBI MOXEM JOKa3aTh, 4To rpymnma G, nopoxiaenHas g,y € I', aBusercs abeneBoil [-ycroitunBoii
IpYNIIOi SKcroHeHTH £. Pacemotpum Matpuiy W = [w]’]; ; nns {o] = 1,02, ...,04} = I". llockoneky E /F
nepasBetsyieH, detW siBisiercs epunuieit 0. O6o3naunm yepes W; marpuiy W, i-it cronber; KOTopoii
3aMeHeH Ha d BBIOPaHHBIX COOCTBEHHbIX 3Ha4YeHui (;,1,...,1 g. Mbl MOXeM BBIYUCIUTD

_ detW;

" detw
¥ IOCTPOMTH MATPHULIBI B; Kak peryisipHoe npeactasienue B; = R(N;) A; € O%[(,] B 6asuce wi,wa, ..., wy
pacumpenust kosia O%[(,] D O%[{;], KoTOpOE MOTy9aeTCs MyTeM HPUCOSINHEHUS (; K OCHOBHOMY
Kombity. TTycTh oy OymyT koaddummentamu obpathoit Marpuist W' = [og;]; ;. Torna o = o u

Ai=(G—1Do i #1,uA; =14 (G —1)xy;. Tak uro 7\? = (¢ — l)ocflj =(G—1oyjanai#1,n
AV = (& — 1ol +1= (& — 1oy + 1. TIockobKy Mob60e MMHefiHOe OTHONIEHUE

d
k(M —1)+Y kA =0, kKeF((), i=1.2,.4d
i=2
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noapasyMeBacT JIMHEHHOE OTHOIICHHUE

d
A =1+ Y kN =0, keF(), i=1.2,.4d
i=2

ans Beex 0 € I, 310 Takke o3Hayano Obl detW—! = 0, uto HeBozmoxHo. CiemoBarenpHO, A — 1,
A2, ...,Aq rerepupyiot none E((;) van F((;), u noatomy By — I, By, ..., By renepupyiot F((,)-anana3on
F({)[B1,...,By] Ham F({;).

Obparure BHUMaHUE, YTO B; MOXHO BBIPA3UTh Kak JIMHEHHY0 KoMOuHarmio g% i = 1,2,....d,
¢ koappunmentamu B E: B; = Z?:l 0t;j€°/. DTO MOKHO HOTYUUTh U3 CUCTEMBI MATPUUHBIX YPaBHEHUI

d
g% =Y w'B;, j=12,..4d,
i=1
ecJin paccMaTpuBath B; Kak HeonpejeneHHOCTH. [lockonbKy G umeeT mokasatens ¢, F((;) siBisetTcs
noJsieM paciierieHust it G, TpyIisl, opokaeHHO# Bcemu g°, 0 € I'. CremoBatenbHO, pa3MEPHOCTD
E((;)-npoctpanctsa E((; )G = E(() ®p(q,) F(()G nan E((;) pasHa d, 1 103TOMY pa3smepHOCTb F((;)-
npoctpanctBa F((;)G Takxe paBHa d.

O6o3naunm vepes E’ o6pas E((;) npu perynsipuom npencrasienun E () van F((;) B 6azuce
Wi,...,wg. Torma A = E()G = E(() ®p(q,) F(()G, E({)-o60m0uka G sienserca E'-anredpoii lanya
B cMBbIcIie [16], T. €. 9TO accolMaThBHAs ¥ KOMMYTaTUBHAs OTemMast E'-anreOpa, nMermas HopMabHblii
0asuc. Mbl MOXeM BBIOPAaTh MIEMIIOTCHTHI

&= (ggj_ld)7 j:1727'--ad7

G—1
Kak HOPMaTbHbIA Gasuc A Haj E’, Tak 4to €; = €.

Yuacects F(()G=F(()[<g%,....8% > =F(C)(g—14)°", .., (§—1a) ], udimp ) F(()G =
= d. TlockonbKy JHa opOouTH M = [m;;] = (g — Iz) nox nefictBuem I paBHa d, MBI MOKEM HCTIONBb30BATh
ko3 uumente MaTpu M, i =1,2,...,d, 4To0bI IOCTPOMTE 371eMenT O = Y, ; k;jm;j, kij € F((;), KoTOPBIiA
reHepupyet HopMmanbHbii 6asuc E((;)/F((,). CremoBaresbHo, 1uis 0000 3amaHHoro « € E({;) mbl
nveeM o = Y, k;0% s Hekotoporo k; € F({;).

CriejoBatesIbHO, HAlll BHIOOP COOCTBEHHBIX 3HauYeHMil moapasymesaert, uto F(()(G) = E((,).

Ternepb MbI MOXEM IIPUMEHHTH PEryJIsIpHOE NpesicTaBieHne Ry matpuust O[] Hax O K MaTpuiiam
M = [m;j; j, mjj € OR[l;] cnenyomum obpazom: Rp(M) = [Rp(m;;)]; ;. Takum 00pa3om, UCTIOB3YsI
Rp 171st BceX KOMIIOHEHTOB Matpuil B; € M, (F((;)), Mbl MOXeM mony4uts abeseBy moarpymmny G C
C GL,,(E),ny = [F(() : F]d skcrioHeHTHI £, koTopas ['-ycToitunBa, ecim Mbl OlpeJeuM U30MOpP(HbIE
rpynnsl Tanya pacmmpennii E/F u E((;)/F((;). Mbl cHoBa umeeM dimpFG = dimgEG, E cHoBa
sBisietcs anreopoii [anya, u F(G) = E. Tenepb, ucnonb3yst ecrectBenHoe Bioxenue G B GL,(E),n > ny,
Mbl 3aBEpIIAEM JI0KA3aTEIbCTBO TeopeMbl 1 B ciayuae 1).

Cryuaii 2. B cuity ciydas | Mbl MOKEM paccMOTpeETh Cilydaid, koraa repecedenue Fy = ENF((;) #
# F. MBI MOXEM UCIIOJB30BaTh peryispHoe npejacrasienue R O Han Of. Iycts Iy = {0}, 0%, ...,0/,}
OyIeT MHOKECTBOM HEKOTOPBIX pacimpenuii anementoB I' = {0y, 02, ...,04} 10 E({,)/F, n mycth wy =
=1,wy, ...w, Oyner 6a3ucom O Hax O'.. VITak, Mbl MOKEM HCIIOJIb30BATH HALLH TIPEIbLAYIIHe 0003HAYECHHS
¥ IPUMEHHUTH AHATIOTMYHBIA APryMeHT, Kak B clyuae 1 J0Ka3aTesbCTBa, JUlsl IOCTpoerns ¢ = Y4 | Byw; u
MaTpuIl B; Kak peryjisipHbIX MpeJCTaBlIeHull Ry COOCTBEHHBIX 3HAUYCHUI

detW, Pelr

~ detW - J;

)
A, =124,

i

ClleyoIMM 00pa30M: Mbl PACCMATPUBAEM
Pe(r) _
Bi=Ro(Ni)= ) R(A;j)T,
=1

o o .
rae R — perymsiproe npeacrasinenne O Han O Ml Takoke umeeM A = o j+ LA,/ = o ast j=2,...,d.
/

Teneps, ecv y HAaC eCTh Kakasg-IMO0 JMHEHasA CBA3b MEKIy CTPOKaMU MaTpHbl [;;((, " —1)]; j, 910
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OyleT O3HauaTh JMHEHHYIO CBA3b MEXKJY €€ CToNOnamMu, U nostomy cronous W1 = [a;;] nmuneitno
3aBucumMsl, 1 detW ! = 0, uro sBNsEeTCA MpoTHBOpeunem. MTak, cHOBa momydaeM, uto A| — 1, A;, ..., Ay
JIMHERHO He3aBucuMbl Hajl F, noatomy dimpFG' = dimpF[By —I;,Ba, ...,B;] = dimgEG' = d na G,
MIOPOXKAEHHOTO g“r", i=1,2,...,d. Kak u panee, Mbl MOKEM PaCCMOTPETH pery/isipHoe npeacTaieHue Rg (B;)
1151 ko3 purmenToB MaTpu B; B pactrperuu Koibia O [(;] D Of. Utak, nomydaem gy = Zf‘l:1 Rg(Bj)wi,
¥ MOXeM B3s1Th rpyIty G, mopox ety Bcemu g, i = 1,2,....d. Takkak [E((,) : F] = [E(() 1 E][E : F| =
= ¢bg(t)d, To mopsanok n = ¢g(t)d coBnagaet ¢ LesbIM 9KCIOM, TpeOyeMbIM B (POPMYJIMPOBKE TEOPEMSI 1.
Takum 00pa3oM, MBI MOXEM HOCTPOUTH I'-cTadmiIbHYy10 Tpynmy G, yAOBIETBOPSIONLYIO YCIOBHAM 1)
B Teopeme 1.

Hoxkazameavcmeo 2). Pacemotpum Op-tiopsinok D = Of[B;, Bz, ...,By] C A B nonynpoctoii F -
anredpe A = F[By,By,...,By|, tne B; — 310 (n' x n)-marpuupl, B3arteie u3 1). icnonb3yst Hallly KOH-
CTPYKIMIO B;, Mbl MOXeM npeanonoxutb n' = Gg(r)d. Ilycts M Gyaer COOTBETCTBYIOLUIUM MOIYJIEM
NpeCTaBIeHUs B 1'-MEPHOM F-BEKTOPHOM MpOCTpaHcTBe V. Mbl yTBEPXKIAEM, UTO MaTpuLibl B; u3 1)
MOTYT OBITh peasin30BaHbl Hajl O MyTeM B3STUS IPSIMON CyMMBI i korwii Op-monyias M. Mbl Moxem
ucnojb3oBath Teopemy Ilteitnuna—IlleBasie (cMm., Hanpumep, [17]) aas M, 9T0OBI HONYUYUTh PA3JIOKEHHUE:
M=vO5+0,9z+--+vy_, Oz +0vyaOF A1 HEKOTOPBIX JEMEHTOB V|, V2, ...,V € V 1 HEKOTOPOTo
JOpobHoro uzaeana a MHoxectBa Op. B3sB npsamylo cymmy M| = &M h xonmii M, Mbl 3aKJII04aeM, ITO
knacc IlIteitnima M| pasen a”, mo3ToMy OH TpuBHaneH, 1 M| CTAaHOBUTCS CBOOOIHBIM O f-MOLYJIEM:
My = ¢10p 4 ¢20F + - - - + ¢y O I7 HEKOTOPBIX JIEMEHTOB C1,C3,...,Chpy € FM). CiiegoBatesbHO,
marpunsl By = @By, B, = ©"B,,..., B, = "B, (h xonwmit B;) GL,(F)-coupskeHbl K MaTpULIaM, COJEP-
xarmmest B GLy,y (OF) (Mbl MOXeM paccMoTpeTsh n = hd g (1) Ha MrHOBEHHUE, a 3aTeM PaCIIPOCTPAHHUTD
pe3ysbTat Ha ioOble n > hd g (1), B3sIB IpsiMbie CyMMBI). MBIl MOKEM 3aKJIIOYUTh, 4TO BCE MATPULbL g7, 0 €
€ I" akxe conpsixersl B GL, (F) ¢ matpuniam, coaepxanimmucs B GL,(Og). ITockomnbky G MOpokaaeTcst
9THMH MaTPHIIAMH, MBI TIOJlyYaeM yTBEpKAeHHe 3) [u1st MaTpuil nopsiaka hd G (1). lns pacnpoctpaneHus
3TOrO pe3y/bTaTa Ha MPOU3BOJIbHBIE 1 > hd G (1) MBI MOXeEM 3apUKCHPOBATH MMOTOKHUTEIIbHBIE T[EJIbIe
uncnakurcn=khddg(t)+r,r < hddg(t) v B34Th IpsAMyI0 CyMMy k KOIHi1 IOCTPOESHHOU peanu3anuu G
Y 7 KONIMIA eIMHUYHBIX TPeJCTaBIeHUi. DTO 3aBepIliaeT I0Ka3aTeIbCTBO 2).

Hokazameavcmeo 3). 1o cinenyer u3 yrBepxacHust (75.5) B [17], IpUMEHEHHOTO K MOPSIIKY
D = Of[B;,B3,...,B;] C A B F-anrebpe A = F[B1,B>,...,B,|. Tak xak Bce matpuupt B;,i = 1,2,...,d,
conpsikeHsl B GL, (F) ¢ matpuniamu, copepxatmmucs B GL, (OF ) (3aech MOXHO paceMotpetb n = ddg (1)),
TO MBI 3aKJII09aeM, 4To Bce MaTpulibl g°, 0 € I, Takke conpsikeHsl B GL,(F) ¢ matpuiamu u3 GL,(Og).
Tak kak G MOpoXJaeTcsl STUMU MaTPHUIIAMHU, TO MOJy4yaeM yTBEepKJeHHe 3).

Hokazamenvcmeo 4). o [18], Teopeme 4.3, B 1060M HOPMATHLHOM HEPA3BETBICHHOM PACIIUPEHUM
YHUCJIOBBIX TMOJIEil HEUETHON CTETIeH! KOJIBIIO LIEJIbIX YMCe]l UMeeT CBOOOIHbIN Oasuc. B Hamiem ciyuae
O =w;Op +w20F + - - - +wyOF 1J1s1 HEKOTOPBIX W1, W2, ..., Wy. [loaTOMy MaTpunbl B, i = 1,2,....d,
conpsikensl B GL,(F) marpunam u3 GL,(Op), 1 Hamn apryMeHT 1) MoxeT OBITh HEOCpPeICTBEHHO
npuMeHeH K konbiiam O 1 O BMecto O 1 Of. 10 03Hauaer, uto G conpsikeHa B GL, (F) moarpymnme
GL,(OE), Kak 1 yTBEePKIAJIOCh.

DTo 3aBepIIaeT JOKa3aTelIbCTBO TEOPEMBI 1.

4. Jloka3aTeJbCTBO MpeIJIoKeHusl 2

Joxa3zaTeabCcTBO NpeUIoKeHus1 2. Mbl MOXEM HCIIONIb30BaTh JOKA3aTEILCTBO TEOPEMSBI 1.
[ycts G C GL,(E) — rpynma, 3aaHHas B GOpMYJIMPOBKE MPeUIOKEHUS 2, U IyCTh 71 — MUHIMATIBHO
Bo3MoOxkHoe. Torna Mbel UMeeM cienyiollee pasnoxkenue E-odonouku A = EG:

A= 81A—|—£2A+...—|—€kA

JUIS1 HEKOTOPBIX IPUMUTUBHBIX UIEMIIOTEHTOB €1, ..., £, TPYHIIBL A. €; COTPSIKEHBI O] ASHCTBUEM TPYIIIIbI
o; .

Tanya ' = {o},...,0,}. N6o ec cymma €;’, j = 1,2,...,d, we papua I,, To I, = e + &> st e = €' +
+...+ af‘l uey=1,—e, uej,e; dukcupyorcs I, Tak 4T €1, e, conpsikensl B GL, (F) 10 TUaroHa bHOi
bopmbl. [Tockosnbky J060it 13 2 KOMIIOHEHTOB ¢;G UMeeT PaHT MEHBIIIE 71, CYIIIECTBYET MaTPUUHAs TPYIINa,
YIOBJIETBOPSIOIAS YCIOBUSIM MPEJIOKEHUS 2 CTEIeHU MEHBIIIE 7.

CrieioBaTesbHO, €; = €]', k = d 1 MIEMIIOTEHTHI €1, ..., €4 OOPa3yIOT HOpManbHbIA Gasuc A. Ho
paHr MaTpHLpl €; He MeHblie, YeM O (). JefcTBUTENBHO, ;G COOEPXKUT IEMEHT €,g, s HEKOTOPOro
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g € G nopsiaka t Takoro, uto (&;g)" = €;, HO (e[g)k = ¢; s k < t. Mbl MOXeM Haiiti g € G cleayoIum
obpasom. Tak kak [, = €1 + ... + & 41 moboro h € G mopsiika ¢ CyIIECTBYET € ; TaKoii, uTo (€ h)" = €,
o (gjh)* # ¢; nis k < t, ¥ TO *Ke CBOHCTBO BHINOMHAETCS 11l € th ¢ moGbiM o € I. Torna, ucnonbsys

CBOICTBO HOPMAaJILHOTO Oasuca & = ef", MbI MOXEM B3Th g = h°/ 10".

Takum 00pa3om, HEMPUBOMMAsl KOMIIOHEHTa £;G ompee/seT TOYHOEe HEMPUBOIUMOE TIPeICTaBIIe-
HUe IUKJINYeCKOi rpymibl, mopoxaentoi g. Ho ecmu T : C — GL,(E) sBisieTCsl TOYHBIM HEPHUBOIMMBIM
NpeAcTaBIeHUEeM LUKIMYecKon rpymmbl C, HOPOXKASCHHON JIEMEHTOM g MOpsKa f, TO €ro CTeleHb
paBHa ¢ (f). U3 atoro cienyer, 4to paHr MaTpuil €; paBeH ¢g(t). Takum oOpa3om, pasMepHOCTb A
Han E paBHa ¢g(r)d.

Ecmu G nopoxnaercs g¥, v € I, u ero nopsiiok MuHuMaseH, ['-ycToRYMBOCTh MOIpa3yMeBaer,
YTO g UMeeT d CONpSIKEHHBIX OTHOCUTENBHO | -aeiicTBus, u moatomy G siBiisieTcsl abelieBoil rpynmnoi
SKCIOHEHTHI { U MOopsiAKa " AJis1 HEKOTOPOIo HOJIOKUTEBHOTO LEJIOro yucia m < d. To 3aBepuiacT
JIOKA3aTEeJIbCTBO MPEAJIOKEHUS 2.

5. loka3aTeJibCTBO TeopeMbl 3

Jloka3aTebcTBO TeopeMbl 3. Bo-1iepBbix, OyJeT NOCTPOCHO BIIOJHE BELIECTBEHHOE pacIIvpe-
uue L/Q crenenu n. st 3TOM 11e/1 MBI MOXeM 3apUKCHPOBATH IPOCTHIC YHCTIA 1, G2, g3 TAKUM 00pa3oM,
4TO ¢] ¥ @ SIBJISIIOTCS B3aUMHO NPOCTBIMH, M BHIOpaTh MHOTOWIeH H (x) = (x —a1q1)(x — azqa) ... (x —
—anqy) + aqy, rpyma KOTOporo MMeeT TPAHCIIOZUIIUIO M OJIMH WM 2 MHOXHTEJIS] HEUETHOM CTENeHH 110
MOZYIO g7, (n — 1)-LIMKJI O MOIYJIIO g3 AJIsI LIeJIbIX YUCET d;, JOCTATOYHO OOJIBLIMX TI0 CPABHEHHIO C | ¢ |
¥ MaJIBIX 110 CPABHEHHIO C |a; —aj|,i # J, Takux, 4To BCe KopHU H (x) sBNs0TCA AeiicTBuTe bHbIME. [Tose
pacierienust H (x) BIojHe JEACTBUTENBHO, @ €ro rpyrmna [atya sBiseTcss CHUMMETPUUYECKON IPyIoit S,,.
CrepoBatenbHo, L umeer noanone L crenenn n Hag Q.

3aduKcupyeM MHOKECTBO R BCceX MPOCTHIX YKCe, pa3BeTBlIeHHbIX B L/Q.

PaccmoTpum criepyoniye yCaoBus:

1) F(x) = (x—bip1)(x—bap1)...(x —bup1) + p1b;

2) by,by,...,b, € Z pa3snuuHbl, ¥ p| He OeTUT b; 2bn < (Hf}zl(j#[) |bi —bj|)p'1“2 mai=1,...,n;

3) F(x) uMeeT TPAHCIIO3UIMIO U | WM 2 MHOXHTEJISI HEUETHOM CTENEHH 0 MOAYJIIO P2;

4) F(x) umeer (n — 1)-1MKJI [0 MOAYJIO p3;

5) p1,p2, p3 — IPOCTHIE YKCIIa, HEe coflepkatuuecs B RU g, a ¢ ¢ R — IpOCTOe YUCIIO, CPABHUMOE
¢ 1 mo moaymo n.

Venosus 1) 1 2) rapaHTHPYIOT HEHPUBOAUMOCTD F(x), MOCKOMBbKY F (x) — MHOrOWIeH DiizeHuITeiiHa,
a Takxke Bce KOpHU F (x) meficteutenbHbl. deiicTBuTenbHO, Koaddurment npu X"~ B x"F(1/x+ bip;)
paseH [T/_; (. (bip1 —bjp1). CnenoBaresbHoO, 11 KOPHEH X1, X2, ..., X, ypaBHeHHs F (x) clIpaBeIBO
clieyoliee paBeHCTBO:

1 1 1 Hyzl(ﬁg,’) |bipl _bjP1|

+ +...
x1—bipr  x2—bip Xn—bip1 bp,

A TO3TOMY
nbpi
H?:](#,‘) |bip1 — bjp1]

\xi, —bip1| <

pu yenoun |xi, — bipi| < |xj — bip1| nns Beex j # k;.

Tenieps, ecu 2nbp < H;le(j#) |bip1 — bjp1l|, T0 |xi, —bjp1| < %, U BCce KOPHHU Xi, COIEPKaT-
csl B OKPYXXKHOCTSIX pajuyca % C Pa3sIMYHBIMU LIEHTPAaMU b;py, TIO3TOMY CPEIH X, HET KOMIUIEKCHO
COTIPSDKEHHBIX.

Venosust 3) u 4) nogpasymeBaioT coBnajeHue rpymnmsl Lanya F(x) ¥ CHMMETPUYECKO# TPYIITbL S),.

N3 teopemnl miotHocTr Ppodenuyca ([19], cm. takxke [20], Teopema 42) cieayeT, ITO 3aJaHHbBIA
MHOTOYJIEH UMEeT Ty ke (paKkTOpH3aIio, COOTBETCTBYIOIIYIO MEPECTAHOBKE 33JaHHOTO THIIA ITUKJIA
M0 MOZIYJII0 OECKOHEYHOro YKciia MpocThX uuces. CliegoBaTeNbHO, CYyHIecTBYET 1ejoe unucio M, He
Jensieecs Ha pi, P2, P3,q ¥ IPOCTHIE YMCIa U3 R, Takoe, 4TO CpaBHEHHUE

6) f(x) = F(x)(modM) Bneuer, uro rpymna lanya f(x) paBHa S,,.
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Iycts K 6yner nonem pasnoxenns f(x). Toraa g-kpyrosoe none Q((,) MMeeT nomone CTENeHn 1
Haz Q, KOTOpOe MOXKET ObITh OMPEENICHO KaK T0JIe Pa3JIoKeHHsI IeI0YMCIEHHOro MHOorowieHa k(x). Ilo
nemme Kpacuepa cymectByer #; € N Takoe, 4To cpaBHEHHS

7) f(x) = H(x)(modp™) nns Becex p € R nogpasyMeBaioT coBrajienue nokamsauuii: LQ, = KQ,
s p € R. Ecim makcumanbHOe abesieBo noanose Ky, nons K ue sisiercest Q, 1o Ky = Q(+/r) s
HEKOTOPOroO ¥ € Z, ¥ IJI1 JOCTATOYHO OOJIBILIOTO LEJIOro YUCa f) CpaBHEHHUE

8) f(x) = k(x)(modg™) nogpasymesaer K N L = QQ, paccmarpuBas pa3setsieHue B g. Ho cocTaBHOM
KL ne passetsnen Haj K, notomy uro LQ, = KQ,, 11 Bcex NPOCTHIX YUCENl p, Pa3BETBIICHHBIX B L.

Mei MOXeM HailTh MHOTOWIeH f(x), yAOBIETBOPSIOIUI ycioBusM 1)-8), Tak 4TO ero KOpHH
JEeMCTBUTEIBbHBI, COMIAcHO 2). [leificTBUTENIbHO, UCIONB3Ysl TEOPEMY O CJIa0Oi ammpoKCUMaLuK (MIn
KUTAHACKYIO TEOPEMY O HATIOMHUHAHUHM), MBI MOXEM YIOBJIETBOPHTH 1) 1 3)-8), 1 B hakTopusanuu f(x) =
=(x—cy)(x—c2)...(x—cp)+co ¢; MOKHO YBETHIUTb, TOOABUB HECKOJIBKO KPATHBIX MOJIYJIEil CpABHEHHIA
3)-8), uToOkI cienath ¢;,i = 1,...,n, JOCTATOYHO OOJIBIIMM IO CPABHEHHIO C C() U MaJIbIM 110 CPABHEHHIO
clci—cj|,i# j (i,j#0). CnenosatensHo, nonst E = LK u K BroJIHe BeleCTBEHHEI, a pacimpenue E /K
HEPA3BETBJIEHO, HOPMAJIbHO, U ero rpymnna lamya pasHa S,. I1o Teopun l'anya, 1 3anaHHON KOHEYHOR
rpymmel I' C S, (JUIst MOAXOASAIIETO 1) CYIIECTBYET HOpMaibHOe ropapacmmpenue E/F, tne F = ET
ABJIAETCA noanoneM I'-HenoABMKHBIX 21eMEeHTOB £, KOTOpoe Takke Hepa3BeTBJIEHO U UMeeT I B KauecTBe
rpymmsl [anya. 9To 3aMevyaHue 3aBepIlaeT J0Ka3aTeJIbCTBO TEOPEMBI 3.

ABTOp OarofgapeH peLeH3eHTy 3a MOJIe3HbIe 3aMeYaHHs, KOTOPble CIIOCOOCTBOBAIN YITydIle-
HUIO paboThI.

Pabora monaepxxana MHcturyrom matemaruku HAH Benapycu B pamkax 3aganus 1.1.01 rocy-
JapCTBEHHOW MporpaMMbl Hay4YHbIX uccienoBaHuii «KonsepreHnnsa—2025».
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KioueBble cioBa: KoHed- AHHOTAIMs. J{/1s1 KOHEUHO! rpynmbl G U ee MaKCUMAJIbHOI MOArPYMNIbl M Mbl JOKA3aJIM, YTO
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Hasg BbicoTa PUTTHHra; He-p- [UIMHA HOATPYIIBI M He NpeBocxomut 1. Mbl HOCTPOMIIN HAC/IEJCTBEHHYIO HACHILIEHHYIO
paspemmMasi JUiMHA; HacieA- opmanmio § tak, uto {ng(G,§) —ne(M,F) | G xoHeuna o-paspemmma u M siBIIsieTCs: MaK-
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IIEHHBIX JITMHAX MaKCHMAJBHBIX MOATPYMI, omyOimkoBaHHele B Math. Nachr. (1994) n
Mathematics (2020), sBASAIOTCS HEKOPPEKTHBIMU.

1. Introduction and the Main results

All groups considered here are finite. One way to study the structure of finite groups is to study
their given normal series. An important parameter of such series is their length. For example the derived
length, the nilpotent length and the p-length encode information about the structure of a group. Note that
the series defining the nilpotent length were used for computations in soluble (polycyclic) groups [1].
One of the main disadvantages of the above mentioned lengths is that they are not defined for all groups.
Khukhro and Shumyatsky [2; 3] introduced the following lengths associated with every group.

Definition 1.1 (Khukhro, Shumyatsky). (1) The generalized Fitting height 4*(G) of a finite
group G is the least number / such that F; (G) = G, where Flo) (G)=1, and Fiin (G) is the inverse image
of the generalized Fitting subgroup F*(G/ Fiy (G)).

(2) Let pbeaprime, | =Gy < G1 < ... < Gopy1 = G be the shortest normal series in which for i odd
the factor G;11/G; is p-soluble (possibly trivial), and for i even the factor G /G; is a (non-empty) direct
product of nonabelian simple groups. Then /2 = A,(G) is called the non-p-soluble length of a group G.

(3) A2(G) = A(G) is the nonsoluble length of a group G.

For the properties and applications of these lengths see [2-7].

Note that if G is a soluble group, then 2*(G) = h(G) is the nilpotent length of G. K. Doerk [8, Satz 1]
proved that the difference of the nilpotent lengths of a soluble group and its maximal subgroup can be
only 0, 1 or 2. The analogues of this result were obtained for the 7t-length of a 7t-soluble group [9] and
the o-nilpotent length of a o-soluble group [10]. From [4, Theorem 5.6] it follows that for a group G
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and its subgroup H the differences 4*(G) — h*(H) and A,(G) —A,(H) are not bounded from below
by a constant. Here we prove
Theorem 1.2. Let M be a maximal subgroup of a group G and p be a prime. Then

1 (G) — (M) < 2,MG) — A(M) < 1 and A, (G) — Ap(M) < 1.

This theorem is the consequence of two general results obtained via the functorial method. According
to Plotkin [11] a functorial is a function y which assigns to each group G its subgroup y(G) satisfying
f(v(G)) =v(f(G)) for any isomorphism f : G — G*. From [12, p. 27 and Proposition 3.2.3] follows
the following definition:

Definition 1.3. A functorial vy is called a hereditary Plotkin radical if it satisfies:

(P1) f(v(G)) Cv(f(G)) for every epimorphism f : G — G*.

(P2) Y(G)NN =vy(N) forevery N < G.

Note that the F-radical for a Fitting formation is a hereditary Plotkin radical. Recall [11] that for
functorials y; and vy, the upper product y, x7y; is defined by (v2*v1)(G)/v2(G) =v1(G/v2(G)). This
operation is an associative one. With every functorial one can associate the following length.

Definition 1.4 [7, Definition 2.4]. Let v be a functorial. Then the y-series of G is defined
starting from y(g)(G) = 1, and then by induction v ;,1)(G) = (v(;y*Y)(G). The least number / such that
Y (G) = G is defined to be the y-length i (G) of G. If there is no such number, then 4 (G) = .

If v = F assigns to every group its Fitting subgroup, then the y-length is just the nilpotent length
(height) and for a group G is denoted by /(G) or h(G). For y = F* we get the generalized Fitting height.
One of our main results is

Theorem 1.5. Let 'y be a hereditary Plotkin radical which satisfies F*(G) C yv(G) for any group G
with hy (G) < oo, If M is a maximal subgroup of a group G and h, (G),h, (M) < oo, then h, (G) —h, (M) < 2.

From [13, Theorem 3.1 and Corollary 3.4(A)] it follows that if 7y is a hereditary Plotkin radical iff
§ = (G| v(G) = G) is a Q-closed Fitting class and vy is the §-radical. The example of a Q-closed Fitting
class of soluble groups which is not a formation follows from [14, IX, Examples 2.21(b)]. Theorem 1.5
gives the analogues of Doerk’s result for any Q-closed Fitting class of soluble groups.

Corollary 1.6. Let § be a Q-closed Fitting class of soluble groups, y assigns to every group its
§-radical and 7 = 7(§). If M is a maximal subgroup of a soluble mt-group G, then hy(G) —hy (M) < 2.

Note that 2(H) < h(G) holds for any soluble group G and its subgroup H. Hence from Theorem 1.5
for v = F follows

Corollary 1.7 [8]. Let M be a maximal subgroup of a soluble group G. Then h(G) —h(M) € {0, 1,2}.

Let 0 = {0, | i € I} be a partition of the set of all primes . Recall [15] that a group G is called
o-soluble if for every its chief factor H/K there exists 0; € o such that H/K is a 0;-group (i. e. all prime
divisors of |H/K| belong to 0;); o-nilpotent if it has a normal Hall o;-subgroup for every o; € 0. The
greatest normal o-nilpotent subgroup of G is denoted by F(G). The y-length of G for y = F is denoted
by I5(G). Note that a group is o-soluble iff /5(G) < eo.

Corollary 1.8 [10]. Let o be a partition of P and M be a maximal subgroup of a o-soluble group G.
Then I5(G) — (M) € {0,1,2}.

According to [12, p. 27 and Proposition 3.2.3] a hereditary Kurosh—-Amitsur radical can be defined
in the following way:

Definition 1.9. A hereditary Plotkin radical vy is called a hereditary Kurosh—Amitsur radical if it
satisfies (P3): y(G/v(G)) ~ 1 for every group G.

For a class of simple groups J the greatest normal subgroup O;(G) of G all whose composition
factors belong to J is the example of hereditary Kurosh—Amitsur radical. Kurosh—Amitsur radicals (of
groups) were studied in [16].

Theorem 1.10. Let p be a hereditary Kurosh—Amitsur radical which contains the soluble radical in
every group and y = pxF*xp. If M is a maximal subgroup of a group G and h,(G),hy,(M) < oo, then
Iy (G) — hy(M) < 1.

Recall that for a formation § and a group G the §-residual of G is denoted by GS. The nilpotent
and o-nilpotent lengths of the §-residual are denoted by nz(G) [17] and nq(G,F) [10] respectively. Let
§ be a hereditary saturated formation. In [17] it was claimed that ng(G) —nz(M) € {0,1,2} for any
soluble group G and its maximal subgroup M. For a partition ¢ of P in the paper [10] it was proved
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that n(G,§) — ne(M,§) € {0,1,2} for any o-soluble group G and its maximal subgroup M. Our next
result shows that the two above mentioned facts are wrong.
Theorem 1.11. Let 0 be a partition of P with |o| > 1. Then there exists a hereditary saturated
formation § = §(0) of soluble groups such that
{ns(G,T) —ns(M,5) | G is o-soluble and M is a maximal subgroup of G} = NU{0}.
In particular, there exists a hereditary saturated formation § such that
{nz(G) —nz(M) | G is soluble and M is a maximal subgroup of G} = NU{0}.

2. Preliminaries

All unexplained notations and terminologies are standard. The reader is referred to [14] if necessary.
Recall that N and P denote the sets of all natural and prime numbers respectively.

Recall that a class of groups is a collection § of groups with the property that if G € § and if H ~ G,
then H € §; a formation is a class of groups § which is closed under taking epimorphic images (i. e. from
G € § and N < G it follows that G/N € §) and subdirect products (i. e. from G/N; € § and G/N, € §
it follows that G/(Ny N N,) € F). A formation § is called: hereditary if H € § whenever H < G € §;
saturated if G € § whenever G/®(G) € §. The smallest normal subgroup of G with quotient in § is called
the §-residual of G. A group G is called p-closed if it has a normal Sylow p-subgroup. The class of all
soluble p-closed groups is the example of a hereditary saturated formation.

From [7, Proposition 2.3 and Lemma 2.6] the next result follows.

Lemma 2.1. Ify is a hereditary Plotkin radical, theny ) is a hereditary Plotkin radical for any
n € N and max{hy(N),h,(G/N)} < hy(G) < hy(G/N)+hy(N) for any N < G.

One of the characteristic properties of Kurosh—Amitsur radicals is the following

Lemma 2.2. Let 'y be a hereditary Kurosh-Amitsur radical. Then y(G/N) = v(G)/N for any
N <G with N Cy(G).

Proof. Assumethaty(G)/N <y(G/N)=H/N.Then1#H/y(G)=v(H/v(G)) Cv(G/Y(G))
~ 1, a contradiction.
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3. Proves of the Main Results

3.1. Proof of Theorem 1.5

Assume the contrary. Let a group G be a minimal order counterexample. Hence G has a maximal
subgroup M with hy(G) — hy(M) > 2. It is clear that i, (G) > 3. Let M; = y(;(M) and G; =v(;)(G).
If MG, = G, then h(G) — 1 =h,(G/G) = hy(MG1/Gy) =h,(M/(MNG)) < hy(M) by Lemma 2.1.
It means that &, (G) — h, (M) < 1, a contradiction. Therefore G| C M.

If My = M, then G is a cyclic group of prime order and ,(G) —h,(M) = 1, a contradiction. So
My # M. Suppose that M; C G;;1 € M and M; # M for some i > 0. At least it is true for i = 0. Let
prove that M; ;1 C Gi3o C M and M| # M.

Note that i, (G) > i+ 1 and h, (M) > i. From M; C Giy C Gj; it follows that M; C M N Gj;».
If Giy2 € M, then by Definition 1.4 and Lemma 2.1

hy(G) = (i42) = hy(G/Gisz) = hy(MGi12/Giv2) = by (M/(MO\Gi2)) <y (M) — i

Therefore h,(G) — hy (M) < (i+2) —i = 2, a contradiction. Thus G;» C M.

Now Gii2,Mi11 IM. Let I = Gi12NM;1 I M. From I < M; it follows that vy (1) = I by
Lemma 2.1. From the other hand [ Sl G,'+2 and G,‘+1 = Y(i—o—l)(G) = Y(i—i—l)(G) N G,‘+2 = Y(i—o—l)(GHZ)
by (P2) and Lemma 2.1. Thus I < Giy; by (P2).

Let F/Git1 =F"(G/Gjt1). From hy (G) < e it follows that &, (G/Giy1) < oo. Therefore F /Gj; C
CvY(G/Git1) = Giy2/Git+1. Hence F < Gjin. Now

(Mi+1Git1/Gis1)NGiz2/Gip1 = (Miy1NGiy2)Gi1/Gig1 = Gig1/Gip1 ~ 1.
From [18, X, Theorem 13.12] it follows that
M;1Giv1/Giv1 € Cgg,,,(Giv2/Git1) € Cgya,,, (F/Git1) € F/Git1 C Giva/Giyr.
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Thus M1 € Gijr. If Miy1 = M, then Gi» =M < G. By our assumption M; # M. Hence h, (M) =i+ 1
and i, (G) =i+ 3. Therefore h,(G) — hy (M) = 2, a contradiction. Thus M, # M.
It means M; C Giy1 C M and M; # M for every natural i. Thus &, (G) = oo, the contradiction.

3.2. Proof of Corollary 1.6

Since § is a Q-closed Fitting class of soluble groups, we see that y is a hereditary Plotkin
radical by [13, Theorem 3.1 and Corollary 3.4(A)] and § contains a group of order p for any p € 7.
It means that A, (G) < o iff G is a soluble 7-group and § contains all nilpotent 7t-groups by [14, IX,
Theorem 1.9]. So F*(G) = F(G) C v(G) for any group G with 4, (G) < co. Thus Corollary 1.6 directly
follows from Theorem 1.5.

3.3. Proof of Theorem 1.10

Note that y is a hereditary Plotkin radical by [7, Proposition 2.3].

Assume the contrary. Let a group G be a minimal order counterexample. Hence G has a maximal
subgroup M with h,(G) —hy (M) > 1. It is clear that h,(G) > 1.

If My(G) = G, then by Definition 1.4 and Lemma 2.1

1(G) — 1 = hy(G/Y(G)) = hy (M/(MOY(G))) <y (M),

Therefore i, (G) —hy (M) < 1, acontradiction. Hence y(G) C M. Since p satisfies (P2), we see that p(G) C
C p(M). Note that (M/p(G))/(p(M/p(G))) = (M/p(G))/(p(M)/p(G)) = M/p(M) and p(G/p(G)) =
~ 1 by Lemma 2.2 and (P3). From the definition of y it follows that y(G)/p(G) = v(G/p(G)) and
Y(M/p(G)) =v(M)/p(G). If p(G) =M, then hy,(G) —h,(M) =1—1=0, a contradiction. Hence
hy(G/p(G)) = hy(G) and hy (M /p(G)) = h(M). From our assumption it follows that p(G) = 1. So
p(v(G)) = 1. From y(G),p(M) < M it follows that p(M) Ny(G) < y(G). Hence p(M)Nvy(G) =
= p(v(G)) = 1. Now from [18, X, Theorem 13.12] it follows that

p(M) C Ce(v(G)) € C6(F*(G)) CF(G) Cv(G).

It means that p(M) = 1. Now Mg = 1. Therefore F*(M) is the direct products of minimal normal
non-abelian subgroups of M by [18, X, Definition 13.14 and Lemma 13.16]. Let M; be one of them.
If My Z F*(G), then M; NF*(G) = 1. So M; C C¢(F*(G)) C F*(G), a contradiction. Hence F*(M) C
C F*(G) Cy(G) C M. Thus F*(M) = F*(G).

Since p is a Kurosh-Amitsur radical and 4,(G) > 1, we see that h,(G/F*(G)) = h,(G) — 1.
If hy(M) > 1, then hy (M /F*(G)) = hy(M/F*(M)) = h,, (M) — 1 and we get the contradiction with the
initial assumption. Thus A, (M) = 1. It means that M /F*(G) = p(M/F*(G)). Therefore v»(G) Z M.
Now G/v(2)(G) =M/(MNy(2)(G)). So 1 = p(G/v(2)(G)) = p(M/(MNY()(G))) by Lemma 2.2 and
definition of y. From v(G) C v (2)(G) "M and M /y(G) = p(M /v(G)) it follows that M /(M "y 2)(G)) =
=p(M/(MNv@2)(G))) = 1. Thus hy(G) =2 and hy(M) = 1, the final contradiction.

3.4. Proof of Theorem 1.2

If v = F*, then from Theorem 1.5 it follows that 4*(G) —h*(M) < 2 for any group G and its
maximal subgroup M.

Assume that p is the p-soluble radical and vy = pxF* x p. Then vy satisfies the assumptions
of Theorem 1.10. Hence if H is not a p-soluble group, then &, (H) = A,(H) by [7, Lemma 2.7]. Let a
group G be a minimal order group with a maximal subgroup M such that A,(G) — A, (M) > 1. It means that
G is a non-p-soluble group, A,(G) > 1 and M is p-soluble. If My(G) = G, then from A,(G/v(G)) > 1
and G/v(G) ~M/(MNvy(G)) it follows that a p-soluble group M has a non-p-soluble composition
factor, a contradiction. Thus y(G) < M. Hence a p-soluble group M has a non-p-soluble composition
factor, the final contradiction. It means that A,(G) —A,(M) < 1 and A(G) —A(M) < 1 (A = A,) for any
group G and its maximal subgroup M.
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3.5. Proof of Theorem 1.11

From |o| > 1 it follows that there exists p € IP such that |oN (P\ {p})| > 1. Let § be a formation of
all p-closed soluble groups. Then § is a hereditary saturated formation. Note that ns(G,§) —ng(M,§) =0
for every soluble p-closed group G and its maximal subgroup M.

For every n > 0 there exists a sequence of not necessary different primes p = po, p1, P2, .-, Pn Such
that every two of its consecutive elements belong to different elements of o and p; # p for alli > 0. Let G
be a cyclic group of order p. Define a sequence of subgroups G; inductively. Note that for G; there exists a
faithful irreducible module V; over I, [14, B, Theorem 10.3]. Let G;; | be the semidirect product of V;
with G; corresponding to the action of G; on V; as an F,G;-module. Since p; and p;_1 belong to different
elements of o and V; is the unique minimal normal subgroup of G, we see that Fs(Gi11) = V.

Let G = G, and M; = V;V;_;...V;. Then M, is a maximal subgroup of G and a p’-group. Hence
ls(M$) = I5(1) = 0. Note that G has the unique chief series and G, ~ G/(V,V3...V,,) is not p-closed.
It means that GS = M, Note that M; < G, 1. Now Fo(M;) = F(G;11) "M; = V;\M; = V;. It means that
ls(M,) = n. Therefore ny(G,§) — ns(M,F) = n. Since every soluble group is o-soluble, we see that

{ns(G,¥) —ns(M,5) | G is o-soluble and M is a maximal subgroup of G} = NU{0}.
In particular if |o;| = 1 for every o; € o, then
{nz(G) —nz(M) | G is soluble and M is a maximal subgroup of G} = NU{0}.

4. Final Remarks and Open Questions

Note that 7(H™) = h(H) — 1 for any non-unit soluble group H and A(H™) = h(H) for a unit
group H. If a unit group is a maximal subgroup M of G, then G is cyclic and nz(G) —nz(M) =0.If M
is a non-unit subgroup of a soluble group G, then A(M™) = h(M) — 1 and h(G™) = h(G) — 1. Hence
nn(G) —nn(M) € {0,1,2} for any soluble group G and its maximal subgroup M by Corollary 1.7.
That is why the main result of [17] is wrong not for all hereditary saturated formations. Therefore the
following question seems natural:

Question 4.1. Describe all hereditary saturated formations § such that nz(G) —nz(M) € {0,1,2}
for any soluble group G and its maximal subgroup M.

Proposition 4.2. Let § be a hereditary saturated formation containing all nilpotent groups. Assume
that there exists a constant n such that h(G) < n for any soluble §-group G. Then nz(G) —nz(M) < n+1
for any soluble group G and its maximal subgroup M.

Proof. Note that H™' C H? for any group H. It means that 4(H) — h(HS) < n for any group H
by Lemma 2.1. If h(G) = h(GY), then G ~ 1 and has no maximal subgroups. Assume that G 2 1. Then
1 <h(G)—h(G®) <n,h(M) —h(MS) < nand h(G) —h(M) < 2.So (h(G) —h(GS)) — (h(M) — h(M?)) >
>1—norn+12h(G)—h(M)+n—13h(GS) —h(MS). Thus n3(G) — ng(M) < n+1. O

Example 4.3. There exist formations § for which the value ng(G) —nz(M) is bouded but not by 2.
Let p be a prime and § be a class of all p-closed soluble groups of nilpotent length at most 3. Then § is a
hereditary saturated formation and nz(G) — ng(M) < 4 by Proposition 4.2 for any soluble group G and its
maximal subgroup M.

Let G4 and M3 be the same as in the proof of Theorem 1.11. Note that 2(M3) < 3 and hence M§ =1.
Therefore ng(Gs) —ng(Mz) =3 > 2.

In the view of this example the following question seems interesting:

Question 4.4. Describe all hereditary saturated formations § such that there exists a constant n
with nz(G) — ng(M) < n for any soluble group G and its maximal subgroup M. For such formation § do
there exists a constant m with 1(G) < m for every soluble §-group G.

Recall that 91, denotes the formation of all o-nilpotent groups. With the help of Corollary 3.3 one
can prove that ns(G,MNg) — ne(M,Ng) € {0, 1,2} for any o-soluble group G and its maximal subgroup M.

Question 4.5. Consider analogues of Questions 4.1 and 4.4 for ny(G,F).

The work was supported by BRFFR grant no. ®23PH®-237.
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Keywords: cut-norm, matrix  Abstract. The paper proves the equivalence of two special matrix norms. Both norms arise in
norm, multilinear  forms, models formulated in terms of interactions between binary variables. One norm is associated
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1. Beenenne

N3BecTHO, uTO HEKoTOpble NP-TpyaHbIe 3a1aun (HanpuMep, 3a1a4d KOMMUBOSIKEPA, O pacKpacke
rpada, O MOKPHITUM MHOXECTBA U JP.) MOTYT ObITh 3(P(PEKTUBHO PEIICHBI C IMOMOIIBI0 KBAHTOBBIX
KOMIbI0TepoB. OAMH U3 BAPUAHTOB KBAHTOBBIX KOMITBIOTEPOB OCHOBAaH Ha MPUHLIMIIE KBAHTOBOTO OTKHUIa
[1;2]. Takoit KBaHTOBBIl KOMITBIOTEP Ha3bIBAETCs aiabaTUIECKUM, a Haubojiee U3BECTHBIMU BapUaHTaMU
WICIIOJIHEHUS] SIBJISIIOTCSI KOMITBIOTEPHI KaHaAcKol komnaHuu D-Wave. Onyckasi TOHKOCTH, OTMETUM, YTO
B UTOT€ pPEIIeHE BHIIICYITOMSHYTHIX 3a/1a4 CBOAUTCS K MUHUMU3AIUHN raMuIbToHMaHa M3urra [3]

— ZJU'S,'S]' —Zhij,
1<j 7]
rae s; j € {—1, 1} — 3HaueHHs NPOEKINI CIIMHOB YacTULl (KyOUTOB); J;; — SHEPTUA B3aMMOICHCTBHSA YaCTH-
bl { C YaCTULEH j, a h; — BO3JEACTBYE BHELIHETO 10/ HA YACTHILY j, M HAXOK IEHUI0 MUHUMM3UPYIOIIUX
9TOT raMUJIbTOHMAH 3HAYCHUI OMHAPHBIX IEPEMEHHBIX 5;. BO3HMKAlOIee B3aUMO/IeiiCTBIE U TUHAMUKA
COOTBETCTBYIOLLMX MPOLECCOB YACTUYHO OIMMCHIBAIOTCS MAaTEMAaTUYECKMMU MOJESMU CIIMHOBBIX CTEKOJI
[4;5]. Heckonbko Gojiee mpocTast CUTyalysi BOZHUKAET, KOra YaCTHUIIbl pa3/ie/IeHbl Ha JIBE TPYIIIbl, U
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B3alMOJICIICTBUII BHYTpHU IrpymIl HET. B TakoM city4ae ¥ npu OTCYTCTBUU BHEIIHETO MOJsl MUHUMU3UPYETCS
OwnHeliHast hopMa (BMECTO KBaIpPaTUIHON)

/
=Y Jijsis),
i,j

rJe epeMeHHbIe S§; U s;. HE3aBHICUMBI, T. €. TIPEJICTABIISIOT CIIMHBI U3 Pa3HBIX TPYMIT YACTHII.

AHaJOrMYHO, B HEUPOCETEBBIX MOJIEIISAX aCCOIMATUBHON MaMsITH, OCHOBAHHBIX MJIEHHO HA TEOPUU
Xeb606a [6], cetn Xomndwmina [7] u orpannyenHoi MarvHe bonpiiMana [8], MUHUIMU3HPYIOTCS, COOTBET-
CTBEHHO, OMHapHas KBajpaTtuuHasi popma

O(x) = Zwijx,-xj, xi €{0,1}, x = (x1,x2,...,%n),
i<j

W OuHapHas OwIMHEHHas (opma

B(y.y) =Y wipyy yiy; €{0. 11 y= (1,32, 3n), Y = 0130, 30).
7]
B npyrux 3agavax (HampuMep, B 3aJa4ax U3 reoMeTprur OaHaXOBBIX MIPOCTPAHCTB [9]) orleHnBaoTCs
pacripeiesieHnst aOCOMOTHBIX 3HAYCHUH | S| OMHAPHBIX KBAJPATHYHBIX W/WIM OHJIMHEHHBIX (hOpM:
= Zwijr,-(t)rj(t) wm  S(t,s) Zwurl ri(s), te][0,1],
i<j
rae

r(t) = (-2 i=1,2,...n,

— ¢yHkmn PaneMaxepa (KOHKpeTHas peaym3anys MocIe10BaTeIbHOCTH HE3aBUCUMBIX CUMMETPHYHBIX
OCpHYJUIMEBCKUX CIIyYallHbIX BeJMYMH B Buje (yHKumiA Ha otpeske [0, 1] ¢ mepoit JleGera B posin
BeposATHOCTH). [Ipy 3TOM Ui MHOTHX 3aj1ad pacrpesesieHust S U |S| 10CcTaTouHO yMeTh OIEHUBATh
JIMIIb ¢ TOYHOCTHIO 10 (PUKCUPOBAHHBIX pacTsiKeHUi 001acTu 3HaueHuid. [Ipy Takoii mocTaHOBKe 3agauy
MHUHMMM3ALHH 1ocsieiHei popmbl S(7,5) MOKHO paccMaTpUBaTh KaK 3a7ady HaXOKJICHUS TaK Ha3bIBa-
eMoii cut-HopMmbI MaTputsl W = (w; f)iem,jem’ WCIIOJIb3yeMOM B alMpOKCUMALMOHHBIX aJITOPUTMax
KOMOMHATOpHO#M ontumu3zaiuu [10]:

Y wij

W/l = max {
i€l,jeJ

IC [l,n},JCm}v

rae 4yepes [1,n] 3mech u gaee o6o3HaueH oTpe3ok {1,2,...,n} HaTypansHoro psiza. Kak ormeueno B [10],

W] min S(t,s) = max]|S(t,s)] <4||W]|
1

cut’
t,5€[0,1] t,5€[0,

cut

Jlerko BUIETH TaKKe, YTO [JIsi BBEAEHHOI Bbiie dopmbl B(y,y'), ormyaomnieiics ot S(s,7) ycioBuem
¥i,Y; € {0,1}, MMeeT MecTO TOUHOE PaBEHCTBO
/
max —|B(y,Y')| = [|[W/[cy
ye{01}y {01} o
XoTs 3ajaua TOYHOTO BBIUUCIJIEHUs cut-HOpMBI siBiisieTcst NP-TpyqHOU, paBHO Kak U 3ajiada XOpolleil
arnmpokcumanuu [11], cymectByioT 3 (peKTUBHbIE AJITOPUTMBI BBIYUCIIEHUSI 9TOH HOPMBI C TOYHOCTHIO
JI0 HEKOTOPOTro (PUKCUPOBAHHOIO MHOXUTENS [12].
Yro kacaercsi KBaapaTuiHbix (opm S(¢) u Q(x), TO IJIs1 HUX, KaK JIETKO BUJETh, CIIPABEIJINBBI
COOTHOIIIEHUST

WS = < S| < 5(|W¥| -,
Wl = max 1005)] < max [S()] < 5

rie mMatpuiia W* onpezessieTcsi CBOMMH 3JIEeMEHTaMU
wij/2, mpui<j
Wij:=q 0 , mpui=j
Wii / 2, mpui>j
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Wl ::max{’ Z wij| I C m}

i,jel
— CUMMETPUYHBII BapyaHT cut-HOpMbl. HecioxkHO moKa3aTh Takke, 4To

W o < W lew < 4IW -

cut

CooTHollIeHN, aHaJIOTMYHble IPUBEJEHHBIM, UMEIOT MECTO U B MHOTOMEPHOM cily4ae. B vactHocTn,
JIJ11 MHOTOMEPHOM CUMMETPUYHON BHEIMAaroHaJbHONW MaTpuLbl A CIIpaBelJIMBbl HEPABEHCTBA (TOYHBIE
olpezesieHNs HOPM M Kjlacca paccCMaTpPHUBAaEMBbIX MaTpHIL CM. JaJiee)

1A]lg < 1]l < CallAlln, (1

cut

rae KoHcTanTa Cy 3aBHCHT OT TIOpAAKa (KPaTHOCTH) d MAaTPHUITH A, HO HE 3aBUCUT HU OT Pa3MEPHOCTH
9TON MaTPUIIBI (JUIMHBI OJTHOMEPHBIX CTPOK, CTOJIOIOB U T. /1.), HU OT 3HAYEHHI 3JIEMEHTOB MaTPHIIBL. DTO
COOTHOIIIEHUE HE TOJIBKO CBA3BIBACT OLICHKM MAaKCUMYMOB aOCOJIIOTHBIX 3HAYEHUI TOJTMHOMHUAJIbHBIX U
MOJTUIMHEHHBIX (POPM, HO TO3BOJISIET PEIIaTh U Ipyrue 3a/1a4u, CBSI3aHHbBIE C pa3/ie/ieHIeM IlepeMeHHbIX.
B pab6ore [13] ¢ momomibio cootHoteH s (1) ocylecTBIeH Mepexoa OT MHOTOJONIBHBIX Tuneprpacon
K TTOJTHBIM Tuneprpadam B 3agade o pazdpoce. OQHAKO T0Ka3aTeIbCTBO MPAaBOro HepaBeHCTRa B (1) mis
MHOTOMEPHOTO CJ1y4asi, [I0-BUAUMOMY, HE CBOJMTCS K IPOCTHIM ajire0pandeckum npeodpa3oBaHusM, KaKk
9TO UMEEeT MEeCTO B JIBYyMEPHOM cilydae, 1 TpeOyeT Oonee TOHKOro aHanmm3a. B [13] aTo HepaBeHCTBO
JIOKa3bIBAETCsI C TIOMOIIBI0 00paIleHNs K CUIIbHOMY UHCTPYMEHTY — U3BECTHOI TeopeMe O JIeKarlIuHre
cIyJaiHbIX BeqmauH (cM. [14, Teopema 3.1.1]). B HacTosmmeit padote MBI [aeM MpsiMOe I0Ka3aTeIbCTBO
HepaBeHcTBa (1), 6e3 oOpailieHust K TeopeMe O JeKaIlIMHIe.

2. OnpenesieHus1 1 POPMYJIMPOBKA OCHOBHOTO pPe3yJbTaTa

Yepes [1,n], n € N, 6yaem o603Ha4aTh MHOKECTBO {1,2,...,n}, cCOCTOsIIEe U3 TIEPBBIX 11 HATY-
paibHbIX urcels. Yepes 71(d) OymemM 0003HAYaTh MHOXECTBO BCEX MEPECTAHOBOK MHOXecTBa [1,d]| =
={1,2,...,d}, d e N.

Paccmotpum kyGudeckyio Marpuny A = (a;,, i, )ier...ijer» I = [1,n], mopsiaka d ¢ BelecTBEHHBIMU
WM KOMIUIEKCHBIMU 2JIEMEHTAMH, U ONPENENIMM ISl HEE JIBE MOJTyHOPMBL:

”Acht = max{“z Z Z Qiyiy..iq

el ihelh ig€ly

Al = max{| ¥ ¥ - ¥ aiy

in€lirel g€l

o [ k= 1,2,...,d}

:Icm}.

ByneM Ha3biBaTh KyOUYECKYI0 MATpHILy A MOpsiiKa d cumMMmempuuHoli, eCliv Ui ee JIeMEHTOB
BHITIOJTHSIIOTCS CJIEIYIONIUE YCIIOBUSL:

Qiyiy.ig = Qigyig)--ig(a)

IJ1s1 IPOM3BOJIBHOM MEPeCTaHOBKH O € 7i(d), ¥, KpOMe 3TOrO, dj,i,..i, = O NPH COBMNAaJEHUH XOTs Obl
IBYX UHAEKCOB iy =i, | < k<[ <d.

Oka3zbIBaeTCs, YTO ISl TAKUX MATpPUI] CIIpaBe/IIBa CeIylomas TeopeMa, SBISIONAscs OCHOBHBIM
pe3yJabTaTOM HACTOSIIIENH pabOTHI.

Teopema 2.1. /[15 kaxcoozo namypanvrozo d = 2 cywecmeyem koncmanma Cy maxas, umo 0as
20001 KYoUuueckoi cummempuunoli mampuuybl A nopsioka d 6bInoAHSIOMCsl HePaBeHCm8a

1Al < [[Ale < CallAllo-

cut

[Mepen 1OKA3aTEILCTBOM TEOPEMBI C(hOPMYIMPYEM H IOKaXeM JBa cieacTusi. Kak orMedanoch
BO BBEJICHUH, JIJis1 KBaApaTuaHoit hopmel Q(x) 1 Ourneiinoit ¢hopmsl B(y,y') BHIIONHSIOTCS CIIEYIONIUE
paBeHCTBa

— WS
xéﬁi‘fﬁn'Q(x)' Wlio
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u
max B(y,Y)| = W] cy-
o[BG = W
AHanornvHo i nonuuHerHon (opmbl T (xi,...,Xy) ¥ MOJMHOMHUATIBHON (GopMmbl P(x) =
=T(x,...,x) ¢ KyOnueckoi marpurieii A mopsiaka d BepHO
max |T(x17"'7xd)’: HAcht
xe{0,1},j=1.d
"

max |P(x)| = ||Al|~.
Jmax [P0o)] = 4]l

Torma u3 Teopembl 2.1 MPSMO BHITEKAOT CIIEAYOIIUE YTBEPKAEHHs! (C TOi ke KOHCTaHTO# Cy,
4ToO U B Teopeme 2.1).

Caencrsue 2.2. /las noaunomuansvholx gpopm P(x) u noauwnuneiinoix popm T (xy,. .., Xq) ¢ mampu-
uamu, Kax é gpopmyauposke meopemul 2.1, 6bINONHAIOMCS HEPABEHCMEA

max |P(x)| < max |7 (xi,...,xq)| <C; max |P(x)]|.
x€{0,1}" x;€{0,1}n j=1.d x€{0,1}"

Joka3zareabcrBo. [IpsAMO ClIeyeT U3 TEOPEMBI, €CJIM TIPUHATH BO BHUMAHKE TIPUBEICHHbIE BbIIIE
PaBEHCTBa [1J11 HOPM. U

Caencrsue 2.3. /s noaunomuansholx gpopm P(x) u noauwnuneiinoix popm T (X1, ..., Xq) ¢ mampu-
uamu, Kax é gpopmyauposke meopemul 2.1, 6bINONHAIOMCS HEPABEHCMEA

max |P(x)| < max T (xi,...,xq)| <29C; max |P(x)].
xe{=1,1}" xje{~1,1}nj=14d xe{=1,1}"
JokazaTeabcTBo. [lepBOe HEPABEHCTBO OYEBHU/IHO, JOKAKEM BTOPOE.
/ /
ITycThb Max, ooy iy elia |T (x1,...,x4)| mocTuraercs Ha Habope x|, ...,x,,. Torna
n n
/ /
max: T (x1,...,x0)| = Y i X x| <
xie{-1,1}",je[l,d] =0 ;=0

<2/|Af

cut*

d
< Z Z ‘ Z ailmid

k:OSC[l,dHS‘:k s xl = +1,
i,:x;il :;1

seSte[ld\S

U3 Tteopemsl 2.1 ||A||., < Cal|Al|5. Ocraercs nokaszats, 4o

Allm= max [P(x)|< max |P(x)|.
4= max PO < max [P

cut

3pech crpaBeMBa CleAyolias enoyka paccyxaeHuii. [TonnHoMuanbHas (opma P(x) nuHeiiHa 1o
KakJIOMY apryMEHTY, TaK KaK 2JIEMEHThI MATPHUIIBI A C COBIAIAIOIIMMU HHIEKCaMK paBHbI Hy0. Torja,
eciM paccMarpuBarh ee Ha KyGe [—1,1]", To MaKCUMyM ee MOAYJIsl JOCTUraeTcst B KPailHUX TOYKaXx.
Orciofia v NOTyyaeM, 4T0 MaXye (o, 1} |P(X)| < max,e(_ i 13n |[P(x)|. OkOHYaATENHHO HMEEM

max 1T (x1, - %0)] < 20 A]] oy < 29CallAllg < 29C4 max  |P(x)].

xe{—1,1}",jel.d] xe{—1,1}n

O

Bepremcs k o6cysxaeHuto Teopembl 2.1. KoHcTaHTa B IpaBOM HepaBEeHCTBE TeopeMbl 2.1, KOHEYHO,

3aBHCHT OT nOPAOKa (kpamrnocmu) d MaTpuiibl A. BaxkHo, 4TO 9Ta KOHCTAHTA HE 3aBUCUT OT PA3MEPHOCHIL Il

3TO MaTPHUIIBI, a TAKXKE OT 3HAYEHMUH a;;,.. ;, SNEMEHTOB 3Toii MaTpuibl. Hanpumep, C; = 4, Kak 3T0 yxe

OTMEYAJIOCH BO BBEJICHUM, Y 3Ta KOHCTAHTA ITOAXOJUT IJIsl OOBIYHOM (B HAITUX 0003HAYEHHAX, UMEIOIIIEH

HOPAJIOK 2) CAMMETPUYHON BHEIMArOHAJILHON MaTPHIIbI C TPOU3BOJILHBIMU 3HAUEHUAMU IEMEHTOB a;
npu i > j. YTBepxaeHue Teopemsl 2.1 s d = 2 Jierko cieayeT u3 aaredpandeckoit hopmyJibl

2XY = (X +Y)?—X?—Y?
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MIPUMEHEHHO! CTIeIMaTbHbIM (HO JOCTATOYHO OYEBHIHBIM) CIIOCOOOM K anredpe Bcex (POpMaJIbHBIX CYMM
JIEKapTOBBIX MPOU3BEJEHUI BUJA

Ay XB14+AyXBy+...+A; X By,

rjie A; u B; — moaMHO)ecTBa MHOKecTBa I = [1,1]. Mbl Ha3bIBaEM TaKyIo CHCTEMY areGpoil B TEOPETHKO-
MHOXECTBEHHOM CMBICTIE d.12e0pbl HOOMHOJCecme MHOXecTBa [ X I, Tak Kak 3Ty CHUCTeMY MOXHO
paccMaTpuBaTh Kak 4acTh cucteMsl 2!, cocTosmeit u3 Bcex moamHoxkecTs I x I. OaHako mpsmMoe
MpUMeHeHHe MoI00HOT0 MoAXoa K cliydyalo d = 3 mMpUBOIUT K dopMmyrie

3(X2Y +Y2X) = (X+Y) X3 —73,

B KOTOpOii crnaraembie X2Y u Y2X, pasnuuHbple faxke NpH yCJIOBHUM KOMMYTaTUBHOCTH XY = YX, He
paszaenensl. Tem He MeHee, B HACTOSIIEH paboTe MBI IPUBOIMM JIEMEHTAPHOE J10KA3aTeIbCTBO TEOpeMBl 2. 1.
B cnenyomem paszaelie mpoBOOUTCS MOATOTOBUTENbHAS padoTa Mepes JoKa3aTeJIbcTBOM OCHOBHOTO
YTBEP)KCHUSI.

3. BcnomorareJsibHbIe YTBepP K AeHHS

B sTom paznene Mbl JOKakeM HECKOJIBKO YTBEPXKACHWH, KOTOpble OyJeM HCIIONb30BaTh IPH
JoKa3aTesibcTBe TeopeMsl 2. 1. [lepBblii pe3ysibTaT MOXKHO Ha3BaTh KOMOMHATOPHO-ajreopanyeckum. Mbt
MpeJoiaraeM, 4To OH U3BECTEH U ClieiyeT u3 Oosee OOIUX KOHCTPYKIMIA anreOpbl WM KOMOUHATOPHUKH.
OpHako, He Hal/s 9TOrO YTBEPXkKICHUs B U3BECTHBIX M JOCTYIHBIX HAM y4eOHHMKaX, MOHOrpadusix u
CIIPAaBOYHMKAX, MBI PEIIAIN IPUBECTH 3/1€Ch €r0 C TOJTHBIM TOKa3aTeIbCTBOM.

Jlemma 3.1. B 11060M KOMMYMAMUSHOM KOAbUE CNPABEONUBO MONCOECBO

d
Fx,x,..xg) = Z(—l)d*k Z (le> =d! xixy...xq.
k=1 Scm:‘g‘:k icS

JokazaTeabCcTBO.
,HIIH JOKa3aTcJIbCTBAa 3aMCTHUM, YTO

Yy (xs)| = X (zxz> Y (Ts)

Sc[Ld]:|S|=k €S =0 scd]:|S|=k—1 i€S Sc[2d]:|S|=k €S
ITosTomy
- d—k d d
FO0x0,.x) = Y.(=1) ( y (in) + Y (in) >_
k=1 Sc2.d]:|S|=k—1 €S Sc[2,d]:|S|=k €S

T
L

- Lo ¥ (le)ﬁi(—w Y (%) '=0

0 c2.d):|S|=k €S k=1 Sc2,d]:|S|=k €S

=~
Il

?)LICCL Mbl Yy4JIH4, 4YTO

(in)d ~0

J 50 i<S

Z (Zx,')d =0 mu

SC2,d]:|S|=d €S sc[2,

SIcHO, 4TO JOKa3BIBaEMOE TOKAECTBO IOCTATOYHO MPOBEPUTD TOJHKO B KOJIBLIE IENIBIX YUCe (TaK KakK
B 9TOM KOJIbIIE Pa3JIYHbIE TIOIMHOMBI SIBJISIOTCS Pa3HBIMU (byHKuHﬂMI/I) Ecnu B paznoxkeHny OJHOPOIHOTO

nommHoMa f(xy,x2,...,X,) CTeNeHd d B CyMMy MOHOMOB x‘f')c‘zi2 . xd ,d1+dy+...+d; =d, Haitnercs
d
MOHOM m = xgz .. .xd" ¢ d; =0, To nipu noacraHoBke x; = 0 B paBeHCTBO
d. dd
flrnx,..xq) =exy’ X +..., ¢#0,
HOJTyYHTCSI IPOTUBOpEUNe. 3HAUNT, TAKAUX MOHOMOB B pasjiokeHuu f(X|,x2,...,X ) HET. AHAJIOTHYHO,

HE 6yneT Y MOHOMOB 0€3 HepeMeHHOﬁ X2, 6e3 HepeMeHHOfI X3 U T. O. HOHy‘{aeTCH, 4TO
f(xl,xz, cen ,xd) =daxixz...xq.

Tak Kak ciaraeMeie X1X2...Xg MOT'YT NIOABUTHCA B BbIPAXKCHUN
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(Zx)

icS

b 1pH |S| = d, k03 PUIMEHT a COBMagaeT ¢ aHATOTMYHBIM KO3 PUIIEeHTOM y MHOrOWIeHa (X + X +
+...+xd)d,HTOrz[aa:d! O

I[puBenem nosicHeHHe, Kak MPUMEHHTD JieMMy 3.1 k mogmHokecTBaM X C [1,7] MHIEKCOB CHUM-
METPHYHOI MaTPUIIBI BMECTO 3JIEMEHTOB X; KOMMYTATUBHOT'O KOJIBLIA.

HanomuuM, 4to myavmumnoxcecmeom A ¢ ocHoBaHueM  Ha3bIBAETCsl OAMHOXECTBO A C Q,
B KOTOPOM KaX/Iblii JIEMEHT d MpeJCTaBJIeH ¢ HEeKOTOpOol KpaTHOCThIO ¢(a) € N. Ha My/ibTHMHOXECTBaxX
€CTEeCTBEHHbIM 00pa30M OIpejiesieHa Orepalust CJIOKEeHUsI +, MPU KOTOPOil KPaTHOCTH 3JIEMEHTOB
CKJIagpIBaloTCs. Paspemass KpaTHOCTH 3JIEMEHTOB NPUHMMATh IPOM3BOJIBHBIE LieJble 3HAYEHHS, MBI
OYEBU/IHBIM 00Pa30M IpeBpalllaeM CUCTEMY BCEX MYJIbTHMHOXKECTB C OCHOBaHHMEM {2 B MOIYJb HaJl
KOJIBIIOM LIeJIbIX YHCEJI, KOTOPbIil Mbl 0003HaunM depe3 Mod (Q2). IIpuMeHsis CTaHIapTHYI0 KOHCTPYKIIHIO
TEH30PHOTO MPOU3BE/ICHHs MOJYJIel, MPEBPaTUM BCE MYJIbTUMHOKECTBA C OCHOBAaHUEM

Q:=QUQU...UQkU...

B KOJIBIIO C OTlepanusaMu + (CIOKeHHe MYJbTUMHOXECTB) U X (TEH30pHOE MPOU3BECHUE & MYJIbTUMHO-
JKECTB KaK 3JeMeHTOB Moyt Mod (ﬁ)) B KaueCTBe CJIOKEHUS U YMHOXEHUsI. MBI CUUTAEM, 4TO eCyin
MyJITUMHOKeCTBA A 1 B uMeloT ocHoBanmaMu QF 1 Q™ cootBeTcTBEHHO, TO A ® B — 9T0 My IHTUMHOMKe-
cTBO ¢ ocHoBaHMeM Q" T03TOMY BBEJIEHHAs ONEpalMs YMHOKEHHA AeHCTBYeT B Ipeaenax M od(ﬁ).
Ecim Mbl Tereph IPUMEHNM K d7eMeHTaM 13 QF 1 K 1oj1ydeHHOMY KoJblly (DyHKTOp 3a0BIBAHMS TIOPSIKA
YMHOXeHHs (AeKkapToBa 4711 QX 1 TeH30pHOTO JUIA KONbIA), B YACTHOCTH, OTOKIECTBUM MY/ TbTHMHOXKECTBA
A®B uB®.A, To HOBOE KOJIBIO, KOTOPOEe Mbl 0003HauMM depe3 K, OyneT KoMMyTaTUBHBIM. [10 cMBICITY
9JIEMEHTBI KOJbIa K — 3TO MYJIbTUMHOXECTBA C OCHOBAHHUEM M3 MHOXKECTBA BCEX HEYMOPSAAOUYESHHBIX
KOHEYHBIX HAOOPOB [X],X2, . . ., X¢| Pa3HOM JUIMHBL, X; € (2, 2 ONEPALH + U X COOTBETCTBYIOT 00bEINHEHHUIO
(C y4eToM KpaTHOCTH) U KOMMYTATUBHOMY BapUAHTY TEH30PHOTO Mpou3seaeHus. [Ipu TakoMm nmogxomne
] + [ = 2] # [, {1, Y]} = ] 4+ b = D+ ] # [ 0] = [y, 2] (ver omyckaem dpuryprbie cko6ku
JUTS1 MYJIbTUMHOXECTB C OJIHOTOUEUHBIM OCHOBaHWeM). JI11st GobIneii sicHocT! paccMoTpuM nipumep. I[1ycTh

A={boyL eyl Wy m B = {lxxy], o], oy, b}, xyeQ.

Torma B kosbiie K OyayT cnpaBejIMBbl paBEHCTBA

A=2xy+[x], B=2p,xy+[xy+D], A+B={[][D]3[xy20xxy]}

A X B = {[x,y],2[x,y,], [x,x, 5], 2[x, x,y,¥],2[x,x,x,y],4[x,x,x,y,y] }.

Cnenctue 3.2. [Ipeonoaoxcum, umo muoxcecmea X1,Xa, . ..,Xq C £ nonapHo He nepecexaromcsi.
Toz0a ¢ koavye K cnpasedauso pasercmao

d

d
(X x X % xX) =Y (-1 Y <|_|X,-)X
k=1 Sc[l,d]:|S|=k i€S
B cnenctBum 3.2, noka3aTeabCcTBO KOTOPOTO SIBJSETCS MPSMBIM U OUYEBUIHBIM NPUMEHEHUEM
nemmbl 3.1 K kombily K, MBI HCIIONIb30BAIM 3HAK L Il 0OBbeIMHEHHS TIOMIAPHO HeTlepeCceKalouXcst
MHOXECTB, KaK 3TO MPUHSATO, HAIPUMEDP, B TEOPUH MEPHL.
Jlanee paccMOTpUM KyOUUYECKYI0 CHMMETPHUHYIO MaTpuLy A = (ai, i, )iel...ijcl> I = m, nopsia-
Ka d, pa3MepHOCTH 1 X ... X n. J1Jis IPOU3BOJILHOTO MYJIbTUMHOXECTBA NV, COCTOSINETro U3 3JIEMEHTOB

d
i = (i1,iz...iq), ij € I c KpaTHOCTAMM c(i) ONPEJETUM «UHTErpa»
AM) := Z c(i)ajen-
ieM
DTOT «MHTErpa» 00JIajaeT HA MHOXeCTBax u3 [ *d CBOWCTBOM I JUTUBHOCTH TI0 OTHOIIEHHIO K omepa-
uvu + B KoJiplie K. [ToaTomy u3 ciienctBus 3.2 BbITEKaeT
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CunencrBue 3.3. [lna npouzeonvhozo Habopa NONAPHO HENePeceKaujuxcs MHOICECTE
X1,X2,....Xqg CI=[1,n] u npouzsonvroii cummempuuroii mampuupt A = (a;, . i, )icl..i;cl NOPAOKA
d cnpagedauso pageHcmao

1 d

Z"'Zailml}z:aZ(_l)d—k Z ( Z Z a,-lm,-d).

i1€X) igeXy k=1 SC[l,d]ilSle ilel_ljeSXj idel_ljeSXj

Elle onHO yTBep:KAeHHE, KOTOPOE HaM IMOHAAOOUTCS, [10 CMBICY HOCUT aHAIMTHIECKUA XapaKTep,
HO JIOKa3bIBaeTCs CHOBa OOpallleHueM K ajireOpanveckoMy TOXJIECTBY.

bynem naspiBaTh MaTpuily B = (bi1-~-ik)i1,...,ik e[i,m] TOPA/IKa k eneouazonanvroli, ecim bj,;, ;i =0
TIPY COBIAJICHUU XOTS OBl IBYX MHIEKCOB iy = iy, | < s <t < k. B wacTHOCTH, mobasi cuMMeTpUIHAS

MaTpHila HOPsAAKa kK B HAIIMX OIpeeeHUsIX OyIeT U BHEAUArOHAIbHOMA.

Jlemma 3.4. [Ipeononosicum, umo eHeduazonarbhas mampuya B = (bilmik)il g€l nopsioxka k u
pasmeprHocmu m X ... X m 0oaaoaem caeoyomum c8oUcmeom: 0as 1ob6ozo pazouenus X U...UX; =
= [1,m] eepro
X X b <e
i1€X] i €Xy

Toz0a
’ Z bi]...ik < kkc‘
i 7-4-1ik6[17m]

JoxazaTeabcTBo. 113 sierko npoeepseMoro (IIpocThiM MOACYETOM KOJIMYECTBA BXOKJIECHUH 3J1e-
MEHTOB B CyMMbI) paBEeHCTBA

Y by =k Y Y Y b

1T ikG[l ] X1.X,.. X ¢ i1€X) i €Xy
o ’ X UXp U .UX = [1,m]

HOJLy UM

<K e = Kee. O

N

e y ‘Z o Y by,

iy, ike[l- ] X1, Xp,... Xt iheXx; i eXy
Y | X UXpU...UXy =[1,m]

4. Jloka3aTeJbCTBO OCHOBHOI'O pe3yJibTaTa

Hoka3zaTteabcTBo TeopeMsl 2.1. [TycTs MaTpuiia A nopsigka d MMeeT pa3MepHOCTb 71 X ... X 1 |
N—_——
d

|Allg = M. B TakoMm ciydae st modoro MHoxecTBa X C [1,n]

Z Z Z a,-lizm,-d <M,

heXipeX igeX

1 Jajic€ Mbl 6y)1eM STHUM II0JIb30BaThCs 0€3 CrieraibHbIX OI'OBOPOK U CCBIJIOK.
JleBoe HEPABEHCTBO B TEOPEME OYEBUIHO. B nokazarenbcTBe HYXA€TCA TOJIBKO IIPAaBOE€ HEPABCH-
CTBO, OJId OOKAa3aTCJIbCTBa KOTOPOro HaM HYKHO OLIE€HUTH a0COJIOTHEIE 3HAYEHUS CyMM BHUJa

Z Z Ajy..igs Y]7Y27"‘YdCI:[17n]7 (2)

ey iy€Yy

CcBEpXyY uepe3 M.

O603HaYUM
Y} :=[Ln]\Y;, Y :=Y;, je[ln],
U JIUIS1 KQXKI0TO JBOMYHOrO clioBa b = by ...by, tae by,..., by € {0,1},
d
Iy=1Ip.5,= (Y.
=1
Torna Bce Bo3mMoxkHble 2¢ muOKecTB Iy, p,, bi,...,bg € {0,1} (wmm, uto paBHOCUIBLHO, Iy,b €

e {o,... ,2d — 1}), monapHo He mepeceKannTCs, U IJIs KakI0ro j MHOXECTBO Y; aBnseTcs o0beIMHEHUEM
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241 oAMHOXECTB TAKOro BHA:

bi,....bg €{0,1}
bi=1

3HauuT CymMMy

Y ) di

€Y ig€Yy

MO)HO pa36uth Ha (2¢71)? cnaraempix Busa

Y - Y aii 3)

i1 E[bl idelbd
rae b/ = b]...b}, b,...,b) € {0,1}. B ka)k10M TakoM cJ1araeMoM JIOObIE 1Ba MHOKECTBA U3 COOTBET-
CTBYIOIIEIT STOMY CJIaraeMOMY CHCTEMbI MHOKECTB {11, ..., I,q } OO COBNANAIOT, JTMOO He TIePeceKaroTCs.
Ecim moGble /1Ba MHOKECTBA U3 CUCTEMBI {Ij1,...,l,4} He NEPECEKAOTCs, TO, B CHIIy CUMMET-
PUYHOCTH MATpULbl A,
1
Yo Tau-g (5 L T ¥ an)
i Glhl idEIhd : o‘En(d) i €Ib6(1) i2€Ib0'(2) idelbo(d)

M, COIJIACHO CJIEACTBUIO 3.3,

1
IR IRURE

ilelbl idEIbd k

M=~

(—1)d* < y - Y ail_“id)_

1 scl,d]:|S|=k 1€Ujesl,i  ia€ljeslyj

3Ha‘{I/IT, AJIA TIOIIapHO HETIEPECCKAIINXCA MHOXKECTB Ibl ./ bd

}ZwZail.um:;\i(—l)“ Y (L % )<

i€l la€ly Scltd]:|S|=k T€ljesl,i  ia€ljest,i
] d _ 1 d Iy 24 — LV
\EZ ) . Y Y, ai.i \EZ Y =—a M “)
k=1s5c1,d]:|S|=k 1€jeslyi  ia€ljest,) k=1 sct,d]:|S|=k
OcTaJtock pacCMOTPETh CIy4aid, Korga Cpey MHOXECTB Iy, . . ., [« €CcTh MoBTOpsIomuecs. B cury

CUMMETPUYIHOCTH MAaTpHLbl MOXKHO NEPETPYIIIMPOBATD CJIAra€MbIC TaK, YTOOHI TMOBTOPAKOIINECA MHOXKCCTBA

MUK TIOAPSIJL:
Z Z aiy iy = Z Z Z Z iy iy

i€l ig€lg nes i€l g +1€h ig€dp

3neck J; nmonapHo He nepecekarTca U 1 < dy) < dy < ... < d; =d. Paccmorpum Teneps matpuny B
nopsiika dy ¥ pasmepHoctd |Ji| X ... X |J1| ¢ sanemeHTamu
| S ——

dy
biy..iy, = Y iy g igy 111
idptt € Jrt1
r=1,...,1—1
t=1,..., dyyy —dy
ITo nemme 3.4
dy

‘ Z Z ai...ig Z bi]...id gdl max bi]...id )
) . . A 1 FioonFy | o !
l1€[b1 ldelbd i15005ld, cJi Ui eF k=1,d;

rZIe MAaKCUMYM B34T II0 BCEM NOMNAapHO HENEPECEKAIOIIMMCS CUCTEMaM ITOAMHOXECTB [y, MHOXecTBa J;.
AHaJIOTMYHO, pa30uBasi MHOXECTBA Jy, . .. ,J;, TIOJydUM

XY

iIEIbl idelbd

9

<df (o —di)= (= dp ) max | Y a

XiyXal,
in€Xy k=1,d
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rJie MAKCUMYM B3T [0 BCEM TOMAPHO HETePeCeKAaOIMMCsl CUCTEMaM TOAMHOXECTB X, MHOXecTBa [1,n].
B cwty orieHKH 711 TOTIApHO HeTlepeceKalorXCsi MHOXKECTB (4) 1 HepaBeHCTBA

diil (d2 — dl)dzfdl o (dl _dlil)dlfd,,l <
<(di+(dy—dy) 4+ (dy —dy_y)) BT — gd
nMmeemM

24 _q

d
sd d!

M, )

LT

i]EIbl idEIbd

rae I, N1, = & wm Iy, = I,,; 14 Beex nap i, j. IlpuMensas Teneps pasioxkeHne CyMMsI (2) Ha caraeMele
Buna (3) u IOKa3aHHOE HEPaBeHCTBO (5), MOTyYuM

n n 3 2d -1 d2d d
Yo ¥ | <29 ”ddTM < ( d') M < (2%)M = (2%e)4||A]|,
ey €Yy : :
YTO 3aBEpHIACT AOKA3aTEJIbCTBO. OJ

Pa6ora K. B. JIpikoBa noaaepxana Mucturytom matematuku HAH Benapycu B pamkax rocymap-
cTtBeHHO# nporpaMmbl «KoHBeprenuusas—2025» (3aganue 1.3.05).
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1. BBeaenue

HccnenyioTcst KOHEUHbIE TT-pa3peluMble HEIPUBOJUMbIE KOMIUIEKCHbIE JIMHEHHBIE TPYIITBI CTENIEHH
n=2|H|+ 1, y koTopsIx xo/mtoBa 7-noarpymma H sisisiercst T1-noarpymmoi.

B nepBoii yactu padoTsl [1] 6b1IM JOKA3aHBI HEKOTOPBIE IPEABAPUTENbHbBIC PE3YIbTAThI, a TAKKE
MOJIyYeHbl HEKOTOPbIE CBOMCTBA MMHHMAJILHOTO KOHTprprMepa I' k Teopeme (*), KoTOpast sIBIsieTCsI
OCHOBOH JOKa3aTesbCTBa INIABHON TeopeMbl. Bo BTOpoil [2], TpeTheil [3] u ueTBepToil [4] ee yacTsx
NPOJIOJKEHO M3YyUYeHHE CBOMCTB MUHUMAJIBHOIO KOHTpIIpUMepa K teopeme (*).

VYeaoBue (*). CkaxeMm, uro s I, A, B, C, x u n BeinmonHeHo ycioue (*), ecmu I = BA, tre
B — HopmautbHas B I moarpynma, (|B|,]A|) = 1, A — rpymimna He4eTHOro MOpsiaKa, OOJIbIIEro 3, KoTopast
He ABJIsIETCA HOpMabHO# B rpyrne I, Cp(a) = Cp(A) = C jia kakjoro snementa a € A¥, u B umeer
TOYHBI HENPUBOAMMBIIA XapaKTep X CTENeHH 71, KOTOPBIA SIBISIETCS a-MHBAPUAHTHBIM XOTS OBl [J1s1
onHOTO 3nMeMeHTa a € A¥,

Teopema (*). ITycmo 05T, A, B, C, X u n = 2|A| + 1 evinoaneno ycaosue (x). Toeoa epynna
I" paspewuna, n seasemces cmenenvio npocmozo uucaa g, nooepynna Cy abeaesa u, ecau nodzpynna
C He abenesa, mo ¢ obosnauenusx nemmol 2.7 [1] xapakmep Xc = p + |A|B1, 20e B(1) = |A|+1 u
Bi1(1)=1.u60 B(1) =1uB(1) =2. Takxce, ecau |1t| > 1 u npu |1t| = 1 xapaxmep X npumumuénotii,
mo B = O4(B)C.

Veaosue 1. ITycTh 71 — MHOXECTBO HEUETHBIX MPOCTHIX Unces U G — KOHEYHasl He TT-3aMKHYyTasl
7T- pa3pelmmMasi Ipynna ¢ 7t-XojuioBod T'/-noarpynmnoii H, nveronas TOUYHbIA HETPUBOIUMBIA XapaKkTep
CTENeH! 1.

Teopema. ITycmo 2pynna G yoosaemeopsiem ycaoguio 1 u n =2|H|+1 > 7. Tozoa n — cme-
nemv npocmozo uucaa g, epynna G paspewuma u, ecau npu |1t| = 1 xapaxmep X npumumugnulii, mo
G =Ng(H)04(G).
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2. HekoTopble omnpe/ieJieHNsI, 0003HAYEHHUsI U NPe/IBAPUTEIbHbIE Pe3YJIbTaThI

7., — MHOKECTBO LIeJIbIX HEOTPUIATE bHBIX ukcel; i = 1,n = 1,2,...n; ecim 1) — XapaKTep HEKOTOPOit
noarpynmsl X C G, 1o Irr({) 0603HauaeT MHOXECTBO BCEX HENMPHBOAMMBIX KOMIIOHEHT XapakTepa 1;
n=m(H); W =m(X)\ 7 Xy — xommosa 7'-noarpynmna rpyrmnst X. Ecim X <G u @ — HENpUBOAUMBbIA
XapakTep MOArpyIIsl X, TO YCIOBHE, YTO ( — g-MHBAPUAHTEH [UIsi HEKOTOporo anemeHTa g € G\ X,
3anmieM Jist KpatkocTy B Buge Ig(@) # X. Bee octanbHble 0003HAYEHHS M OTIPe/ie/IeHHsT OOBIYHbBI M MX
MOXHO HaWTH, Hanlpumep, B [5] nm [6]. Bciogy mog xapakTepoM IpyIisl OyaeM MOHAMATh KOMITJICKCHBIN
XapakTep, a Mo IPyNroil — KOHEYHYIO TPYIITy.

[Tycts I = AB — rpynma ¢ noarpymnmamu A u B, tne B<I, (|A|,|B|) = 1 u |A| Heveten (A — epynna
Konpocmuix asmomoppuzmos epynnst B). Torna oHa ynosneTBopsieT ycnosuio Teopemsl 13.1 [6]. CornacHo
3TOM TeopeMe CyIIEeCTBYeT B3aMMHO-O[HO3HauHOe cootBeTcTBHE TU(B,A) : Irrg (B) — Irr(Cp(A)) mexay
MHOXECTBOM BCEX A-MHBAapPUAHTHBIX HETIPUBOLMMBIX XapaKTEpOB IPYNIB B 1 MHOKECTBOM BCEX HEIPHBO-
JMMBIX XapakTepoB moarpyimbl Cp(A), KOTOpoe 00Ia/IaeT PSIOM CBOWCTB, 3aBUCSIINX, B YACTHOCTH, OT
cBoiicTB noxarpymsl A. ITycts X € Irrg (B). Toraa, no gemme 13.3 [6], cymiecTByeT Takoii € IMHCTBEHHBII
HENPUBOMMBI Xxapaktep X rpymnmbl I, uto Xp =X u A C ker(detX). OH Ha3bIBAETCS KAHOHUUECKUM RPO-
Oonicenuem xapakmepa X Ha zpynny I'. B nanpHeiimem moj X OymeM MOHUMATh MMEHHO TaKOi XapakTep.

3. OcHoBHAA YaCThL

[Iponomkum HymMepanuio (GOpMYyIUPOBOK JIEeMM, HadaTylo B IiepBoi dactu [1] pabotsl. B Hei,
HAIllOMHUM, MBI TTOJIyYXJIM HEKOTOPBIE MpeBapUTESIbHBIE PE3YJIbTAThl, OKA3aIH, YTO HEIPUBOAUMBII
Xapakrep X TOuHbIA U 4to X (1) = g% 17151 HEKOTOPOTrO HEYETHOTO MPOCTOro YKMcaa g U o € N, a TakKe
HAYaId M3y4aTh CBOMCTBa MHUHMMAJIbHOTO KOHTprpumepa K teopeme (*). Bo Bropoii wactu [2] mbi
MPOJIOJIKIIIN M3yUeHre MUHUMAJILHOTO KOHTpIpUMepa K Teopeme (*) 1 goka3aiu cBoiicTa noarpymist C
U ee xapakTepa Xc.

Hanomunm, uro N = Nr(B,), rae X(1) = g™ n B, — A-uHBapuaHTHasi CHJIOBCKasi ¢-TIOATPYIIIA, T. €.
A C N. B tpetbeii uactu [3] Mbl yctanoBumm, uto N # I (temma 3.13) 1 uto N9 = Nr(Bg,) # I nna
q # q1 € 7 (nemma 3.14). B nemme 3.15 [4] nokasaHo, uTo xapakTep Xy HenpusoguMm. C npuMeHeHHeM
Teopembl Ky dopna sterko ybeaurses B ToM, UTO XapakTep X, Toxke Henpusoaum. Ciie/joBaTelbHO,
1 # Z(B,;) C Z(I") u orpaHneHye Xxapaktepa X Ha JTo0yIo HOArPYIILY, COAEPKAILYIO B, TAK)Ke SBISIETCS
HENPUBOIUMBIM XapaKTEPOM.

Ilycts B D Y@ _ takas coGCTBeHHAS MaKCUMAJIbHAS A-MHBapuaHTHas noAarpymnmna, u4ro Ny C Y (a),
Tak xak B,  C, 4to BbITEKaeT U3 JemMMsl 3.3 [2], TO y (@ Z C. O6o3naunm I'| = AY (@), OueBHIHO,
Z(B;) CTI'y.

Jambine Mbl ipeamonaraem, 9to g # q; € 7t(|B : C|). [TycT [/ist TAKMX MPOCTHIX YKCEI ¢ TIOATPYIIa
y(a1) C B sBisieTcsi COOCTBEHHOM A-WHBapUAHTHOM U TAKOA, UYTO B, CY (@1), Tak kak noarpymma (N (q1) )
TaKXKe sIBJISCTCS A-MHBAPUAHTHOM, TO MBI TaKKe IIPH HEOOXOAMMOCTH MOXEM CUHTaTh, 4TO (N (ql))ﬂ/ -
C Y@ uygro noarpynna Y(@) gpnsercs MakcUMambHOI A-UHBapuaHTHOM B rpymme B. Mbl 3ameyaem,
uro Y (@) Z C. O603HaYNM '41) = Ay, Takxke oueBmmHO, uTO Z (By) C rlan),

Jlemma 3.16. (1) Xapaxmep Xr, nenpusodum u Y9 = 0,(Y@)Cy ) (A);

(2) ecau noozpynna Cy,)(A) ne sieasiemcs abenesoii, mo

Xc, ) 4) = (XC)c,, (4) = Be, iy (a) T IAIB1)c, ) (4)

Y
C HeNnPUBOOUMBLMU XAPAKMEPAMU ch(q) () U (BI)CY@(A), 20e B(1)=|Al+1upBi(1)=1uwpP(l)=1
uBi(1) =2

(3) ecau noozpynna C ne sieasemcs abenesoil, mo u noozpynna Cy (A) makdice ne sigasiemcs
abeneaoil.

Jloka3areabctBo. 1o nemme 3.15 [4] xapaktep Xy HenpuBoaum. Tak kak N C I'y, To xapakrep Xr,
TaKKe HETIPUBOIIIM, M JIETKO yOexmaeMcst B ToM, uto mis [y, A, Y@, Cy(A), Xy ¥ n BBIOTHEHO
ycnosue (¥). Hockomsky |T'y| < [T, To o unmykimu Y@ = 0,(Y@)Cy, (A) u noarpynma Cy, (A)
YIOBJIETBOPSIET 3aKJIOUeHUsIM TeopeMsl (*) — yrBepxaenue (1).
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Ipeanonoxum, yro noarpymna Cy,) (A) He sBnsercs abenesoit. Torna noarpymma C He sBISETCS
abeieBoii v 1o yTRepxkaeHuIO (1) ieMMbI 3.5 [2] MOXKET BBITOJHSATHCS TOJBKO OJHO M3 IBYX YTBEPXKICHUIA
nemmbl 2.7 [1]: xc = B+ |A|B1, tre (1) = |A]+1 1 B1(1) =1 — yrBepxaenue (1) wm B(1) =1n
B1(1) =2 — yrBepxaenue (2). 3mech B u 1 — HenpUBOAUMBIE XapakTepbl noarpymms! C. TTOCKOIbKY
XapakTep Xr, HENPUBOAMM, TO M3 YTBepXKaeHHs (2) jneMMbI 3.5 [2] BhITEKaeT, 4TO, €CJIM MOArpyIa
Cy( (A) He siBsieTcst abeJieBoii, TO

Xc, (1) = (XC)e, 1) = Be, i, (a) T IAIB1)c, ) 4)

C HeNPUBOJMMBIMU XapaKTepamMu [SCY ([31) , JUIs1 KOTOPBIX BBIIOJTHSIETCS O{HO M3 YKa3aHHBIX
CBOMCTB — yTBepxjaeHue (2).

U3 ytBepxaeHus (2) BhTeKaet, uto, ecym noarpyrma C Heabenesa, To u nogrpymma Cy ) (A) Takxke
HeabOesieBa — yTBepxkaeHue (3).

Jlemma 3.17. Bomonnsiemes: (1) Z(T') = Z(B) = Z(B,) u paxmopepynna B = B/Z(B) npocmasi;

(2) ecau 6 nemme 3.16 B(1) # |A|+ 1, mo 7((Cy)(A))y) < {2:3}.

Hoxka3zarennscrBo. ITokakem BHavaie, uro Z(I') = Z(B) = ( ¢)- Hockombky A A" m Cp(a) =
= Cp(A) nna kaxaoro anementa a € A* no ycnosumo (*), To Z(I') NA = 1. 3nauurt, Z(T') C B. Tak kak
Z(B,;) € Z(I'), To Ham mocTaTo4HO MoKa3ath, 4to Z(I') C By.

[TpeAnonokum, 4To cymiectByeT npocroe uucio g # ¢ € m(Z(I')). Tak kak ¢’ ue pemar X (1) n
¢ He pemar |kerY NI7|, u6o ker = 1, to mo nemme 9 [7] uncio ¢’ He pemmr |Z(X) NI7|. TTockosbKy
Z(X) = Z(T), 1o ¢ ue nemur |Z(I') NI"|. Tlostomy ¢’ aemur |I/T”|. Cremosarensro, A C 07 () # 1.
Tak kak B, C 0‘1/(1“), TO XapakTep )’Zqum HenpuBoguM. [Tockosbky A ;équ/(l“), TO IO UHAYKIIUU

(Oq (F))TU = Oq((oq (F))n’)c(oq/(r))ﬂ, (A)
Ho I' = 07 (I')Nr(A) u Nr(A) = ANg(A) = AC. Tlostomy
B =Ty = 0,((07 (T))x)C = 0,(B)C,

YTO JOKa3hIBAaeT TeopeMy. DTO MPOTUBOPEUUT BHIOOpPY rpymisl I

Urak, 1(Z(T")) = {g}, 1. e. Z(I') C B,. Torxaa, ouesuano, Z(I') C Z(B,). Tak Kak crpaBeUIMBO
obparHoe yTBepxkaenue, To Z(I') = Z(By).

Y6enumcs Terephb B ToM, uTO Z(B,) ABNAETCA MaKCUMaJIbHOI HOpMasIbHO# B I moarpynmoii.

ITyctb B>X — cobcTBeHHAs MaKCUMallbHas A-MHBapuaHTHas noarpynmna. ITokaxem, uro X C Z(B,).

Ouesnano, urto X < I' u uro B/X — rnaBHeii ¢akrop rpymmsl I. C npuMeHeHHEM TeOpeMbl
Kmudpdpopaa paccmorpum xapakTep
Xx=e) ¢,

teT

IIe (¢ — HEeNpPUBOOUMBINA XapakTep moarpymmsl X; 7 — MHOXECTBO IPEICTaBUTENIEH BCEX CMEXHBIX
KJaccoB rpymmsl I o nmoarpynme I = Ir(@) — vuHepuuu xapaktepa @ B rpyine I, B3SIThIX 0 OTHOMY
U3 KaxJoro Kjacca U

X(1) = e|T|o(1).
Tak kak X (1) = ¢%, 10 ¢, |T| u @(1) Takke ABNAOTCSA CTENEHSIMH MPOCTOrO Yrcia g. Takke Mbl 3aMedaem,
yto A C I 1 1o Teopeme 6.11 [6] X = (¢’)! a1s Takoro Henpusomumoro xapaktepa ¢’ noarpymmsi /,
aro (@')x = e@.
Honyctum, yto X C C. Mbl 3ame4yaeM, 4TO, C OJHOH CTOPOHBI, OIPAaHUYECHUE XapaKTepa Xy
noguuHsieTcst 3akoHy Kunddopaa Beiiie, a ¢ Apyroi — s xapaktepa Xx = (Xc¢)x BBIIOIHSIETCS OIHO
n3 yTeepxkaeHuil semmsl 2.7 [1]. 1 Ml BUAMM, 4TO TaKu€ YTBEPXKIEHUS, KaK

Xx=e) @ =Bx+AI(B1)x: xx =e ) @' = PBx +|A|(B1+B2)x,

teT teT

rae 3, 31 u 32 — pa3nuYHble HEMIPUBOJMMBIE XapaKTepsl rpymiisl C, HEBEPHBI, TOTOMY 4TO

(xx, 0" )x = e # (xx,(B1))x = |A].
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HeTpynHo 3aMeTUTb, YTO MOXET BHIIOTHATHCS TOJBKO yTBepkaeHue (12) sToi 1eMMBbI —

xx = (xo)x = 2JA|+ 1)Bx, B(1)=1

WM TOJIbKO yTBepxkaeHue (15) —

Xx = (xc)x =Bx, B(1)=x(1) =2|A|+1.

[TpeANoI0KUM, YTO BHIIOIHSIETCS yTBepkacHue (15) yka3aHHOM JieMMsl, T. €. Xx = PBx, B(1) =
= x(1). Torga u3 nemmsr 2.6 [1] cnenyert, uto X4 = (1)14. Orciona Beitekaert, uro A C kerX. 1o
npotuBopeynt gemme 3.1 [1].

CreioBaTesibHO, BhINOJNHsIETCs1 yTBepxkaeHue (12) memmsr 2.7 [1], 1. e. xx = (2|A| + 1)Bx,
(1) =1. Torna

X CZ(x) =Z(x) = Z(I) = Z(By)-
IMpu X C C mbl nodyund TpedyemMoe yTBepskIeHHUE.

Mycts X € C.

[Mpeamonoxkum, uro |T| = 1. Torma X(1) = e@(1).

Jomyctum mipu 3ToM, 4to e = 1. 3HauuT, Xapakrep Xx = @ Henpusoaum. Clie10BaTesbHO, HEPH-
BOJIMM M XapakTep @ = Xax, KOTOPHIi cymecTByeT 1o jemme 2.5 [1]. JIerko yOeAuThCst B TOM, UTO IS
AX, A, X, Cx(A), ¢ u n Bemonaeno yciosue (*). Tak kak |[AX| < |I'|, To mo unaykimn

X = 0,(X)Cx(A).
IlonsaTtHo, 4TO
0,(X) € 0,(B) C B,

1, Tak Kak O,(B) C X, BBy MaKCUMaJIbHOCTH MocyeHel moarpymmsl, To Oy(X) = O4(B). Tak kak
X Z C, 10 Oy(B) £ C. Tloatomy A AAO,(B) 1 XapakTep X4, () HENPUBOIUM.
B camowm pnene. M3 npenrocienneii BeAeIeHHON (hOPMYITBI BHITEKAET, UTO
A0, (B) 1 AX

U, 3HAYUT, XapaKTep

X40,(8) = Pao,B) = €1 Y ot
teT

nopunHsercs popmyne Knuddopna. 3necy o6o3HaueHus ey, ¢y, 71 11 COOTBETCTBYIOT 0003HAYCHUSIM
u3 TpuBeAeHHON Bhime (opmyisl Kmmddopma.
[peamonoxkum, uro (1) # @(1). Torna

Y1) < (2A[+1)/g < |A] -1
IUIA Kakgoro sneMeHTa 1 € 11, u n3 neMmbl 2.10 [6] BeITEKaeT, UTO

A/kerp"" <AO,(B)/ker".

IMockonbKy My er kerp = 1, To noarpynna AO,(B) u3oMopdHa HEKOTOPOIi IOATPYIIIIE U3 TPSMOro
MPOU3BEICHUS

[T 40,(B)/kery"

ten

T-3aMKHYTHIX pakToprpymn. CnegoBatensHo, A< AO,(B), 1. e. Oy(B) C C. VI3 BeIeNEHHOI paHee
dopmyier BeiTekaet, uro X C C, 4T0O HE Tak.

Wrak, XapakTep Xao,(5) HenpusoauM. Cie/I0BaTeIbHO, HENPUBOJMM H XapaKTep )A(AB[,I 0,(B) A
Kax/oro npocroro uucia q; € n(|B : C|).

Homyctum, uro AB,, O, (B) # I'. Torna no MHIYKUIUA B, C C, 410 He Tak.

Iostomy A(B,, O4(B) = B) =T'. CnenoBarensto, B, = O,4(B) < I". Ml oty 4uiu npoTuBopeyne
¢ tem, uro '@ £ T
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I[Tycts Teneppb e # 1. Tlockonbky @ € Irry (X), TO 1Uist XapakTepa @ CripaBe/IIMBO BbIpaKeHUE
e(1) =X(1)/e <|A[—1.

Tak Kak XapakTep @ TOYHBIA B pacCMaTpuBaeMoM ciydae, To ker @ C A. Ecim ker @ # 1, TO IOCKONBKY
ker @ < AX, mbi onyuaem, uto X C Cg(ker @ ). Torna no ycinosuio (*) X C C. Ecim xe ker @ = 1, To u3
semmbl 2.10 [1] BeiTekaet, uto A < AX. Mbl BHOBb nostydaem, 4to X C C. DTOT cIydaidl pacCMOTpPEH.

ITycts teneps |T| = |I: 1] # 1. Toraa xapakTep X UMIPUMUTHBHbIA 1 110 JleMMe 3.4 [2] Mbl MOKeM
cuntath, 4o @'(1) =1 u uro

ID: 1| =%(1) = ¢* =2/A| + 1.

CrnemoBatenbho, @ (1) = (@’)x (1) = 1. Mbl Bugum, 4TO BCE HEMPUBOAUMBIE KOMIIOHEHTH @', 1 € T,
xapakrepa Xy Jmneiinbie. [Toatomy X' C kerXy = 1 u, 3HauuT, noarpymma X aGeiesa.

Homyctum, uto rpymmna I'* = AB,X =I". Torna noarpymna B = B,X paspemmuma.

[peanonoxum mpu 3tom, uto |7t| > 1. ITo gemme 2.9 [1] B = F(B)C. Tak kak X C F(B), 0
Mbl BUAUM, YTO

F(B) = (((F(B))g = F(B) N By))X,

1. e. (F(B))4 C Cr(X) <« T. Ilockonpky noarpynmna X MakcHMasbHast HopMasibHas B I, To MBI omydaem,
uro Cr(X) =X, 1.e. (F(B))y=1mm Cr(X) =T, 1. e. X CZ(I') = Z(By).

ITockombKy BTOpOE yTBEpKICHHE TOKa3bIBACT JIEMMY, TO MBI rojiaraem, 4to (F (B)), = 1. ITonyuaem,
uro B, C C, 4yro nporusopedut jgemme 3.3 [2].

[Tycts Teneps |7t] = 1. Torga no ycinosuio (*) xapakrep X npumutusHbiid. CregoBarenbHo, X C
CZ({T) = Z(By).

Kenaemoe yTBepXKaeHHE YCTAHOBIICHO.

Homyctum Teniepb, uto rpymma [ = T. TIockonbKy XapakTep Xr+ HENPUBOIUM, TO MbI JIETKO
3amedaeM, YTo K HeMy | rpymme [™ Mbl MOXeM NMpUMEeHHTh HHAYKLHO. 110 Heit

Orcroga mel BUguM, 4to X C C B X (A) C C. D10 IpOTHBOPEUUT pACCMATPHBAEMOMY CJTydaio. Mbl JoKa3au,
uro X = Z(By).

Tak xak X MaKkcUMaJbHas HOpMajbHas B B m A-uHBapuanTHas moxarpynma u X = Z(B,), To
dakroprpymmna B/Z(B,) npocrtast — yrepxaeHue (1).

Hoxkaxem yTBep:kaeHUe (2).

ITyctb aneMeHT ¢ € Cy () (A) uMeeT npocToii mopsiok o(c) = q; # q. CornacHo yTBepxaeHuio (1)
nokasbiBaemoit iemmel ¢ ¢ Z(I'). Torma ¢ € Cr(B,) u mostomy @ = Xp, € Irr<c~(B,). O603HauMM
® = X<c>,- o cnenctemo 13.4 [6] ¢(c) € Q. Tak kak ¢ € Z(I') u ¢ € C, To XapakTep X<c> = P<c>
COIEPKUT HEe MEHee BYX Pa3JIMUHbIX HEIPUBOAUMBIX KOMITOHEHT. [Tockombky (1) # |A| + 1, To cormacHo
nemme 2.7 [1] 910 KoMoHeHTSI 3 ~, B(1) = 1u (< ¢ >), B1(1) = 2. TpeTbeii KOMIOHEHTO! XapaKTepa
X<c> MOXET ObITh XapakTep 32(< ¢ >) crenenu 1. ITpu stom, ecim (1) = 2, T0

X<e> = B(<e>) +|A|IB1(< e >)

— yTBepxaeHue (2) aemmsbl 2.7 [1].

[Mpumenum nemmy 1 [8] B 0603HaYEHUSAX KOTOPOH Spec(X <> ) — ITO MHOKECTBO BCEX PA3INUHBIX
HENPUBOJMMBIX KOMITOHEHT XapaKTepa X<~ Oe3 yueTa MX KPAaTHOCTU. DTO MHOXKECTBO Ha3bIBAETCS
cnekmpom xapakmepa X Ha anemenme c. ITOHATHO, 4TO

[Spec(X<c>)| < o(c) =qi,

a U3 NpeArnocC/IEAHETO BbIACJICHHOI'O BBIPAXKECHUA TaKXKE CICAYET, YTO

[Spec(x<e>)| < B(1)+B1(1).
Tak Kak q # g ve pemut X(1) = ¢%, TO Mo yTBepXKAEHHIO 2) yKa3aHHOI JIEMMbI CIIPABE/IMBO OJHO
W3 CIENYIOIUX YTBEPKACHUN:
a)qr=2uceZlx);
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6) |Spec(X<e>)| = g1 — 1 n g1 — 1 pemar x(1);

B) |Spec(x<c>)| = q1-

IMockombky Z(x) = Z(By) n ¢ € By, TO He MOXKET BHIIOJNHATLCA yTBepXkaeHue 1), T. e. g1 # 2.
Torma g1 > 2 u g; — 1 — 4eTHOE YKMCIIO U OHO He jaeauT X(1). 3HAYUT, MOXET BBIIOTHSATBHCS TOJIBKO
yTBEepKICHHE B), T. €. |[Spec(X<c>)| = q1. Tak kak f1(1) =2,

Spec(X<c>) = Spec(B<e>)USpec((B1)<e>)

uB(1)+pi(1) =3, 1o |Spec(X<c>)| = o(c) < 3.

Urak, o(c) € {2;3}.

Jlemma 3.17 pokasaHa.

Tak kak A A9, To Kk moarpyrme @)y ee XapakTepy Xp;) NpuMennMa semma 3.2 [1]. Tlo
Hell Xp,) =1+ 6, rae 1 — Takoii xapaktep HanGosbIeii cTeneny, uro Akern/kern < [(a1) /kernu 6 —
TaKoil XapakTep HamOobIIeil cTerenu, uto Aker0/ker® AT(9) /ker.

Jlemma 3.18. Buinoansiemcs: xapakmep 1 # 0 u xapaxmep © nenpueooum 0OHOl U3 cmeneHeli.
0(1) = |A| uau 6(1) = 2/A|.

Hoxka3zarenascrBo. Ilpennonoxum, uto 1 = 0. Torma 0(1) = 2|A| + 1. Jonyctum Takxke, 4To
xapakTep 0 HenpuomuM. ITockombky I =£ T, T MbI MOXEM TIPHMEHITH HHIYKLHMIO, IO KOTOPOii

yla) — Oq(Y(QI))Cle)(A).

Ortciona BeiTekaert, uto By, C Cy () (A) € C. DTo NpOTUBOPEUHT BEIOOPY HPOCTOTO YHCTIA g .

Urak, 1 = 0 u xapaktep 0 mpuBoaum. Torga u3 semmsl 2.10 [1] BeITeKkaeT, YTO OH SABJISAETCS
CYMMO#1 HEIIPHBOAMMBIX KOMIIOHeHT 0 u 6, cteneneii |A| u |[A|+ 1 cootBeTcTBeHHO M |A| + 1 = 2%,
o« € N. ITo nemme 3.2 [1]

yla) — OZ(Y(QI))CY(ql) (A).

Ortciona BrITeKaeT, uto B, C Cy,)(A), ecmu g1 # 2. [lpotuBopedre ¢ BHIGOPOM MPOCTOTO YHCIA (| .
ITosToMy MBI Jes1aeM BBIBOJ, UTO g = 2.
[Iponomkum nccnaenoBaTh 3TOT caydail. OueBUAHO,
¢“=2|A|+1=2(A| +1)—1=2-2% -] =2%F1 1,
3uaunt, o = 1 u X(1) = ¢ — mpocroe umncio Mepcenna. CiiegoBaresbHO, | + 1 — HEYETHOE YHCIIO.
IToaTomMy o — 4eTHOe 4ucyio. 3HAYMT,

Al = ¥ =)= 42— 1)EN 4 1)

nemutcs Ha 3. CrnefoBatenbHo, B — npoctas 3'-rpynma. Takoit MokeT ObITh TONBKO rpymia Cyasyku
Sz(d), d = 2", m € N, nopsanka

d*(d—1)(d*+1)=d*(d—1)(d+2r+1)(d—2r+1), r=2"

Kak B lokasarenbcTBe yTBepkaeHus 3.15.2 [4] Mbl ycTanasmuBaem, uto B 3toM ciyuae |B : C| — crenens 2.
Tax kak B = B/(Z(B,) = Z(I')) u C = C/Z(B,), T0 MbI Buaum, uto |B : C| crenens 2. ITo nemme 2.9 [1]
B = 0,(B)C. D10 o3Havaet, uto B, C C u npotuBopeunt emme 3.3 [2]. 3Hauurt, XxapakTep 6 He MOKET
OBITh U MPUBOJUMBIM B ciiydae, korma 0(1) = 2|A| + 1.

Ocrascs ciydait, korga 0(1) # 2|A| + 1. CaenoBatensHo, 1 # 0.

ITo memme 3.2 [1]

0(1) € {|A| — L;]A[; A+ 1;2(|A| — 1);2]A] — 1;2/A]}.
IIpu sTom
Y(®) = (kern)wCyiy (A);  AkernaD(@);  [Y@) A] C (kern)y,

xapakTep 04 kern TOUHbIA 1, ecu 0(1) # 2(|A| — 1) u 0(1) # 2|A|, To HenpuBoxuMsIil. Kpome Beero storo,
ecu 0(1) # |A| m 0(1) # 2|A|, To ©(1) — cTeneHs HEKOTOPOroO MPOCTOTO YHCIIA T
Hccremyem 5T 3HAaYCHMSI.
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Homyctum, uro 0(1) = |A| — 1. TTo nemme 2.11 [1]
Al =1] =25 |Akern: Z(Bakerm)| =|A[2%, k€N,

(kern)y = O2(Akern)Z(Oakern): (O2(Akern)) C Z(Oakern)-
OueBuaHO, uT0 Z(0gkern) € Z(0) 1 uT0 Z(Oakern) € kern C Z(n). Crano 6biTh, 1o 1eMme 5 [9]
Z(Barern) C Z(0)NZ(n) = Z(T9)).
DTO 03HAYAET, YTO

Z(eAkem) - Cy(ql) (A) :
[TosTomy

@) = 05 (Akern)Cyiy) (A)

u, 3uaumrt, |Y9) : Cy () (A)| sBnsetcs crenenbio 2. [I09TOMy MPOCTOE YHCIIO F = 2 MOKET OBITh OJTHUM
U3 BBIOPAHHBIX, T. €. r = ¢ = 2. /I3 noC/IeJHero BBIIEICHHOTO PABEHCTBA CIIE/LYET, YTO

A0, (Akern) «T@).

[Mpeanonoxkum, uro B, € C. Otciona, u3 teopemsl Kimndopaa, uz toro, uro A AAO,(Akern)
u u3 nemmbl 2.10 [1] BhTeKaeT, 4To XapakTep 040, (Akern) HeMpuBoguM. Torna u xapakrep 00, (akern)
takxke Henpusogum. CiienoBaresbho, (0s(Akern))’ # 1.

[Tycts nuBOMmoOLWs z € (O2(Akern))’. Mbl Bugum, 9TO

X(2) =n(z) +0(z) = (|A[+2) + (= (|A[ - 1)) = 3,
nbo z € kern,
n(1) =x(1)—0(1) = 2]A]+1) - (|A| = 1) = |A| +2
1 xapakTep X TouHbiil. OfiHaKo, ¢ Apyroii cToponsl, z € Z(I'4)) C Cy,) (A) C C. Tlostomy
X(@) = (xc)e,(,, ) (2)

Y MbI MOXEM BOCIIONB30BaThCst Jiemmoii 2.7 [1]. YVuuteiBas, uto X(1) = 2|A| + 1, Ml Jierko npoBepsiem,
YTO HU OJIHO W3 YTBEPXKJIECHUM JieMMbl 2.7 HE MOAXOMMUT.

Hanpuwmep, mycTts BemonHsercs yreepxaeHue (1) semmsl 2.7, T. €. B ee 0003Ha4eHUAX X¢ = 3 +
+1A[B1, B(1) = |A[+ 1 m B1(1) = 1. Torna

x(z) = B(z) +|AIB1(z) = (|A| + 1) F |A| # 3.

[MomoGHBIM 06pa30M MBI IPOBEPsieM OCTaBIIMeCs yTBepxkaeHus temmebl 2.7 [1]. [TonydyeHHOE mpoTUBOpEYne
yKasbiBaeT Ha 1o, uto 1 By C C npu 0(1) = |A| — 1. [lesaem BoiBOg, uto 0(1) # |A| — 1.

IMycts O(1) = |A| 4 1. DTOT Cilyuail Mbl pacCMATPUBAIIA Yy Th paHee.

Paccmotpum Teneps ciydait, korna 0(1) = 2(JA| — 1). ITo yreepxaenuio (1;) semmsr 3.2 [1]
2(|A| = 1) =2%, &y €N, u

(kern)w = Oz((kern)w )Ciern),, (A)-
Torga g = 2 ¥ U3 BHIICJICHHOTO BBHIPAXKEHHS BBIIIIE BHITEKAET, UYTO
Y(®) = 0y ((kern) ) Cyn (A)-
Ortciona cieayet, 4To
A0 ((kern) )« T,

[ostomy u3 Teopemsl Kiuddopaa Beitekaet, uro xapaktep 640, ((kern), ) HENPUBOAUM WM UMEET OIHY

7.[/
HENPHBOIMMYIO KOMIOHeHTY 1 cTenenn |A| — 1 uma ae conpsukernsie P u s, g € T2\ A0, ((kern)),
KOMITIOHEHTBI TOi ke CTEeleHH.
Eciu xapaktep 040, ((kern),,) HE ABIAETCS HETIPUBOIMMBIM, TO KaK U B ciy4ae, koraa (1) = [A[ -1,

7.[/

MBI TIPUJIEM K TIPOTUBOPEYHIO CO 3HAUYCHUEM X (z) aist uHBomowwn z € Z(AO,((kern)v).



O pazpemmmMocT U (paKTOPU3ALUKN HEKOTOPBIX 7T-Pa3peIMMBIX HENPHUBOIUMBIX... 51

IIpennonoxum, 4TO XapakTep erz((kem)ﬂ,) HENpUBOIMM. Torga HENpUMBOAMM M XapakTep
602((k6rn)ﬂ/)‘ HOSTOMy

1 ;é Z(OZ((kern)ﬂ')) = Z(eAOZ((kern)ﬁ/))a
U cyuectByet unBomonus z € Z(AOz((kern)y)). Torma
X(2) =n(2) +0(z) = 3+ (= (2|A] =2)) = =2/A| +5.
ITockoneky z € C, TO, ¢ IPyrofi CTOPOHHI,

x(2) = B(z) +AIB1(2),

ecyid BbNoJiHsieTcs: yTBepxkaenue (1) wim (2) nemmer 2.7 [1].
W3 nByX mocneaHUX BBIJECICHHBIX BBIPAXKEHUN BHITEKAET, UYTO

B(z) +|AIB1(z) = —2|A| +5.

3HauwnT,

[Al(B1(z) +2) =5 B(2)

— PaBEHCTBO [BYX LEJbIX PALMOHATBHBIX YHcel, n0o 0(z) = 2.

JomycTum, uto BeinonHsietcs yrBepxkaeHue (2) nemmst 2.7 [1], 1. e. 3(1) = 1. Toraa 3(z) = £1 u,
3Ha4mT, |A| gemut 5+ 1 =6 mmu 5 — 1 = 4. Tak Kak |A| — noArpynmna He4eTHOro NopsiAKa OOJbIIEro 3,
TO MBI MOJYYHIIA TIPOTUBOPEYHE.

Jomyctum Tenepb, uto BoinoiHsercs yreepxkaeHue (1) memmsr 2.7 [1], . e. (1) = |A| + 1. Toraa
u3 ytBepxkaeHus (1) semmel 2.6 [1] BeITekaeT, 4To

Xa=pa+(|A]+1)14.

CrnenoBaTenbHO,
oq = (Xa,1a)a = |A| +2.

C nmpyroii CTOpOHHI,

Xa = (Xr@)a = M0y ((kern),) )4 + (040, ((kern),,) A
ITockonbky xapakTep 040, ((kern),,) TOUHBIA M HEMPUBOAMMBI cTenenn 2|A| — 2, TO Mbl MOXeM
npuMeHuTD Jemmy 12 [9], o kotopoti rpyrna A0 ((kern),) umeeT Takoii HenpuBoMMBIi XapakTep 0,
yto 04 = 2pg — 2 - 14. Tlo yrBepxaeHuto (2) nemmst 2.6 [1]
(8405 ((kern) )4 = (BN = (2p4 —2- 14)A ! =2p4 — 217!
U1 HEKOTOPOTO JIMHEHOro Xapaktepa A moarpyrisl A. OTciona Msl BUAUM, YTO

o) = (040, ((kern) )4 1a)a = ((2p4 —2A"1)a, 1a)a < 2.
[Mockombky (1) =X(1) —0(1) = (2|A| + 1) — (2|A| —2) =3, 10
o = ((nAOz((kern)n/))Aa Ia)a <3.
Toraa mMel BuauM, 4o oy = V) + (2 = |A| +2 < 5. Orciona crenyer, 4to |A| < 3, 4TO IPOTUBOPEUUT
ycaoBuo ().
Yr1eepxnaenus (1) u (2) semmsel 2.7 [1] BBIIOIHATECS HE MOTYT.
HdomycTum, 4TO BBHIIONHAETCS ee yTBepxkaeHue (3), T. e.

xc =B +2[A[B1,
B(1)=pR1(1) = 1. Tak kak z & Z(x) = Z(I'), 10
X(2) = B(2) +2|A|B1(2) = £2|A[F 1 # —2|A| +5.

AHaJIOrmYHBIM 00pa30M MbI yOekJaeMCsl B TOM, YTO He MOTYT BBIIIOJHATBCS yTBEPXKAeHUS (4),
(5), (12) n (15) nemmmr 2.7 [1].
Msr gokasamm, uro 0(1) # 2(JA] —1).
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[peanonoxum, uro 0(1) = 2|A| — 1 # 17. Tlo nemme 3.2 [1]
Y1) = 04, (Y'))Cpi)(A), 2IA| =1 = (q1)™, 01 €N
Orcioa Mbl BUAUM, 4TO
A0, (y@)yqrian,

Tak Kak MBI paccMaTpBaeM clydaii, korma Y@ ¢ C, To ¢ npumenennem teopemsl Kimddopaa u
nemmbl 2.10 [1] mbl yOexgaemcsa B TOM, 4To xapaktep 0, (v(a)) HenpuBomuM. Torma HempuBOAUM
q1

U XapakTep 60q (1)) M TIOSTOMY CYIIECTBYET S/IEMEHT 1 #g€Z(0y, (Y(@))) mpocroro nopsaka gq;.

Y

1
Tak kak Z(0,, (Y9))) C Z(0) u g € kern, T0 ¢ NpuMeHeHueM JeMMbI 5 [9] Mbl yGekaaeMcs B TOM,
uro g € Z(I''4). CneposarensHo,

X(8) =n(g) +0(g) =2+ (2]A[ - 1)E, E#1,

n &l =1.
C npyro#t CTOpPOHBI, MOCKONBKY g € C, TO Mbl MOXEM MPUMEHUTS Jiemmy 2.7 [1]. Jlerko y6enutbes
B TOM, 4TO

x(g) #2+ (A -1)g, &£#1

JJIS1 KQKJJOTO TaKoro ee yTBepKaeHus, 1uisi kotoporo X(1) = 2|A|+ 1.

[peanonoxum tenepb, uto 0(1) = 2|A| — 1 = 17. Torma |A| =9, 1. e. B — npocras 3'-rpymmna.
PaHee MBI OKa3aaM, YTO 3TO HEBO3MOKHO.

Jlemma nokaszaHa.

Hawm ocrasocs paccmoTpets citydan, korna 0(1) = |A| wm 0(1) = 2|A| mst oot Takoit A-uH-
BapuaHTHO#1 toarpymst ¥ (4 C B, uro B, C Y@) y B, ¢C.

Jlemma 3.19. Boinoansiemesi: 0(1) # 2|A|.

Jloka3zareabcTBO. IlycThb 17151 HEKOTOPOrO MpocToro uncia g; € 71(|B : C|) n a1t MaKCUMaJIbHON
noarpymms ¥ (9 spmonnserca yreepkaenue, uto 0(1) = 2|A|. Torma n(1) = 1 u u3 nemmsr 3.2 [1]
BBITEKAET, 4TO

Akern« F(QI), Y(q') = (kern)ﬂ’cy(ql) (A)

U XapakTep O4kern TOUHBIA. Takske 1o gemme 3 [9] [Y (‘11),A] C kern.

JormyctiM, 4to xapaktep 0 He siBisieTcst HenpuBoauMbIM. [To yTBepkaenuo (1,;) temmer 3.2 [1]
noarpynna Y (91) aGenepa. Tak kak N9 C Y1), 1o mb Moxem npumeHuTs Teopemy bepHcaiiga. ITo
Hell moArpynma B copepkuT HopMaibHoe ¢ -gononHenue R. Torna Z(B,) C RuR = R/Z(B,) < B, 1o
IPOTHBOPEYMT TOMY, YTO B — IpocTas rpymma.

3HaunT, Xapaktep 0 HEMpUBOIMM.

ITo teopeme Kiuddopaa

ey(fh) = Z (B)a7

acA

rje [3 — HeNPUBOIUMBIA XapaKTep CTENeHU 2 OArpyIb ¥ (1), OrTcroga, U3 TOro, 4ro Y (1) C Z(n), udo
n(1) =1, a Takxke u3 1emmsl 5 [9] u u3 semmsl 5.11 [6] BeITeKaeT, 4TO

Z(0yta) = NaeaZ(B*) = Z(r'M);  ker® = Nyea ker B¢

Tak kak Z(0y(,)) C Z(0) u ker® C Z(0) C Z(n), To no nemme 5 [9] Z(8) = Z(I'V)). Mockombky
ANZ(T@) =1, T0 MBI MOKEM 3amucath, 4TO

ker® C Z(0) = Z(T'\9)) = z(y @),
Tak kak no nemme 2.27(f) [6]
Z(PB)/ker p = Z(r'") /kerp),
TO OoTciofa U u3 Teopemsbl 14.23 [6] BbITEKaET, 4TO

|(y@)ys =y@)/z(y@) /kerB)| = [y 1) /Z(B)| =2%-3; 23.3; 22.3.5.
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13 BBIJIC/IEHHOTO BHIIIE BHIPAKEHUs BBITeKaeT, yTo rpymma Y (91 usoMopdHa HekoTOpoil moarpyrie
Y3 TMPsSMOTO MPOU3BEACHUS

?(ql) _ Y(q1)/z(y(¢1l)) — HY(q')/Z(Ba)~

acA

Ortcionia ciiejtyeT, uto, ecm npoctoe uncio g; & 7i(|(Y(9))*]), To noarpynma B, C Z(B). [TockombKy
noarpynmna B, — A-uaBapuanTtHa, T0 B, = (B,,)* C (Z(p))” ana kaxjgoro snemenTa a € A. ITostomy
B, C Z(Y@)) nna g, > 5. Tak kak (N9, C Y@, 10 no teopeme Bepucaiina rpymma B cogepxur
HOpPMaJIbHOE ¢|-AONONHeHUe R, 4To He Tak no jemme 3.17. CiieqoBaTesbHo,

qr € m(|(Y' )7
U JJIs BCeX MPOCTHIX JeuTene
re®\n(|(Y9))*)ug; B,CC.
Mp#bl nenaeM BBIBOA, UTO

q1 €{2;3:5}: g1 #q.

[ToHATHO, YTO XapakTep 3 MOXeT ObITh MPUMHUTHUBHBIM HJIM UMIIPUMHUTHBHBIM.

[IpeAronoKNUM, YTO XapakTep [ IPUMHTHBHBIIL.

PaccMoTpuM ci1yuaii, koraa daxrtoprpynma I(91) / ker @ vepaspermima. Torga u3 yTeepxkaeHus (2;)
[10] u u3 Toro, uto Z(8) = Z(Y(9)) C Z(B%), a € A, BhITeKaeT, uto pakTOpPrpyNMa

Y = y@) jz(y@)y = (pSL(2;5))4=" x ... x (PSL(2;5))%

oo

Y(ql) = Cy(ql)(A)/Cy(ql)(A) OZ(Y(ql)) = (PSL(Z;S)), (Y(ql)){2;3;5} - Cy(ql)(A)'

MbI BUiMM, 9TO NPHU BBINOJHEHUU MOCIIEHETO YTBEPKAECHUA MOTyunm, 4to By, C C, 4ro mpo-
THBOPEUUT BBIOOPY MPOCTOTO YHCIIA (.
CTano GHITh, MOKET BBIIOJHATHLCS TOJNBKO MepBoe yTBepxkaeHue u |(¥(4))*| =22.3.5, 1. e.

(Ylay* = pSL(2;5)

U ¢pakToprpymnmna 7' SIBJISICTCS TIPSIMBIM [IPOM3BEIeHNEM |A| kormii rpyrmst PSL(2;5).

Ipeanonoxum, uro Cp, (A) = 1 uia kaxgoro npocroro ucia g € {2;3;5}. Torna Cy) (A) =
= Cy(qy) (a) = 1 nna xaxoro snemenra a € A. Torga nmoarpynma Y (@) geasiercst sgpom rpyms Ppo-
oennyca 91 4 MOSTOMY HUIIBIIOTEHTHA, YTO He TaK.

3uaumrt, Cp, (A) # 1 ana nekoroporo npocroro uncna g € {2;3;5}.

Homyctum, uro cymectsyet snement 1 7 ¢1 € Cp, (A), c1 & Z() Ans HEKOTOPOrO IPOCTOTO HCIIA
q1 € {2:3;5}. Torna A € Cyiay) (< c1 > Z(B)/Z(B)). Cnenosarensho,

(<er>2Z(B)/Z(B)) =< e1>Z(B)/Z(B)

IUIs1 KX A0ro aneMenTa a € A. Tak kak Ngeqaker B =Z(Y (4 ')), TO MPOU3BEICHUE
Y(ﬂh) — Hy(m)/z(ﬁa) o~ H(PSL(Z;S))“EA
acA acA

HE ABJISACTCA NPAMbIM, n6o noarpyimmia

<e1>Z(B)/Z(B) S (Y /Z(BU)) N (Y /Z(BY)), i#j.

DTO NMPOTUBOPEUUT paHee JOKAa3aHHOMY YTBEpPXKJICHUIO O TOM, UTO TpyIlna v SIBJISIETCS TIPSIMBIM

npousBesieHreM |A| komwit rpynmsl PSL(2;5).
Buauurt, Cp, (A) C Z(B) ans kaxa0ro npocroro uncia g € {2;3;5}.
Iycth 1 £ c € CB‘ll (A). Torna aca”! = ¢ g KaxI0rO0 BIEMEHTA ¢ € A W, 3HAYMT,

0(c) = Z B c)=2 Z A(c)=2 Z ?\(aca_l) =2lA[A(c), Bzp)=2A, Al)=1.

acA acA acA
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CrenosaresbHo, ¢ € Z(0). [ockonbky ¢ nponssonbHblii anemeHT Cp, (A) A/ IPOU3BOIBHOTO IIPOCTOTO
4yucia g, TO

CY(‘II)(A) - Z(e) = Z(F(QI))'

13 Teopemst B [11] Brrrekaer, uto moarpymma Y (41) paspemmama. DT0 NPOTHBOPEUHT paccMaTPUBACMOMY
cityuvaro, koraa daxroprpymma (41 /ker® u, 3HauMT, HOArpyMIa Y (@) gepaspemmma.

PaccMOTpUM Tereph CiTyuail, korma dakroprpyrma ['@) /ker® paspeumma. Torma paspermma
u moarpyrmma Y (@) u

(@) =y(@)/z(B) % PSL(2;5).
Mo yrBepxaenuio (2;;) teopemsi [10] dakToprpyrmma
(Y )y =855 ¥ = (Y ) pay x (V) 0y, (V1)) 03, CZ((¥' 1))

nim
(Y((]l))* ~ Ay YW@ = (Y(Cll)){ﬂ]:(y(th))’ (Y(ql)){2;3}/ C Z((Y(ql)))

¢ Heabenesoii noarpymmoii F (Y (9)),.

Homyctum, uto g > 3. Kak u uyTh panee yOexaemMcs B TOM, UTO IpyrIa B conepkuT HOpMaIbHOE
¢1-I0OTONHEHKWe R, 9TO HE Tak.

[Mostomy ¢ € {2;3} u B, C C mna seex r € {7(B) \ {2;3;4}}.

CrepnoBatesbHO, (Y(ql)){z;?,}/ C C u nosromy

rla) :A(Y(q')){m} % (Y(ql)){2;3}" (Y(QI)){Z;B}/ C z((Tlay).

Tak kak rpynmnel S4 1 A4 He ABIAIOTCA HUIBIOTEHTHBIMY, TO Cp, (A) # 1 qa g = 2 wim s
g1 = 3. Panee mokasauo, uro Cp, (A) C Z(r(a)),

3pech ciaenyet 3amMeTuth, 4to Cp,(A) # 1. B camom fene, ecm 3T0 He Tak U noarpymmna Cp =
= Cg,(A) = 1, To rpynma C MMeeT HeUeTHBII MOpsiIoK. Torna Bece ee HePUBOJUMBIE XapaKTephbl UMEIOT
HEYeTHYI0 cTereHsb. [IpoaHaan3npoBaB yTBepxkaeHus emmbt 2.7 [1], ¢ yaerom toro, uto (1) =2|A|+1,
MBI yOesk/1aeMCsI B TOM, YTO BCEe HETIPUBOANMbIE KOMITOHEHTHI XapaKTepa X ¢ JIMHeiHble. MBI oyJaem,
yro noxarpynna C abenesa. [1o reopeme B [11] rpynna B pa3peumma, 4To He Tak 1o jgemme 3.17.

Tax kak ¥(4) C Np(Cg,(A)) u moarpyrma Y 9) MakcumansHas A-uHBapuaHTHas B rpyre B, T0
Y(0) = Np(Cg,(A)). Tockombky Cp,(A) C C C B, To MBI 3aMedaeM, 4to noarpymma Cp, (A) € Z(Y(1)),
ITo reopeme bepHcaiina rpynna C conepkuT HopMaiabHOe 2-1onojaHeHre Cy HeyeTHoro nopsaka. Kak
YyTh paHee yOexgaeMcs B TOM, UTo noarpynmna Cy adenesa. [IoHsATHO, 4TO (Y(‘“>){2;3}/ CCy.

JlormycTum, 4To ((Y(‘“)){z;3}/)q/ # 1. Torna

L= <Y(‘1'),C> - CB(((Y(‘II)){Z;:;},)(],).

ITockonbky noarpymnmna L sBisieTcs: A-MHBapUaHTHOM M NOArpyIia Y1) mMakcumanbHa B rpymue B, To
L=Y9 wmL=B.B [IEPBOM CJIydae Mbl Iojyyaem, yto noarpymmna C C Y (1) u, 3HauwmT, aGenesa, uTO
NPUBOJUT K IPOTUBOPEYHIO C IIPOCTOTOM rpyIsl B, BO BTOPOM CJIy4ae Mbl I10JIy4aeM, 4TO

LA (V) payp)g S Z(B),

YTO MPOTHUBOpPEUMT Jemme 3.17.
CrenoBarensro, ((Y (‘11)) (2:3y)¢ = | W, 3HAYMT, MOATpynIa

yla) — (y(41)){2;3} x Z(B,)

MakcuMajibHa B B M paspemmma.
Hertpyano BugeTs, uTo

B = [7|[C1[B,).
re 7' = v@)/z(B,),C=C/Z(B,)wB, = B,/Z(B,). Tak kax 7' _ vaxcumanshas {2;3}-moarpymma

B B, noarpyrna C abesieBa ¥ oArpynmna B, npuvapHasi, a Takxke 1o jgemme 3.16 Y9 =y /Z(B,) sBisi-
€TCSl MAKCUMAJIbHO# Pa3speInnMoii B OArpymme B, TO Mbl MOKEM yTBEPK/IATh, YTO KAk a1 MAKCUMaJIbHAS
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B B noarpynna paspemmmMa. JTo ke Mbl MOKEM CKa3aTh M O MAaKCHMAJIbHBIX MOArPYIIax TPymmbl B.
ITo nemme 1 [12] rpynma B 6o paspemmMa, 1160 rpynma B u3oMopdHa OqHOA U3 ClIeAyIOMUX TPYIIIL:

(1) Ly(p), tae p — npoctoe uucno, p >3 u p> — 1 # 0 (mod 5);

(2) Lp(2P), roe p — HEYETHOE MPOCTOE YUCIIO;

(3) Ly(3”), rone p — HEYETHOE MPOCTOE YUCIIO;

@) L(3);

(5) Sz(2?7), rne p — He4YeTHOE MPOCTOE YMCIIO.

Honyctum, uto B =2 L,(p), p — npoctoe uucio. Tak Kak Bee ee noarpymnisl CUI0Ba HEYETHOTO
TOpsiJKa MKJINIECKHe, T U oarpymna B, = B, /Z(B,) rakxe uukimdeckast. [Toxydaem, uro noarpyrma B,
aberneBa, YTO He TakK, OO OHA UMeeT HeJIMHElHbII HENPUBOIMMBI XapakTep Xp, -

Toxke camoe MOkeM IOBTOPHTH B Ciiydae, Koraa B = [,(27), p — HeueTHOe MPOCTOE IUCIIO.

Eciu B 2 15(37), rjie p — HEYETHOE MPOCTOE YMCJIO, TO BCe ee 3'-noarpynmsl CUI0Ba HEYETHOTO
nopsiaka nukndeckre. [IockonbKy ¢ # 3, TO MBI BUIUM, UTO M TOT CIy4ail HEBO3MOXKCH.

[yctb B = L3(3). B 3t10ii rpynme exuncteennas 3'-noarpynmna Cunosa nopsiaka 13, T. e. Toxe
nukmdyeckas. [oatomy g # 13. DTOT ciiyvail ToXe HEBO3MOXKEH.

Cayyaii, korga B = Sz(27), tae p — HEYETHOE MPOCTOE YMCIIO PACCMATPHMBAJICS B HAUYalle J0Ka-
3aTesibcTBa JieMMbl 3.18.

Cnyuaid, korja rpynna B pa3peiidMa NpoTUBOpeuuT jemme 3.17.

OcTasock paccMOTpETh ClTydail, Korjaa xapakTep 3 umnpumutusHsiil. [To yrBepxkaenuo (2;) [10]
noarpynma S = (Y1), a¥(9) i aGenena, a Takke Y1) = (Y(9)),F(Y(9)). K tomy ke noarpyrma
F (Y(" 1)) abesieBa Toraa M TOJIbKO TOraa, Koraa (Y(‘“>)2 ZF(Y (g 1)). HeTtpyaHo BUiETH, YTO MOArpyIIa
(Y(91), neaGenesa u uto xapakTep 0 A(var)), HEIIPUBOIWIM. Panee ycTaHOB/ICHO, 4TO Z (0) = Z(I'm) =

= 7Z(¥9)). Monstho, uto 1 # Z((Y(4)),) = Cp,(A) muro Y9 = Np(Cp,(A)) B cuily MakcHMaTbHOCTH
MOATpyHIsl Y (@), Kax 4yTh paHee yOexgaeMcs B TOM, 4to S = | W, 3HaUuT, nmoArpymmna Y @) =B, un
MaKCHUMaJlbHa B rpynmne B.

OcTaBIIascs 4acTh J0Ka3aTesbCTBA aHAJOTMYHA MPEJbIAYLIEMY CIIyYalo 332 UCKIIIOUYEHUEM, MOXKET
ObITh, Cyuast, korna B = [,(37), rae p — HeueTHOE NpocToe yucno. [IpocToe Yucio g MOKET ObITh
paBHbM 3. OHAKO B 9TOM Cilydae noarpynna B, = B, = B,Z(B,)/Z(B,) abenesa u He MOXET UMETh
HENPHUBOJMMBII XapakTep (3 crerneHu 2.

Jlemma 3.19 nokaszana.

Ocrasoch paccMOTpeTh TOJBKO ciydai, koraa 0(1) = |A].

Jlemma 3.20. Ecau 0(1) = |A|, mo B =Y ")B,, 05 npocmozo uucaar € (B)uB = (Y") /Z(B,))B,,.

Joka3aTeJbCTBO MPOBOIUTCS aHAIOTMYHO TOKA3aTeNbCTBY yTBepKaeHU 3.15.5 u3 [4]. [Ipu aToM
HEeNpPUBOAMMBII Xxapaktep 6 B 9T0ii paboTe urpaet posbs xapakrepa 0’ B TO.

Jlemma 3.21. Oxonuanue dokazamenvcmea meopemot (*).

Hoxka3zareanscrBo . Tak kak 0(1) = |A|, To o nemme 3.2 [1]

Y = Y0 Al x (Cy (4) =C), [¥",4] C Z(y"),
Torna
B = ([v'"),A] x (Cyi(A) = C))/Z(By) = [, A] x C/Z(By).

Ecmu |[Y ("), A]| # 1, To o Teopeme 3.9 [6] rpynma B HempocTas.
Ecma e |[Y "), A]| = 1, 10 B = B,C uno niemme 2.9 [1] B = O,(B)C, uto nokasbisaet Teopemy (*).
Teopema (*) mokasaHa.

Joka3aTeabCTBO TeOPEeMbI

ITycTb 7t — MHOXECTBO HEYETHBIX IIPOCTHIX UceNl U G — KOHEUHAs He TT-3aMKHYyTas 7T- pa3pelmmMas
rpymmna ¢ 7t-xojuoBoil T I-noarpynmnoit H, umeromias TOYHbI HENPUBOJMMBII XapakTep X CTEIEHU .
Tak kak H ssnserca TI-noarpynnoii B G, TO

O (G) =HOy(G).
Orcroga no nemMve YyHHXHMHA

G= NG(H)OW’(G)‘
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[ockonbky Oy (G) < G, 10 oTCI0na, U3 TeopeMbl Kimnddopaa u nemmer 2.10 [1] crenyer, uto xapakTep
Xo,, () HenpuBoauM. OUEBUIHO, UTO U XapaKTep X _,(G) Takke HENPUBOAUM U H -nHBapuaHTHbIA. 1o
neMMe 2.5 [1] rpymma 071/771(G) UMEET XapakTep X, KOTOPHIM, JIETKO BUAETh, TOUHbIA. ITo temme 2.1 [1]
Co_,(6)(h) = Co_,()(H) = C ana xaxmoro snemenra h € H*. Hetpynno 3ametuth, uto 11t Oy (G),
A, Ox(G), C, Xo_,(G) 1 n Bbmonnsetcs ycnopue (*). Tak kak n = g% =2|H|+1>7, 10 |[H| > 3. Ilo
teopeMe (*) O (G) = O4(On(G))C. Toraa nerko Buuets, 4t0 O,(Ox(G)) C O4(G) n uro

G =Ng(H)O0,(G).
Teopema nokazaHa.
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AnHotamus. I'pynna L HasbBaeTCsl 'paJyMpOBaHHOI, €CJIM OHa MpEJCTaBJIeHa B BHIEC
00beIMHEeHH S yObIBAIOILEH MOCIe0BaTeIbHOCTH NOArpy i Ly,. [Ipeanoxena odimas cxema
BBEJICHHUS TaK Ha3blBaeMOW sharp-MeTpHKH Ha TaKMX IpYIIaX, OTHOCHUTEIBHO KOTOPOii
anredpanyecKue orepanny HelpepbIBHbI  KOTOpas ABJIeTCs HeapxuMenoBoil. [TokaszaHo, 4to
TaKas rpyIma BCiojly IJIOTHO BKJIAJbIBAETCS B OJIHYIO TPYIINTY, JIEMEHTaMI KOTOPOH SBJISAIOTCS
PSAJIBI CIICLIHATBHOTO BU/IA U3 IEMEHTOB L. AHAJIOrMYHbIe KOHCTPYKLIMH PACCMOTPEHBI JIst
IpayupOBaHHbIX KOJIELl M IPayUPOBAHHBIX BEKTOPHBIX IIPOCTPAHCTB.

B kauecTBe PUMEPOB 0KA3aHO, YTO B KOHKPETHBIX YACTHBIX CJTy4asX IPUMEHEHNE OIMCAHHOI
KOHCTPYKIIMH [IPUBOAUT K HOCTPOCHHUIO p-a[IMYECKHX YHCEJT U K MOCTPOCHHUIO psioB Teiliopa
u Jlopana.
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Abstract. A group L is called graded if it is represented as the union of a decreasing sequence
of subgroups L,,. A general scheme for introducing the so-called sharp metric on such groups
is proposed, with respect to which the algebraic operations are continuous and which is
non-archimedean. It is shown that such a group is densely embedded in a complete group
whose elements are series of a special type composed of elements of L. Similar constructions
are considered for graded rings and graded vector spaces.

As examples, it is shown that in concrete special cases, the application of the described
construction leads to the construction of p-adic numbers and to the construction of Taylor
and Laurent series.

BBenenune

B anammze qJamie BCECro UCnojib3yrTCA TOIIOJIOT'MYCCKHUE BEKTOPHBIC IIPOCTPAHCTBA [1], B KOTOPBIX,

TO OMpe/Ie/IEHUI0, TOTIOJIOTHS COTIACOBAHA C aNreOpandecKMU ONePaIUsIMU, T. €. CJIOKEeHHe U YMHOXKEHUe
Ha YKCJIO SBJISIOTCS HETIPEPHIBHBIMU B 3aJaHHOW TOTOJOTMH. BMecTe ¢ TeM B psijie MCCJeIOBaHUI
BCTPEYAITCH 2padyuposarivie eKMOpHble NPOCMPAHCMEd. ITO BEKTOPHBIE POCTPAHCTBA L, B KOTOPBIX
3aJaHa JIBYCTOPOHHSS MOC/IeIOBATEILHOCTh BEKTOPHBIX OAIIPOCTPAHCTB Ly, m € 7, Takasl, 4To

Ly D Ly, L= | Lnn-
mez

ey

Ha takux npocTpaHcTBax 0OBIYHO HET TOMOJIOTUH, COIIACOBAHHOM CO CTPYKTYPOil BEKTOPHOTO MPOCTPaH-
CTBa, U K HUM HEe MOXeT ObITh IIPUMEHEHa TEOPHS TOMOJIOTUYECKUX BEKTOPHBIX IPOCTPAHCTB.
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I'pagynpoBaHHBIE BEKTOPHBIE IPOCTPAHCTBA BO3HUKAIOT MPU MOCTPOEHUH aCUMIITOTUYECKHX pa3-
JIOXKEHU, UCCIIEJOBAHUH YPaBHEHMI C MaJIbIM MapamMeTpoM [2; 3], B TeopuM Tak Ha3blIBa€MBIX HOBBIX
00001meHHbIX (yHKUM (MHeMOYHKLMIA) [4] 1 apyrux Bonpocax. [Ipu uccne1oBaHNM TaKUX IPOCTPAHCTB
0OBIYHO UCTIONB3YETCs Ha TOJIBKO IPaAyHpOBKa, HO U Oosiee Gorartasi CTpPyKTYpa 8eKmopHoz0 npOCmpan-
cmea ¢ 2padyuposantol monosnozueli — rpaJydpoBaHHOTO BEKTOPHOTO MPOCTPAHCTBA, B KOTOPOM Ha
KaXJOM U3 BbIIEJIEHHBIX IOANPOCTPAHCTB L, 3a/1aHa CBOsI TOMOJIOTHS, COTTIACOBAHHAS C alredpanyecKuMu
ornepanusaMu.

AHaJIOTMYHO, B psAJie BOIIPOCOB BO3HUKAIOT rpalyMpoBaHHbIe Ipymisl. KoMMmyTaTHBHY!IO rpymimy
L 6ynem Ha3bIBaTh 2padyupo8anHoll, €CIM 3aJaHa IBYCTOPOHHSS MOC/IEA0BATEIbHOCTD MTOATPYIT Ly,
m € 7, Takas, 4yTo BhINoyHEeHO (1). B vacTHOCTH, rpagynpoBaHHbIE BEKTOPHbBIE IPOCTPAHCTBA ABJIAIOTCS
IpasyupOBaHHbIMU I'PYIIIAMH.

B cBA3M ¢ MOsABIEHMEM MPOCTPAHCTB C TAKOH CTPYKTYpPOH B pa3HBIX BOMNpPOCAX €CTECTBEHHO
IPOBECTH CUCTEMATUUYECKOE UCCIENOBAaHUE T'PaJyUPOBAaHHBIX I'PYIII U I'PagyUpPOBAHHBIX IPOCTPAHCTB
C LeJIbI0 TIPUJIOKEHUH 3TOH TEOPUU K PELICHHI0 KOHKPETHBIX 3a7ady.

B niepBoii yacTy JaHHO# pabOTHI MPEJIOKEH CIIOCO0 3aJaHUS HeApXUMEI0BOM METPUKU Ha IPalyupo-
BaHHBIX Ipynmnax. Takoi croco0 3alaHus METPUKHM Ha OAHOM 13 anredp MHEMOMYHKLHMIA ObLT HCIIOJIb30BaH
B [5] 1, cnenys TepMuHONIOrHY U3 [5], Oynem Ha3bIBaTh BBeJCHHbIE METPUKH sharp-meTprkamu. OnucaHo
MOTNOJIHEHNE IPagyHpOBaHHOM TPy OTHOCUTENIBLHO BBEJEHHON MeTpUKU. [1oka3aHo, 4To B rpaflyupoBaH-
HBIX BEKTOPHBIX ITPOCTPAHCTBAX ONEPalis YMHOXEHU Ha YNMCTIO ABJISIETCS pa3pbIBHOMN B sharp-MeTpuke.

Bo BTOpOil YacTh NMpuBeIEHB IPUMEPHI KJIACCUYECKUX YTBEPKICHUIA M3 aHaIM3a, B KOTOPBIX
OOBIYHO HE MOIYEPKUBACTCS, YTO B HUX UCIOIb30BaHA CTPYKTYpa IpalyMpOBaHHOTO MPOCTPAHCTBA, HO
OHH SIBJISIOTCS YACTBIMU CITy4asiMU OOIIUX YTBEPXKACHUI O TPayupOBaHHbBIX TPYIIIaX WM MPOCTPAHCTBAX.
Takxe OTMEYEeHBl KJIACCUYECKHE YTBEPXKIEHUSA, KOTOPBIE MCIIONBb3YIOT HE TOJBKO TPajgyUpOBKY, HO U
CTPYKTYpYy HPOCTPAHCTBA C I'PaAyUpPOBAHHON TOIOJIOIUEN.

1. HEAPXUMEOBbI METPUKH HA IT'PAIYNPOBAHHBIX I'PYIIIIAX

1.1. Sharp-MeTpHuKH HA POCTPAHCTBAX MOCJe0BaTeabHOCTEN. MHO)kecTBO H OyneM Ha3biBaTh
2padyuposamvim, eCJIM B HEM BbIJIeJIeHa TIOCIIeIOBATeIbHOCTh IOAMHOXeCTB H,y,, m € 7, Takas, 4To

Hy D Hyyy, H= | Hp.
meZ
Fpa,uynpomca Ha MHOXECTBE OIIPEACIACT HEKOTOPYIO UEPAPXUIO JIEMEHTOB MHOXECTBA, ITIOXOXYI0O HAa
OTHOLICHH!E MOpAAKA — CYATAETCS, YTO JIEMEHT U3 H,B HEKOTOPOM CMBICJIE MEHbBIIIC 2JIEMCHTOB U3 H \H m-
BeoinenuM rpalyupoBaHHble MHOXKECTBA ClieliMaIbHOro Buaa. IIycTh 3a1aHa IBYCTOPOHHSS MIOCIIE-
J0OBAaTCJIbHOCTb MHOXCCTB Ek, ke Z, KaXXI0€ N3 KOTOPBIX COACPKUT HE MEHEE [IBYX TOYCK, U B KaK/IOM
BbIIeJIeHa OTMEYeHHas1 TOUYKa, KoTopyio Oyaem o6o3HadaTh yepes 0. JlekapToBo npousBeieHne

A =] E @)

€CTb MHOXECTBO IBYCTOPOHHUX MoCJe10BaTeIbHOCTEH E BHUa

E=( ' &1,8 &ty ), &k € Ex.
JlekapTOBO TMPOM3BEIEHNE CYETHOTO ceMeiicTBa MHOXeCTB H,, = [] E; Oydem paccMaTpuBaTth Kak
k>m
MOJMHOXECTBO B H, OTOXAECTBIISISA €ro ¢ MHOKECTBOM MMOC/IeI0BaTeNbHOCTEH &, Y KOTOpHIX & = 0
mpu k < m, T. e. BUga

E,:(O,...,O,E,m,aer],...), E,kEEk, (3)

DnemeHTH &) TocIe0BaTeIbHOCTH (3) OyaeM Ha3blBaTh KOOpAUHAaTamMu Touku &, [lociie1oBaTesIbHOCTD,
BCE WIEHbI KOTOPOUi ecTh oTMeueHHas Touka 0, Oyaem o603Havath yepes 0.

WHTepecyioliee HaC TpajiyupOBaHHOE MHOXECTBO, IOCTPOEHHOE C IMOMOIIBI0 3aJIaHHOM MOCJIe-
JIOBAaTEIbHOCTH MHOXECTB Ej, ecThb
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H=|JH,cCH. 4)

mez

3ameTuMm, 4TO 3[1eCh IS TPAIYyUPOBKH BHINIOJHEHO YCJIOBHE

() Hn={0}.

mez

CHCHHaHbHLIfI BUJ] paCCMAaTpUBaMOI'0 IrpalyupOBaHHOTI'O MHOKECTBA IMPOABJIACTCA B TOM, YTO 3[4ECh
HE TOJIBKO Hk D) Hk+1, HO MMeeTCsI M 00JIee CUJIbHAS CBA3b STUX MHOXECTB:

Hy = E X Hiy )

u Bioxenue Hy.| — H; pefictByeT no ¢gopmyiie

Hiy12E—(0,8) € Ex X Hyy 1

Iopsoxkom omauuus sneMenTa & € H ¢ KoopauHaTaMu &y OT JIEMEHTA 1] ¢ KOOPAWHATAMH T
OylieM Ha3bIBaTh YUCJIO

min{k: & # My, EFM;

viEn)= o0, £=n.
Teopema 1.1. IIycme H ecmvb 2padyuposaroe muodicecmso suoa (4).
1. @opmynra
p(&,m) =27 (©6)
3adaem sharp-mempuxy na H, 0451 Komopoii 6bINOAHEHO YCUNEHHOE HEPAGEHCNEO MPEY2ONbHUKA
p(&m) < max{p(&,C),p(¢,n)} VEM, C. )

2. lIpocmparncmeo H ¢ mempuxoii (6) seasemcs noanoim. [ns 1000t nocaedosamenbHocmu

E:(O,...,O,am,am+l)"‘)EH

NOCAe008AMENALHOCMb U3 (ﬁuHumezx NnoCcaAed08aMeNbHOCmell

& =1(0,...,0,&m, Emr1y -+, E0,0,.00) ®)

cxooumces k &,

3. Bamknymouit wap B[0,27™] coenadaem ¢ H,, u makue noomnodxcecmsa oopasyrom 6asy
oxkpecmnocmeti mouku 0 6 3a0anHoOl Mononozuu.

Hoka3aTteabcTBo. 1. PaserctBo p(&,1) = 0 BBIIOHEHO TOJBKO NpH & = 1.

IMycts v(E,m) = m, v(1,{) = n. D10 03HaUaeT, 4TO & =1 NpH k < m U N = (; npu k < n.
[Mostomy & = ( mpu k < min{m,n}, OTKyaa moaydyaem, 4to

v(&,m) = min{m,n} = min{v(&,n),v(n,)}.

[lepexonst K OTpHULIATEIBHBIM CTETICHSIM JBOWKH, ToaydaeMm (7).

2. Mycts £ = (0, ..., & & iy ...) ecTh TociegoBaTebHOCTh Komm B mpoctpanctee H. Toraa mis
moboro € = 27" cymectByet Takoe N, uro npu n > N, j > N BeimonHeHo p(&",&/) < 27", CornacHo
ompeeSIeHNI0O METPUKHU TIOJy4YaeM, 4TO Npu k < 7 COOTBETCTBYIOIINE KOOPAUHATH COBMANAIOT: &) =
= &i = xg. Tem caMbiM OmpefieieHa MOCiIeI0BaTeIbHOCTh 52 € H, xoTopasi u sBJIsIeTCs TpeleioM
rocJjieJoBaTeIbHOCTH &,

3. HemmocpeacTBEHHO clieiyeT U3 omnpeeieHN. O

3ameuanue 1. Tononoezus, noposcoennas 3a0anHoli mempukoll, Ha xaxcoom H,, cosnadaem
¢ monoaozueli dekapmosa npousgedenust Ey, k > m, kax mononozuueckux npocmpancme ¢ OUCKpemHoli
monoaozueli. B uvacmnuocmu, kasicooe Ej ecmecmeennvim oopazom exnaovieaemcs ¢ H u mempuka (6)
nopoxcoaem Ha Ej ouckpemuyro mononozuro.
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IIpu 3TOM Ha BceM mpocTpaHcTBe H TOIOJIOTHA Tgp, , TOPOXKAEHHASA METPUKOH (6), CHIIbHEE TOMOJIOTHH,
AHJYLIMPOBAaHHON TOIOJIOTHEN eKapTOBa MPOU3BEACHUA (2) MPOCTPAHCTB C AUCKPETHON TOIOJIOTHEN.
JleficTBUTEIBHO, B KakA0M Ej BbIOEpeM TOUKY e 7 0 M 3a1aJuM 1OCJIe10BaTeIbHOCTh

€_n, k= —-n,

S%=V0 kst

Ta MoCIeI0BaTEILHOCTh CXOAUTCS K () B TOMOJIOT MY IEKapTOBA ITPOU3BEICHUSI H MHO)eCTB ¢ JMCKPETHOM
TOMOJIOTHEHN, HO HE CXOQUTCS B 3aJlaHHON METpUKE.

Bameuanue 2. [Ipu no6om p > 1 popmyaa p,(E,m) = pVEN makoice 3a0aem neapxumedosy
Mempuky Ha H, ceolicmea smux mempux npu pasHvix p aHAA02UUHBL.

Mertpuka, 1)1 KOTOPO¥ BBITIOTHEHO HEPABEHCTBO (7), HA3BIBAETCS HeapXumeooeoii UM Yavmpamem-
puxoii. Kak uzsectHo ([6;7]), reoMeTpusi POCTPAHCTB C HEApXUMEIEBOU METPHUKOIi 00J1aJaeT CBOMCTBAMH,
HETUIMYHBIMHA U1 €BKJIMIOBBIX MMPOCTPAHCTB. I mpuMepa OTMETUM CJieTyIolIve.

Jlbas mouka wapa é npocmpancmee ¢ Heapxumeo080ii MempUKoli A8A5emcs €20 YEeHMPOM.

Kaowcowtii wap 6 npocmparcmee ¢ Heapxumedos8oti MempuKoil pacnadaemcs Ha Henepecekaouuecs
wapsl 3a0aHHO020 MeHbUe20 paduyca.

1.2. I'paanyupoBannblie rpynnsl U sharp-merpuku Ha Hux. [Tokaxem, 4To rpagynpoBKa Ha
MHOXECTBaxX C alreOpandecKoil CTPYKTYpOii MO3BOJISIET 3a]1aTh HA HUX sharp-MeTpuKy.

HanoMHMM HEKOTOpbIe U3BECTHBIE (PAKThl U OOO3HAYCHUSI.

I[TycTh 3amaHa nocie0BaTeNbHOCTh KOMMYTATUBHBIX Ipynn Gy, k € Z. Yepe3 [] Gy o6o3HavaeTcs
keZ
npsamoe oekapmoso npousgedenue rpyni Gy, T. €. MHOKECTBO mocieaoBatenbHocteit {gx}, gx € Gy,

¢ omnepauueil MOKOOPAUHATHOTO CJIOKECHHUS.
Hpsmoii cymmoii zpynn Gy HazbiBaeTcst MHOXeCTBO €D Gy, cocTosiIee U3 MoceI0BaTeIbHOCTEN
{8k}, &k € Gy, y KOTOPBIX TOJIBKO KOHEYHOE MHOKECTBO JIEMEHTOB gx OTJMYHO OT HyJsL. ITO MHOXKECTBO

aBisgerca noarpynmoit B[] Gi.
keZ
ITycts G — kommyTaTuBHas rpymnna u Go — ee noarpymna. Kaaccom emedxcnocmu aneMerra x € G

Ha3bIBACTCsA MHOXECTBO
x| ={y=x4x0:x0 € Go}.

Ha MHOXecTBe KJIacCOB CMEKHOCTH KOPPEKTHO OmMpeJesieHa Orepalus CIOXKEeHUS, 9TO MHOXECTBO
HaspiBaeTcs (pakroprpymnmoii G mo Gy u obosnavaercs G/Go.

Dynoamernmanvroli obaacmoto TIpu JedctBurd Gy Ha G Ha3bIBaeTCs MOIMHOXeCTBO E C G,
conepariee 1Mo OJHOMY 3JEMEHTY U3 KaKAO0ro Kjacca SKBUBAJCHTHOCTH.

ITo onpenenenuto pyHIaMEHTANTBHOM 0071aCTH, OTOOpaKEHUE

E>x—[x] € G/Gy
sBIsieTCs Ouekumedt, mycts @ : G/Go — E ectb 0OpaTHOE 0TOOpaXeHue. 3afaquM OHEKIINIo
Gox— (o([x]).x—o([x])) €ExGo

u pasnoxenue x = @ ([x]) + {x — @([x])}.

OTmeTuMm, YTO 3Ta OMEKLHMS 3aBUCUT OT BbIOOpa (pyHAaMEHTAIbHON 00JIACTH U B OOIIEM Cilydae
He SBJISIETCS U30MOP(U3MOM TPYIIIL.

B ocobom ciyuae, korga B G cymiectByet noarpyimmna E, usomoppuas G/Gy, 3ta noarpymnmna
sBIsieTCs (PyHIAMEHTAIBHOM 00J1aCThIO U ITPU TaKOM BHIOOpe (hyHIaMEHTaJIbHOI 001acTu cioxeHue B G
MepeXOoauT B IOKOOPIMHATHOE CJIOXEHUE B MPSIMON CyMMe.

[epeiigem k pacCMOTPEHUIO IPaJAyUPOBaHHBIX Tpymil. Kak ObUIO CKa3aHO BhIIIEe, KOMMYTaTUBHYIO
rpyrnmy L Oyziem Ha3blBaTh 2padyuposaHHoli 2pynnoii, Ciiv 3aJjaHa AByCTOPOHHSIS MOCJIeI0BATEIbHOCTh

noarpynn L,,,m € Z, Takasi, 410 Ly D Ly u L= | L.
mez
Brigenum ciydaid, Korga BBIIIOJHEHO YCJIOBUE

L..:= () Ln={0}. ©)

mez
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Kak 6bU10 OTMEUEHO BbIIlie, B CJIyvae rpaJlyUpOBaHHON TPYIIIBl CYIIECTBYIOT Ouekuuu L, ~
~ Ly / L1 X Lyy41, T. €. BHIIIOJIHEHO YCJIOBHE (5) ¥ HA Hell oTipeieieH MOPSI0K OTINIUS JIEMEHTOB V (x, y),
KOTOPBIN HE 3aBUCHUT OT BHIOOpa OMEKITNH U MOXKET ObITh BBEJCH HEMOCPEJICTBEHHO C UCTIONI30BaHUEM
ajredpanyveckoil CTpyKTypsl 1o dpopmyJie

v(x,y) =min{m:x—y € L,} =v(x—y,0).
[Ipu 3TOM cuMTaeM, 4TO V(x,y) = +o0, eciu

X—y€Lo= ﬂ Ly,.
mez
B uactHOCTH, V(X,X) = o0.
ITosTomy npu BbinosiHeHuK ycioBus (9) gopmyna

or(x,y) = p~ Y0 (10)

3a/1aeT METPUKY Ha L U CTPyKTypa TpyIIbl IPUBOIUT K MOSIBICHHUIO TOMOJIHUTENBHBIX CBOHCTB sharp-
METPHKHU.
®ynkuusa ¢ : L — RY Ha rpynme L, yroBaeTBopsiomas ycIoBUsAM

g(x+y) < q(x) +4q(y); g(0) =0 s x = 0;

Ha3bIBAETCs Hopmuposaruem. YToObl OMIEPKHYTh AHATOTMIO C HOPMOM, MHOT/Ia KCTIONB3YI0T 0003HAYEHHE
||lx|| := ¢(x). OnHako oTMeTHM, 4TO, B Ciiydae, Koraa L sIBIASETCS TaKKe BEKTOPHBIM MPOCTPAHCTBOM,
HOPMHMPOBAHHE HE SIBJISETCS HOPMOM.

B ciyuae rpamyvpoBaHHO# rpynmsl (pyHKINS

q(x) = pr(x,0) = p~Y*0)

ABJIACTCA HOPMUPOBAHUEM, OJIA KOTOPOI'O BBINIOJIHACTCA YCUNEHHOE HePpABEHCIMB0 MpeYy201bHUKA:

q(x+y) < max{q(x),q(y)}.

U3 obumx cBONCTB HOPMHUPOBAHUS CJieAyeT

Jlemma 1. B zpadyuposannoii epynne L onepauuu cAodcenuss u GulYUMAaHUsi HENPepbléHbl
6 mononozuu, NOpoICOeHHol sharp-mempuKoii.

Iloozpynnut Ly, oopasyrom 6azy oxpecmuocmeti mouku 0, a muosicecmea éuoa x + Ly, obpazyrom
6asy oxkpecmuocmeti MOuKU X.

1.3. Pazjio:keHne 3/1eMeHTOB rpalyHpOBaHHOM Ipynnbl B paabl. ['panxyuposannas rpyrmma L
C BBEJICHHOM METPUKOI B 0OIIIEM ClTyyae SBJISETCS HETOIHBIM METPHUECKUM ITPOCTpaHcTBOM. [lononHeHne
3TOr0 IMPOCTPAHCTBA TAKXKE ABJISECTCS IPAaAyUPOBAHHON TPYIIION, MOJIyYMM ONMCAHUE TAKOTO MOMIOJHEHUS.

s kaxaoro k BeiOepeM (pyHIaMeHTaIbHYI0 oOnacth Ey C Ly ipu aeiictBum Ly | Ha Ly.

Ilycte H ecTh TpagyupoBaHHOE MHOXECTBO, IIOCTPOEHHOE IO Tociei0oBaTebHOCTH (PyHJaMeH-
TaJIbHBIX oOJacTeli Ej 1Mo onmucaHHOMY BhIIlle nipaBuny, T. e. H = |JH,,, tne H,, ecTb MHOXECTBO BCEX

m

MOCJIeI0BATEJIbHOCTEN BUIA

‘(-v = (07 .. ao)nmvnm+la .. ')7 Nk S Ek-

Ha stom MHOXxecTBe onpejelieHa sharp-MeTpuka pg, OTHOCUTEJIBHO KOTOPOW H sBJIAETCS NOJHBIM
METPUYECKUM NPOCTPaHCTBOM. Bce aeMeHThl mocijieioBaTebHOCTH & MpUHAIeKaT rpynne L, 9ro
MO3BOJIIET OTOKAECTBUTH MOCJIEJ0BATEIBHOCTD U3 H ¢ ((pOpMaJIbHBIM) PSIJIOM U3 SJIEMEHTOB IPYMIIB! L
U CYHTATh, YTO

=Y i, n€ECL CL.
m

HpI/I 9TOM (I)I/IHI/ITHI)IM oCJaeaJ0BaTCJIbHOCTAM BHU A (8) COOTBETCTBYIOT YaCTUYHBIC CYMMbI

n
Sn = an
m
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psana, seisonecs: anemenTamu u3 L. CortacHo Teopeme 1.1 mo6oit (popmManbHBIil psJ TAKOTO BUIA
cxogutcs B H ¢ sharp-mMeTpukoit.

Iyctb @y : Ly /Ly — Ex ecTb Ouekuus, onpeaessieMast BBIOOpoM (yHIaMeHTaIbHOI 001acTH.
HarnomuuM, uyto ¢ ee momoinbio ctpoutcs: ouekuus Py @ Ly — Ep X Ly, pelictBywomias Ha x € Ly
o ¢gopmyine

i(x) = (@r([¥e) s ler1 (%)),

e 1 (x) = x — @i(xle) € L.

Ecmu x € L, 10 x € L, Ipy HEKOTOPOM M1, ¥ TOTJA OUEKIUS P, CTABUT B COOTBETCTBUE JIEMEHTY
x € Ly mapy (@m([x]m),lns1(x)), rae [xm € G, @m([x]m) € Em, bns1(x) = x = @([x]m) € Lm+1-

Hamnee, ouekims 41 Mexay L, W AeKapTOBHIM mpousBeneHuem E, .| X L, cTaBUT
B cootsetcTBHE SMEMEHTY byt 1(x) 1Py (@t ([Tt (V)] 1)slns2(¥)), T Lnsa(¥) = byt (x) —
— @m+1(Im+1(%)m+1) € Lipt2. TIpomomkasi ONMMCAHHBINA IPOIECC, MOMYYaeM MOCIEI0BATEIBHOCTD
70(x) :=(0,...,0,Xm, Xpt1,...), Xk € Ep, npuHagiexanyo Hy,,.

CoracHO CKa3aHHOMY BBbIIIIe, IPH X € L, Gy/1eM OTOXIECTBIIATH MOC/IEA0BATEIBHOCTD 7T(X) C PSAOM
U3 3JIEMEHTOB TPYyMIbl L W CYUTATh, UTO

n(x) =Y xi, x € Ex C L CL. (11)
m

Teopema 1.2. [lycmo L ecmv 2padyuposannas zpynnd, 6 Komopoi évinoaneHo ycaosue (9) u
3adana sharp-umempuka pr. Toeoa muoxcecmeo H écex psioos euda (11) ¢ sharp-mempukoii py ecmo
nonoamerue L kax mononozuueckoii epynnoi.

HokazaTeabcTBo. To, uro MHOXecTBO H Bcex psiaoB Buna (11) ¢ sharp-merpuxoil py siBisiercs
MOJIHBIM METPUYECKUM POCTPAHCTBOM M B HeM JIo0o# psa Buga (11) cxonurcs cnenyet u3 teopemst 1.1.

IMokaxem, 4To MOCTpOEHHOE OTOOpakeHue 7t : L — H ABNsAETCS M30METPUIECKUM BIIOKEHUEM U
o6pa3 7t(L) ecTh BCIOAY IJIOTHOE MOAMHOKECTBO B H, T. . H ecTh momnonHeHue L Kak MeTpUYeCKOro
npoctpatcTBa. Eciu 7t(x) = 71(y), To x —y € Ly pu Bcex k, T. €. x — y € Loo. [To3TOMY B cuity yciosust (9)
0TOOpaKeHUE 7T UHBEKTUBHO, T. €. SIBJISIETCS BJIOKCHUEM.

CornacHo MOCTPOCHUIO, €C X € Ly, \ Ly, 11, To nipu ipeacTasienuu (11) momydaem, 4to x,, # 0.
Ortciona cieayet, 4To

pL(x,y) = pu (7t(x), 7(y)),

T. €. BJIOXKECHUEC 7T ABJIACTCA U3OMETPUUYCCKHM.
MHOXECTBO KOHEUHBIX CyMM

N
Xx=) M€ ECL CL,
m

NpUHAUIEKUT L 1 Bcioay mI0THO B H. JIJisl TAKKX X 1O MOCTPOSHUIO MOJTyYaeM, 4To 71(x) = X, OTKyAa
creyet, uTo oOpas 7t(L) Bcioay mioteH B H.

OnuIeM ONeparyio CJIOKEHHUs + Ha MHOXeCTBe H , TOPOKICHHYIO CIIOKEHHeM B L, P KOTOPOii
MOCTPOEHHOE OTOOpaxeHue 7t : L — H sABJsAETCS HENpPEepbIBHBIM M30METPUYECKUM T'OMOMOP(HU3MOM
rpym. Ilycts

£=Y xxeHn=) ye€H. (12)
k=m k=m

Ha nogmHOXecTBe 7'[(L) onepauus CJI0KEHUs psAOOB 4A— OIpeAeIAeTCs UCXO0OA U3 PaBEHCTBA
(x) FP(y) == m(x+y).

HOKa)KeM, 4TO 3Ta onepanud NpoagoIKAETCA OO OIepalu CIOKCHUA pAOOB U3 H.
BaMCTI/IM, YTO YaCTUYHBIE CYMMBI 9TUX PAOOB

X" = ixlm Y"= Zn:yk
k=m k=m

ABJISIIOTCS JeMeHTaMu u3 L.
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Ecmu x uy uz L u 7t(x) = &, 71(y) =1, B CHILy HENIPEPHIBHOCTH CIIOKEHHSI MOJIyIaeM, 4TO
EFn = lim (X" +Y"). (13)
n—oo

Cymmbl B nipaBoit yactu (13) onpezeseHsl B cilydae NMPOU3BOJBHBIX PSIOB U3 H, MOCKOJIBKY
YaCTHYHBIE CYMMBI PSIIOB SIBISIOTCS MeMeHTamu u3 L. ITokaxem, uto npenes B npaBoit yactu (13)
cymecTByeT npu Beex & 1 1) u3 H 1 31a popMyIia 3aj1aeT Onepariio cliokenus + B H.

Pe3y/ibTaT MOWIEHHOTO CIIOXKEHHUS

n
Sp=X"+Y"=Y (xc+y)
k=m
He sIBJISIeTCsI JIEMEHTOM U3 H, Tak Kak MOXeT OKa3aTbCsl, 4TO Xi + yx & Ej.

TTo3TOMY, 4TOGKI MOMYYHTh ABHOE ONMCAHME OTIEPALMU | HA KOHEUHBIX CyMMaXx, HyKHO HAHTH

71(S,), T. €. IOCTPOUTH pa3OKEeHHE

"= ZzZ, 7 € Ex.
k

DIEMEHT X, + Y, TPUHAIJICKUT L, W MPEACTABIACTCSA B BUNE Xy + Vi = N + L1, TAE Ny €
€ Ey, lyt+1 € L4 . lonaraem z);, =1, a ciaraemoe [, NepeHoCUM B CJIEAYIOIUA pa3ps.

CymMma X1 + Vmt1 + Imt1 € L1 IPENCTABASICTCS B BUAC Xyt 1 + Vit 1 + bt 1 = M1 + 2, THE
Nm+1 € Emy1, lut2 € Lyy. Tonaraem z;,, 11 =Nm+1, @ caraeMoe ln4+2 IEPEHOCUM B CJIEAYIOUIMIA pa3psif.

Hanee cymma Xy, 42 + Ym+2 + L2 € Lo TPEACTaBISIETCS B BUAE Xpy12 + Vim+2 + L2 = Nimt2 +
+ bny3, TIE Nt2 € Epg2, Lny3 € Lyy43. Ionaraem z), 42 = Nm+2, & CIIAraemMoe 3 NEPEeHOCUM B Clie-
IyIOIIUIA pa3psan. B pesynbrate nojlyyaeM IpecTaBiIeHUe

n n
k=m
AHQJIOTUYHO TIOJy4aeM, 4TO
— n+j n+j
k=m

ITockonbky
n+j

Snj=Sn =Y (% +¥) € Luy1,
n+1

Tpy nepexoze oT Sy, K Sy, j B 0Ty YeHHOM HPE/ICTaBIEHUI U3MEHSIOTCS TOJBKO CJIaraeMble C HoMepamu kK >
>n,T.e. zZH =z} := zx ipu n 2> k. TeM caMbIM onpeiesieHa OCIIEI0BATENLHOCTD 7 € Ej ¥ N3 CKa3aHHOTO
CJIe/lyeT, UTO MPH 71 — oo MOCJIeI0BATEIbHOCTD T1(S,) CXOAUTCS B CMbIC/Ie sharp-MeTpuku K psiy z =
=Yz, T. €. &3 = z € H,. Takum 06pa3oM ONeparys + 3aJaHa KOPPEKTHO, MHOKeCTBa H,, SBISIOTCS
MoATpynIaMy B H Tipu BBeJEHHOI oTiepaliyy 1, clieoBaTeNbHO, H SIBIsSeTCs Tpa yupOBaHHON rpynimoi. [
Bameuanue 3. Bsuody ouexuuu mencoy Ey u Gy, = Ly /L1 unozda émecmo nocaedosamenvhocmi,
nemermvl Komopolii npuraoaexcam Ey, yoobrnee ucnonbzosams nocaedosamenbHOCmsy U3 COOMaeem-
cmeyrowux anemenmosg axmopepynn Gy. Ilpu makoii peanusayuu muoxcecmea H na nem onpedenena
onepayust NOKOOPOUHAMHO20 CAONCEHUs, OMHOCUMeavHo Komopoi H seasemcs epynnoii, oonako
6 00ueM cayuae npu OMOOPANCEHUU TL CAONCeHUe 8 L He nepexooum é NOKOOPOUHAMHOE CAONCEHUE.

Oco0bIM sIBJISIETCS CyYail, KOrja MpH Bcex k Tpymma Ly pasniaraercs B IPSIMYI0 CYMMY CBOMX
noarpyni: Ly = Ey @ Ly, . Torna noarpynma Ej siBnsieTcs (pyHIaMEHTaILHON 00JaCThIO U TIPU TAKOM
BBIGOPE (byHIAMEHTAIbHBIX 00JIACTEeH CIIOXKEHHE + COBIAJAET C TIOKOOPIMHATHBIM CJIOXKEeHHeM B H .

3ameuanue 4. Ecau L., # {0}, mo pakmop-zpynna L/ L., 2padyuposana nocaedosamenbhocmoio
paxmopepynn Ly, Lo, 0151 makoii 2padyuposku 8vinoanero ycaogue suda (9) u oas gpakmopzpynnol
8bINOAHEHb] YMBEPHCOCHUS, NONYHUEHHBIE C UCNONb30BAHUEM FMO20 YCAOBUSL.

Ecmu L. # {0}, To popmyna (10) 3amaet noaymeTpuky Ha L ¥ pu OTOOPakeHUH TT U3 PABEHCTB
mt(x) = 7(y) caemyer, 9to X — y € L. AHAJIIOTHYHO, B rpyIIe L 0CTalbHbIe PABEHCTBA TAKKE BBIIOTHSIIOTCS
«C TOYHOCTBIO JIO 3JIeMeHTa U3 Le». B 4acTHOCTH, y OC/IeIOBATEIbHOCTH YACTUYHBIX CYMM 3aJaHHOTO
psla CYIIEeCTBYET MHOTO Pa3HBIX MPeIeIOB U Pa3HOCTh ABYX TaKUX IMPEIEsIOB MPUHAICKUT Le,.
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B psaae npuMepoB MCHIONB3YIOTCSA IPYIIIbL, TPagyupOBaHHbIE OJHOCTOPOHHEN MOCIIEI0BATEIbHOCTHIO
MOArpymnm, T. €. UMEIIUe BUJL

~+co
L=|]JLn,
0

rae L, O Ly+1 1 L = Ly. O4eBUIHO, YTO MOTyUYEHHbIE YyTBEPKAECHHSA C COOTBETCTBYIOIIEH KOPPEKTUPOBKON
CIIpaBEJJIUBBl U B TaKOW CUTyalUH.

1.4. Sharp-MeTpuKH Ha rpaJyHpPOBaHHBIX KOJIbLAX H BEKTOPHBIX NpocTpaHcTBax. [Tycts L —
KOJIBLIO, /IUTHBHAS IPYIIIa KOTOPOTO rPajyMpOBaHa MoCe0BaTEIbHOCTBIO TIOATPYI Ly, ¥ ycTh g(x)
€CTh HOPMHUPOBAHUE, MOPOKIEHHOE TAKOW TpagyHUpOBKaii.

Kosblio L Ha3bIBaeTCS 2padyuposanHubim noCcAe008amMeAbHOCHbI0 NOOZpynn Ly, eciay BbIIOJ-
HEHO YCJIOBHE

q(xy) < q(x)q(y).

W3 aToro ycioBus clieyeT, 9To olepars yMHOKEHHUs B L HenmpepblBHA OTHOCUTEIBHO sharp-MeTpHuKy.
Kpowme Toro, eciu x,y € L,,;,, TO IpoU3BeIeHUE Xy NMONaAaeT B noarpynmy Lo,. Ilpu m > 0 umeem
Ly, C Ly, v noarpynmna L, sSiBJIsIeTCS MOAKOJBIOM B L. A TIpy OTpUIIATELHOM m noArpymnmna Ly, muvpe
yeM L,, u L,, He SIBISIETCS MOJKOJIbIIOM.
AHaJIOTMYHO Cllyyal0 ONepaluy CJIOXKEHHS, Olepalvs YMHOXEHUS B L MOPOXAAET ONepaluio
YMHOXeHUS B H, nefcTByoIYyI0 Ha 351eMeHTHl (12) o dopmyre

£ X 1= lim(X"Y").
n—oo

Kak u B ciyuae ciioxeHus1, 17151 oyyeHus 0oJiee IBHOTO ONMCAHKSI 9TOW ONepaluy CleayeT HailTi
(X"Y"), T. e. IOCTPOUTD PA3JIOKEHHIE MMPOU3BEACHHUS

XI’erl = ZZZ7 ZZ [ Ek
k

ITockonbky
2n

X' =Y xuYyi=Y (Y w)xyel,

1=2m k+j=I

aHAJIOTMYHO CITyYalo CJIOKEHHs MOJTyYaeM IIPABUIIO BBIYMCIIEHH S]IEMEHTOB Zj, IPUYEM NpU (DUMKCHPOBaH-
HOM k C POCTOM 71 TaKe NPOMCXOIUT CTAOUIM3aLIMsA IEMEHTOB Z;. B pesynbrare nosydaem yTBepkieHHUe.
Teopema 1.3. Ecau L ecmv epadyupogarnioe Koavyo, mo onepayust ymuoxcenus 8 L nopodcoaem
ONePayUIo YMHONCEHUS X HA 2padyuposanHoli zpynne H, smo mnoxcecmeo siensemes mononozuue-
CKUM KOALUOM OMHOCUMENLHO 86€0CHHBIX ONEPAUUIl + U X U SBASEMCS NONOAHEHUEM UCXOOHO20
epadyuposarnozo konrvya L.
BekTopHoe nipoctpancTBo L Hajg nosieM R umm C Ha3biBaeTCs rpalyMPOBaHHBIM, €CJI 3ajaHa

JIBYCTOPOHHSIS ITOCJIEI0BATEILHOCTD IOANIPOCTPAHCTB Ly, m € Z, Takux, 9ato L, D Ly,yyu L= |J Ly,.
mez
Takoe BEKTOpHOE MPOCTPAHCTBO SBISETCS KOMMYTATUMBHOI I'PYMIION MO CIOXEHUIO U K HEMY

MIPUMEHUMBI OMTUCAHHBIE KOHCTPYKIIMH U BHIIIOJTHEHBI MOJTYUEHHBIE BhIIIIE YTBep:KIeHUs. B yacTHOCTH,
OmpeJieieH MOPSAOK V(X,y) OTINYMSI NEMEHTOB X U y U dopmyna pr(x,y) = p’v(x’y) 3agaeT sharp-
METPUKY WU MOIyMETPUKY Ha L. 31ech MosBIIsieTCs AOMOTHUTEIPHOE CBOMCTBO 9TON METPUKU: €CITU
aucio A # 0, to pr(Ax,Ay) = pr(x,y).

Kak nmokasaHo BblIlIe, 3aaHue A5 Kaxou paktop-rpynisl Gy = Ly / Ly, 1 Ouekmii ¢ moqMHOKe-
cTBOM E} B L TI03BOJISIET IOCTPOUTH BIIOKEHHE TPagyHPOBAHHOM TPyl B COOTBETCTBYIOIIEE MMPOCTPAH-
cTBO H, 1711 KOTOPOTO BBHINOJHEHBI YTBEPXKACHUS U3 TeopeMbl 1.2. B ciyuae BEKTOPHBIX IPOCTPAHCTB
dakroprpymmna Gy = Ly /Ly SIBASETCS BEKTOPHBIM MPOCTPAHCTBOM, KOTOPOE MOKET OBITh JIMHEWHO
BJIOXKEHO B L KaK BEKTOPHOE MOJIPOCTPAHCTBO Ey, NononHuTebHOe K L. [Ipr TakoM BiioxxeHNH nme-
€T MecCTO pasjioxeHue Ly ~ Ep @ Ly B IpsAIMyI0 CyMMY BEKTOPHBIX MOANPOCTPAHCTB, YTO MPUBOIUT
K BBITOJTHEHUIO TOTIOJTHUTEJILHBIX CBOMCTB BJIOKCHUS TT.

Teopema 1.4. ITycmo L ecmv 2padyuposantoe sekmoproe npocmpancmaeo, goinoanero ycaosue (9),
015 Kadxcoozo Ly 3a0ano pasznodicerue 6eKkmopHvix npocmparncms Ly = Ey @ Ly 6 npamyio cymmvl
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eeKkmopHblx npocmparncme u H ecmv 6exkmoprnoe npocmpancmeo, cocmosiee u3 ecex ((popmanvbhuix)
ps0os euda (11), c onepauusmu ROUNEHHO20 CAONCEHUSI U YMHOIICEHUSL HA YUCAO.

1. Ipocmparcmeo H sieasiemcest 2padyuposanivim 6eKMOPHbIM RPOCMPAHCMEOM, NOAHBIM OMHO-
CUMeNbHO coomeemcmayueli sharp-mempuku, 8 Komopom onepauust CAOHCeHUs HenpepuIGHA.

2. [Ipousgederue Ax HenpepvlHO 3a8UCUM O X NPU PUKCUPOBAHHOM N, HO HeMm HeNnpepbl8HOL 3a68U-
CUMOCIU IMO20 NPOU3BE0EHUSI OM N U, CNe008AMENbHO, 2PAOYUPOBAHHOE 8eKMOPHOe npocmparcmeo H
¢ sharp-mononozuelti He 5615€MCSE MONOAOZUUECKUM BEKIMOPHBLIM NPOCMPAHCMBOM.

3. Ilocmpoennoe @viue omodpadicerue T : L — H sisasiemces aunelinbin eaodicenuen, coxpa-
HSIOWUM coomeemcmesyouue sharp-mempuxu, 4mo no3eoasiem omoxcoecmeasms L ¢ 6ekmoptbim
noonpocmpancmeom 7i(L), 6ciody naomuvin 6 H, u credosamenvrio, H ecmo nonoanenue L.

HMoxkazateabcTBo. 1. 910 0obIiee CBORCTBO MpocTpaHcTB H.

2. Tyctb X" — x° B H. Ecmu A # 0, 1o pg (A", Ax°) = pg (x*,x°) — 0. Eciu A = 0, To CXOAMMOCTb
OYeBUJIHA.

Iycth A, — Ag, Ay # Ag 1 x # 0. Torna

Pr (Anx, Aox) = pa (A — A0)x,0) = pu(x,0) £ 0.

3. JIuHeHHOCTh OTOOpaKEHUS 7T BOSHUKAET BBHUY TOTO, UTO MPH PA3JI0KEHUHA BEKTOPHOTO MPO-
CTpPAHCTBA B MPSMYI0 CYMMY IIPOEKIIUU Ha 00€ COCTABIISIOIINE SABJISIOTCS JIMHEHHBIMU OTOOpakeHusIMu. [

2. ITIPUMEPBI N3 AHAJIN3A

2.1. Konbuo p-agnyeckux ymnces. Hanbosee n3BecTHHIN MpUMeEp IpagyHpOBAaHHOTO MHOKECTBA U
HeapXUMeI0BOM METPHUKH, OPOXKICHHON IpalyHpPOBKOM, BCTPEYaeTCs B p-aJudeckoM aHamse (cM. [8;9]).

IMokaxeM, 4TO Kaxk10€ MOJOKUTENPHOE LIEJIOe YUCIIO p > 2 OpoXJaeT rpagyupoBKy Koiblia Q u
o0mast KOHCTPYKIMsI, ONMCaHHAas! B IEPBOi YacTH, NPUBOIUT K IOCTPOSHHUIO p-aJMYECKUX YHCEIl.

JLJ1s1 paliMoHaIbHOTO yKciia x # () OfIHO3HAYHO OMpe/esieHo [ejoe V = V(X), TaKoe, YTO UMEeTCsI
IIPEJCTABJCHUE B BUAE X = pv%, TIe !] U tp €CTh LieJIble YhCJia, TaKue, YTO f| HEe JEJUTCS Ha p, a Iy
B3aMIMHO TPOCTO C p.

OueBUIHO NPE/ICTABIEHUE X = D i—;, IJie §| U §2 He JeJIATCs Ha p, KOTOPOe B Cllydae IPOCTOro p U
ecTb Tpebyemoe. B ciryuae coctaBHOTO p TpeOyeMblil BUJ ITOJIy4aeM C OMOLIBI0 YMHOKEHHS YUCIUTENS U
3HaMeHaTeJlsl Ha TaKoi MHOXUTEJIb, YTO 3HaMeHaTellb JesuTcs Ha p. Hanpumep, npu p = 10 noinyvaem

Is_15:5 175
14 14-5 10 7°

k

Ilycte

1 51
x=p’"g, y=r

e k > m, €CTb COOTBETCTBYIOIIHNE IMPEACTABIICHUA NBYX pPAallUOHAJIbHBIX YUCEJI. Torga

o 1152 +1as pFm

Xt+y=p PR

nB HOHy‘ICHHOf/i I[pO6I/I 3HaMEHATEJIb B3AUMHO IIPOCT C p. HpI/I 9TOM MOXKET OKa3aTbCA, YTO YHUCJINTEIb
ACJUTCA Ha p U TOrga B MMOJTYYEHHOM NPEACTABJICHUN YUCTIa X -+ Y CTENleHb p HE MEHbIIIE, YEM M1, T. €.

v(x+y) = min{v(x),v(y)}.
I[J'IH Kaxaoro m < Z 3aJaM MHOXECTBO pAlIMOHAJIbHBIX YHCEJI
Ly={x€Q:v(x) >m}.

U3 mosry4eHHOro HepaBeHCTBA CIIeyeT, UTo L, sBIsSeTCs HOArpymnmnoi B Q.
Ecm x # 0 um > v(x), T0 x ¢ L, oTKyaa cienyer, uro (L, = {0}.
m

Takum 06pa3oM, KaxkJOMY p COOTBETCTBYET CBOSI IpalydpoBKa rpymibl Q, yist KOTOPOil BBIIOJTHEHO
yciosue (9).
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CoracHo o6ieMy noxxoay, Ha Q onpeiesieHo HopMUpOBaHKe, 3aaHHOe hopmyioi g(x) = p~ Y&,
JJId HEro BBIIIOJIHEHO HepaBeHCTBO
g(x+y) < max{gq(x),q(y)}

)1)'[5{ TAaKOI'O0 HOPMHPOBAHUS BBIIIOJIHEHO

q(xy) < q(x)q(y)

u, CJI€A0BATCJIbHO, Q C y1(a3aHHOﬁ FpaHprOBKOﬁ ABJIACTCA rpalyUPOBAHHBIM KOJIBITOM.
3aMeTI/IM, 4TO IpU MPOCTOM p UMEETCA PABEHCTBO

q(xy) = q(x)q(y).
HpI/I COCTaBHOM p B Hpe,HCTaBJ'ICHI/II/I

— m+km
- 18y
MOXET OKa3aTbCsl, YTO YUCJIO /]Sy ACJIUTCS Ha p, 3a CUET Yero NoJIy4aeTCs CTpOro€ HEPAaBEHCTBO.
Teopema 1.3 comepkuT AABHOE ONMCAHUE MOMOJHEHUsI IPay UPOBAHHOIO KOJIblA B OOIIEM CiIyyYae,
MPUMEHUM 3Ty TEOPEMY B pacCMaTpPUBAEMOM IpUMepe TpagyupoBKH Kosbia Q.
[TycTs Z/pZ ecTb KONBILO BHIYETOB 110 MOIYJIIO p, Oy/ieM OTOXAECTBIISATH €r0 C KOJIBIIOM

r,={0,12,...,p—1}

Xy

C onepalusAMH CIOKeHHs U YMHOKEHUs 1o Moaymo p. Jlnsa n € Z depe3 y(x) € I', 0603HaunM BbIYeT
IeJIOTO YMCJIa X TI0O MOAYIIO p.

IIpu cocTaBHOM p 31eMeHT k # 0 € I', 06paTum, ecim k B3auMHO npocTo ¢ p. B yactHocTH, ecim
4ucio p mpocroe, To I', ABngerca monem.

Jlemma 2. Ipu 3adannoii epadyuposke koavya Q ece pakmopepynnot Gy = Ly /Ly 1 uzomopghrvi
epynne 1), u aeasiomes Konvyamiu.

HMoxka3zareancTBo. Yncia Buaa

pv,yeT, (14)

TIPUHA/JIEKAT PA3HBIM KJIACCAM SKBUBAJIEHTHOCTH, T. €. OnpejiesieHo Bioxenue I', 3y —= [phy] € Gy.
B yactHOCTH, L) | €CTh KJIACC SKBUBAJIEHTHOCTH, COOTBETCTBYIOIIMIA Y = 0.
[Mokaxem, uto ecimt x € Ly \ L1, TO Kiacc [x| conepxurt anement Buaa (14).

IMycth x = pk% u v =7v(t1),y2 = v(t2). TlockonbKy f B3aMMHO TPOCTO C p, B Komblie I
CyIIeCTBYeT OOpPATHBIA Y3 K V3.
Tornma
t t [
ho_ hvs :Y1Y3+P1’ LbLeT
h  hY3 1+ pl
[Toatomy
Lh+1Db
x—pyiys=p T e 0
1+ ph

CormtacHo 001eMy MOgXOLy, YTOOBI IOCTPOUTH COOTBETCTBYIOLIEE IPaJyupoBaHoe KOIblo H u
Tpebyemoe Bioxenue 7t : Q — H, Hy)HO 15 Kaxaoro Gy 3a1ath mogMHoxecTBo Ey C Ly, conepxkariee
[0 OJHOMY NPEACTABUTENIO U3 KaX/J0ro Kjlacca SKBUBAJIEHTHOCTH.

st pakroprpynmsl Gy, €CTECTBEHHO B35ITh MHOKECTBO U3 HanOoJIee MPOCTHIX MpeICTaBUTeNeH
Buga (14), 1. e. IOJOXUTH

E.={0,p52p%,....(p—1)p*} C L.

Torma, cormacHo o0IIel KOHCTPYKILIUU, UCKOMOE KOJIbLo ecTh H = U,,czH,,, tae H,, eCTb MHOKECTBO
PAIOB BUJA

E,:Zakpk,aké{0,1,2,...,p—1}. (15)
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ITocTpoenHoe MHO)ecTBO H ¢ BBEIEHHBIMM ONIEPaLlAMU CJIOKEHUA U yMHOKXeHUsA 0003Havaerca
U Ha3bIBACTCSI KOALUOM P-AOUUECKUX HUCeN.

IMpu Broxenuu 7 : Q — H, MOCTPOSHHOM 10 O0LIEMY MPaBUILY, OTydYaeM, UTo 7t(x) = X IJIS X,
MPeICTAaBUMBIX B BUJE KOHEUHBIX CYMM, B YACTHOCTH, 9TO BBIIOJIHEHO IS MOJIOKUTEIBHBIX LIEJIbIX YMCEIL.
OcTaJbHBIM PAIlMOHATBLHBIM YHCIIAM COOTBETCTBYIOT OECKOHEUHBIE PSIIBI, B YACTHOCTH, OTPUIIATETLHBIM
1IEJIBIM YMCJIaM COOTBETCTBYIOT OECKOHEUHbIE PSJIbI (C MONOKUTEIbHBIMU KO3 duiinentamu). Hanprmep,

m(—1)=Y (p—1)p".
0

3neck obllee MpaBWIO 3aJaHUs CJIOXKEHUs PsNOoB M3 H CTaHOBUTCS HarisaHbIM. Hampuwmep,
npu p = 10 B cilydae KOHEYHBIX CYMM 3TO OOBIYHOE CJIOKEHHE NECSATHYHBIX Pa3JIOKEHHIA, KOTOpOoe
OCYIIECTBIISIETCS C MIOMOIIIBIO «TIEPEHOCOB B CTAPIIUE PSA3PSIIbL» U IPUMEHUMO K OECKOHEUHBIM CyMMaM.

IMpu m > 0 monrpynmsl H,, ABAIOTCS MOAKOMbIIaMuA. KOJBITO 1ebIX uncen 7Z BCIOAY TJIOTHO
BKJIaJIBIBAETCA B KOJIBLO Hp, KOTOpOe 0003HavaeTcs Z ), ¥ Ha3bIBAETCHA KONbUOM UEAbIX P-AOUUECKUX HUCe.

Takum oGpazom, konb1o Q, NoayyaeM Kak 4acTHBIH Cily4ail rpaJydpoBaHHBIX Konel H, u u3
TeopeMbl 1.3 momydyaem u3BeCTHbIE CBOiCTBa Q).

Ipennoxenne 2.1. Mnoxcecmso Q,, cocmosuee uz gpopmanvrvix psooe euda (15), ¢ sse-
OeHHBIMU ONEPAUUAMU CAOHCEHUS. U YMHONCEHUS A6.A5emCs Korbuyom. Ecau uucao p npocmoe, mo Q,
58A51€MCSL NONEM.

Koavyo Q) ¢ 3a0annoii neapxumedosoli sharp-mempuroii s615emcs NOAHbIM Mempu4eckKum
NPOCMPAHCMBOM, 8 KOMOPOM dnzedpauueckue onepayuu Henpepvletol U ce hopmanvruie psovi (15)
cxoosmcsi.

Omobpadcenue T ecmb U30MeMPUUECKOe 8CIO0Y NAOMHOE BA0NCEHUE KOAbUA PAYUOHANLHBIX
uucen Q 6 Q,, omxyoa caedyem, umo Q,, ecmo nonoanenue Q) omuocumenvho 3a0aHHON HeapxUMed080li
mempuku. Konvuo Q, modxcem 6vimo 66e0eno makaice Kax nONOAHeHUe KonbUa KOHeuHblx cymm éuoa (15).

3ameTuM, uTo B GOJIBLIIMHCTBE UCTOYHUKOB (Q, BBOAUTCS MMEHHO KaK NONOJIHEHUE MHOXKECTBA
paIMOHAIBHBIX YKICEJI, ITOCJIe YeTO CTPOUTCS NIPE/ICTABICHUE p-aInIeCKUX YKCell C IIOMOIIBI0 PSAAOB.

2.2, T'paaynpoBKu HA 7 ¥ CHCTEMbI OCTATOYHBIX KJ1accoB. Ha KobIle 11es1bix urcen Z cynecTByeT
MHOTO pa3HBIX IPaJyHpOBOK cienymomero Buaa. [lycte 3amaHa Bo3pacTamias mocie10BaTeIbHOCTh
HaTypasbHbIX unces My, My = 1, u L; ecTb NOJKOJIBLO, COCTOSIILEE U3 YUACE]I, KpaTHBIX M. BioxeHue
Ly C Ly nmeer mecto, ecn My nemurtcs Ha Mj_;. Ilpn TakoMm yclOBUHM TOJyyaeM TpagyHdpOBKY
KOJIbI[a 7Z OJHOCTOPOHHE! MOCiIeJOBATeIbHOCTH TOIKOel] Ly, puueM urcia My npencTaBisioTcs B BUJE
npousBenieHuss My = pips...px,tae pj > 1, up = (p1,p2,...) €CTb IPON3BOIBHASA MOCIEIOBATEILHOCTD
HaTypasbHBIX Ynces. Takue rpaJgyupoBKU UCTIONb30BAIUCH, HAIIpUMeEp, B [6].

IIpu 3aaHHO# rpaynpOBKe paccMaTprBaeMoro Bujaa ¢paktop-kombio Gy = Ly /Ly n3omopdHO
konbly Iy, , Hanbosee ecTecTBeHHOM (PyHIaMEHTAIbHOM 00J1aCThIO B Li_| ABJIAETCS NOJMHOKECTBO

Ep ={0,M;_1,2M; 1 ...,(px — )My 1} (16)

[Mocne Takoro BeIOOpa (hyHAAMEHTATILHBIX 00JIACTEM, COrTACHO O0IIEel KOHCTPYKIIUH, OTIpeIe/IeHO BIIOXe-
Hue 7t : Z — Hy, rae COOTBETCTBYIOIEE MHOKECTBO Hj; COCTOMT U3 (hOpPMAJIbHBIX PAIOB BUA

+o0
Y aMi—y,ar €{0,1,...,pp—1} =T, (17)
k=1

TIpUYEM CIIOKEHHE U YMHOXEHHE B 7 MOPOKIAIT COOTBETCTBYIONIME OMEPALINN CJIOKEHUS + U YMHO-

KEHHSI X B H;.

Teopema 2.1. Kaoswcoas zpadyuposka koavua 7 u évibop dpynoamenmanvhuix ooaacmeii (16)
nopodxcoaem 6clody naomHoe 6nodcenue Korvua 7 6 koavyo Hy, cocmosawee us psoos euda (17), noanoe
OMHOCUMENbHO coom@emcmayroueli sharp-mempuru.

B wacTHOCTH, KOIBLO Z) UEJBIX p-aAuvYeCKUX YUCET TIOIYYaeM, eCIU p; = p u My = Pr.
Kax 6bU10 CKa3aHO B 3aMeYaHMHU 3, MHOKECTBO Hp €CTECTBEHHBIM 00pa30M OTOXAECTBIIAETCS
C MHOKECTBOM I10CJIEJ0BATENLHOCTE CO 3HAUEHUAMH B Kojblax [y, , NpyyeM MHOXKECTBO TAaKMX I10-
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CJIeIOBATEIbHOCTEH SIBJISIETCSI MOJHBIM B CMbIC/Ie sharp-MeTpUKHU U ABJSAETCS KOJIBIOM C ONEepalysMu
MMOKOOPJUHATHOTO CJIOKEHUSI M YMHOXEHHUSI.
Teopema 2.2. Omoobpadsicenue vy : Z. — Hy, delicmsyrouee no gopmyne

Yix— (Yi(x),v2(x),...), v;(x) =x(mod p;) €T,

m. e. cmassiujee 6 COOMEemcmeue YUCAY X NOCAe006aMeNbHOCb U3 OCMAMKOE OM OeAeHUs. Ha YUCAA P |,
3adaem enodicenue 7. 6 Hp, npu komopom onepayuu 6 7, nepexoosm 6 nokoopouHammwle onepauuu 6 Hy.
Hoka3zareancTBo. To, 4TO onepanyyu B Z NEePEXOAAT B IOKOOPAMHATHBIE onepauyu B Hy; cieayer
U3 CBOWCTB 0TOOpakeHui y ;. OToOpaxeHue y ABJIAETCA BJIOKEHUEM, TaK KaK IPY Kak0M 3aJaHHOM X
nocyeioBatesbHOCTh Y j = x(modp;) € I'; ={0,1,..., p; — 1} craGunmsupyercs: ecim p; > x, 10y j(x) =
= X, OTKYyZa CJielyeT UHbEKTUBHOCTb. ]
OcoOblii uHTEpEC NPEACTABIAET Clyyail, KOIa Yucia p; IpU PacCMaTpUMBAEMOi rpagyupoBKe
MONAPHO B3aUMHO NpocThie. OcoOble CBOMCTBA BJIOXKEHUS Y BBITEKAOT U3 CJIEAYIOLIEr0 N3BECTHOIO

YTBEPXKJICHUS.
Kuraiickas Teopema 00 octaTkax. Ecau namypanvhvie uucad pi, pa, . .. , Pk NONAPHO 63AUMHO
npocmbl, Mo 05 MOObIX YEAbIX T',172,. .., Tk, 20e 0 < rj < pj, natidemcs uucao N € 7, komopoe npu

OeneHuu Ha p; oaem OCMamox rj.

Hea uucna Ny € Z u N, 0aiom npu 0enenuu Ha 4UCAA P j Me Jice OCMAMKU I'j M020d U MONbKO
moeoa, kozoa pasrHocme N1 — Ny deaumcst Ha npouzeedenue My = pi1pa ... pi.

Ara TeopeMa SKBUBAIEHTHA YTBEPKICHUIO, UTO €CJIU YUCIIA P1, P2, - - . , Pk TIOTIAPHO B3AUMHO TIPOCTHI
u My = p1p>...pk, TO KOIbIO Iy, pasnaraerca B nIpAMyI0 CyMMy

k
Ty, =T, (18)
1

U Takoe pas3jiokeHue 3amaercs GpopmyJion

Ty, 3 x— (vi(x),v2(x),...,vk(x)),

rie v;(x) = x(mod p;) € T',. B wactHoCTH,

I, =Ty, @Fpk

¥ riepexoy oT pasnoxenus L'y, | k pasnokenuio Iy, 3akmoyaerca B J0OaBIeHUH IPAMOTo ciaraemoro I, .
CoryacHO KHTalCKO# TeopeMe 00 ocTaTkax, oToOpakeHHe, CTaBsIIee B COOTBETCTBUE YNCITY X
Habop U3 k OCTaTKOB

{v1(x) =x(modpy),y2(x) = x(modp,), ..., yi(x) = x(modpy)}

OMpe/iesIsIeT YKCIIO C TOYHOCTBIO JI0 CIaraeMoro, KpaTHoro My. [103ToMy OHO 3a/jaeT GHEKLIHI0 MEK Y
TAKAMH T10CJIEJOBATEILHOCTSIMH JUIMHBL kK ¥ IIE€JIBIMU YHCIIAMH X U3 33JaHHOTO Mara3oHa JTUHBI My,
Harnpumep, MHOXecTBO {x € Z : 0 < x < My }.
Takast GUEKIIMs UCIONIB3YETCs B TAK HA3bIBAEMBIX CUCIEMAX OcmamouHbix kaaccos [10].
Ecnu gmcna x ¥y NpUHAIeKaT 3alaHHOMY AMAa30Hy, TO MepBble kK OCTATKOB IJISl YUCEN X + Y
¥ Xy BBIYHCIAIOTCS MO (hOpMysiam

Vi +y) = v +vi (), Vi) = v )y

Ecym ipu 5TOM cymMMa X + y U IPOM3BEJCHUE Xy TaKKe IPUHAJIEKAT 3aaHHOMY AUANa30HYy, TO YUCIa
X+ Y U Xy OTHO3HAYHO OIPEAEJISIOTCS MO MONTyYeHHBIM k ocTaTKaM. IockoibKy Kaxablil U3 9TUX OCTATKOB
BBIYHCIIACTCS HE3aBUCUMO, O3 TIEPEHOCOB B CJIEAYIOIIHE pa3psabl, yicna Y j(x+y) 1 yj(xy) MOKHO
BBIYUCJIATh OJHOBPEMEHHO Ha pa3HbIX ycTpoiicTax. Takoe pacnapaulevBaHUe ONepaluil 103BoJsAET
CYILIECTBEHHO YCKOPUThH NPOLIECC BBIYKMCJICHUII M Ha 9TOM CBOMCTBE CHCTEMbl OCTATOYHBIX KJIACCOB
OCHOBaHa pab0Ta HEKOTOPBIX BBIUMCIUTENbHBIX MamvH [10].

HenoctaTkoM Takoro noaxona siBjsieTcs To, YTO OH IPUMEHUM TOJIBKO B CJIydae, KOrga pe3yibTaThl
BCEX JIeiICTBUI JieKaT B 3alaHHOM Auanasone. [103ToMy BBIUKMCIIEHHS C IOMOIIBI0 CUCTEMBl OCTATOYHBIX
KJIACCOB UCIIOJIB3YIOTCS B CHIELIMAIM3UPOBAHHBIX BBIYMC/IUTE/IBHBIX MAalllMHAX, OPUEHTUPOBAHHBIX Ha
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onpe/eIeHHbIe KJIacChl 3a/1a4, KOrja N3BEeCTEH AMara3oH pacCMaTpPUBAEMBIX BEJIMYHMH U OBICTPOICHCTBIE
MMeeT NPHUHIMINAIBHOE 3HAYCHHUE.

Ecim uncino p mpocroe, TO MHOXECTBO YHCEN pZ, NeNSIMXCS Ha p, SIBISETCS MaKCUMAaJIbHBIM
uzneayioM B Z u aktopkonsio Z/pZ ects none I',. BepHo n 00paTHOE — KaX/Iblii MaKCUMAJIbHBII njea
B 7, €CTh MHOXKECTBO UHCeJI, JeJISIIIXCS Ha HEKOTOpOe MpocToe YuciIo. [109ToMy MOXHO OTMETUTB OCOOBIIT
Clyuaii, Korja Bce MPOCTHIEe UKCTIa 3aHyMEPOBaHBbI B I0CJIe10BaTeILHOCTE p ;. Toraa npeobpaszosanue y
CTaBHUT B COOTBETCTBUE YMCITY X (DYHKIMIO HA IPOCTPAHCTBE MAaKCUMAJIbHBIX U/IEaJIOB, 3HAUEHNE KOTOPOIl
B TOUKE p; NPUHAJIEKUT MO0 '), IpUYeM y ABJISETCA rOMOMOP(U3MOM KOJIEl,

OrncanHOE NpeJICTaBIeHNE YMCeT C TIOMOIIBIO OCTATKOB MCTIONB3YETCS U B psifie PYTHUX BOIIPOCOB.
Hanpuwmep, B kpunrorpaduu nociaeaoBarebHOCTh 0cTatkoB x(modp ), x(modp,), . .., x(modpy) ucrnoss-
3yetcst 1uist I POBaHUs YUCeN X U3 Auarna3oHa (py, M), Tak Kak 3T OCTaTKH OAHO3HAYHO ONpPEIeIISIOT
YUCJIO X, HO €0 HEBO3MOXKHO HAlTH MO OCTAaTKaM, He 3Has YHCe p ;.

OtrmeTuMm Takxke, uTo pasnoxenue (18) momoraer uccienosath crpoenue konen Q, u Z, npu
coctaBHbIX p. Hanpumep, pasznoxenue ['¢ = I', @ '3 npuBomut k ToMy, uT0 KOnblo Qg sIBIsIeTCS IIPSIMOI
CYMMOIi IBYX MOJIEHl p-aU4ecKUX UYHUCEe:

Qs = QP Qs.

Takue paznoxeHus ObUIH MOTYYEHBI elle co3aareieM Teopun p-anudeckux yncen K. Tenzesnem [9].

2.3. I'paayupoBKa NpocTPaHCTBA Kaakux pynknui u popmyaa Teinopa. 17151 nosicHeHUs
MOCTaHOBKHM 00CYJaeMOro HIKE BOIPOCa HAIOMHUM, YTO, HAIIPHUMED, 110CJIe BBEJEHHS MTOHATHS CXOIU-
MOCTH TIOCJIEIOBATENBHOCTH B KypCe aHaIM3a CIEAYIOT MOsICHEH! s, YTO Ha PacCCMaTPUBAEMOM MHOXKECTBE
HUMeEeTCs CTPYKTYpa TOMOJOIMYECKOTo MPOCTPAHCTBA U MOHATUE CXOAUMOCTH MCHIONIb3YeT UMEHHO 3TY
cTpyKTYpy. HO IIpu 3TOM 0OBIYHO HE 00CYKJaeTcsl, KaKe CTPYKTYPbl UCTIONB3YIOTCS B (DOPMYIMPOBKE
yTBep:kaeHuil o ¢opmyne Tefinopa u psagax Teitnopa.

[TokaxeM, YTO B 3THUX YTBEPXKIEHHAX TaKXKe HCIOJB3YIOTCS TpalydpoBKa, sharp-MeTpuka u
KOHCTPYKLMHM, OIMCAaHHbIE B OOLIEM Cilydae B NEPBOM 4acTH.

Hanomuum ocHOBHBIE yTBep:kaeHus o hopmyiie Teilnopa, conepxaiuecs BO BceX Y4eOHUKax Mo
MareMaTudeckoMmy aHaiau3y (Hampumep, [11]). Ilycts Fy ecTh npocTpaHCTBO (DYHKIIUM, ONPEJETICHHBIX 1
OeckoneuHo quddepenimpyeMsix Ha otpeske [—1,1]. Ist pyukumu f € Fy onpeneneH psa Teitiopa

fwkg()akxk, rae ak:% (k)(O). (19)

n
[Mommuom Teitnopa B, (f;x) = Z apx* ecth yacTmuHas cymma sToro psa, a dynkuma R, (f;x) = f(x) —
k=0
— P,(f;x) Ha3BIBAETCSI N-M OCTATOYHBIM UJIEHOM.

3ameTum, uto psj Teiinopa MOKET pacXoaUThCS MPH BeeX x % 0, a B cllydae CXOAUMOCTH B HEKOTOPO#
OKPECTHOCTH HYJIS €r0 CyMMa MOXKET He coBmaath ¢ f(x). B uacTHocTH, pu 3a1aHHOM X # 0 OCTATOYHBINA
aieH R, (f;X) MOXET He CTPEMUTHCS K HYJIIO TIPH 1 — oo.

OcHoBHBIE yTBEpXKAeHUA 0 popMyse Teilsopa 3aKk04al0TCA B CIEIYOLIEM.

Vrep:kaenue 2.1. Ocmamounsiii unen R, (f;x) npu x — 0 ecmwv 6eckoneurno manas, nopsidok
Komopoli He meHvute, yem n+ 1:

R,(f:x) = 0(x"th).

I1pu BHINOTHEHUN TOTO YTBEPKAEHUS rOBOPAT, 4TO psf (19) cxogurca Kk f acumnmomuuecku.
VrBep:xkaenue 2.2. /l1s ocmamounoezo unena gpopmyant Teiinopa evinoarnena ouenka

n+1
™,

IR.(f3x)] < CESM

rae
M= max |[f"V ).

—1<<1

EctecTBeHHas rpaJyupoBKa IIpOCTPaHCTBa F) 3aJaeTcs I0CIIe0BaTeIbHOCTBIO OAIPOCTPAHCTB

Fp={f:f(x)=0(") mpu x— 0} = {f(x) =x"g(x): g € Fo},
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IZie m — HeOTpULATeNIbHBIE LeJIble YKcia. 3aech nepecedeHue Fo = M;,>0F, COCTOUT U3 TaK Ha3bIBAEMBIX
naockux QyHKIUIA, y KOTOPBIX BCe Tpou3BoaHbIe B Touke 0 ecTs HymM. CortacHo TeopeMe 1.4, rpalyupoBka
MO3BOJISIET OCTABUTH B COOTBETCTBUE (DYHKUMH f MOCJIEIOBATENbHOCTD

ﬁ(f):{f:(O?"'a£07517£2>"')}7 FIleE,kGFk/Fk+1,

COCTOSALIYIO U3 3JIEMEHTOB (PaKTOP-IPOCTPAHCTB.

B paccmarpuBaeMoM npumepe Kaxjaoe (akrop-npoctpaHcTBo Gy = Fi/Fy11 nzomopduo R n
€ro MOXHO BJIOXKHTh B Fj; KaKk OJHOMEPHOE MOIIPOCTPAHCTBO Ej, cocrosimee n3 Hanbosee MpPOCTHIX
Tpe/icTaBUTENel Kilacca SKBUBAJIEHTHOCTH — (pyHKIMiA Buia ax®,a € R. TIpu Takom BHIGOPE, COTacHo
KOHCTPYKLIMHU U3 Teopemsl 1.4, anemenT P (f), coorBercTByonmii hyHkmu f € Fy, ecTh (hopMasbHBII
pan suga P(f) = ¥ ax*, re no nocrpoenuio nonydaem, uto R, € F, 1. Kpome Toro, 31ech

. X)— Pk, 1(X
ak:hm—f() z ()
x—0 X
B n = L20) Taxum o6
BIYUCIISAS Ipeiest 1o npasuiy JlomuTans, momydaem, 9to a; = ~—;— . Takum 00pa3om, B 3TOM pUMepe

dopmabHbIi psi 7t f), MOCTPOSHHBII 10 00IIEMy HPABUITY pa3iiokeHus, ecTb psij Teinopa GyHKImH f.

B atom npumepe nopsiiok GyHkuuu f — 4nciao v(f) = min{k : a; # 0}, u 310 ecTh MOPSIOK
CTpeMJICHHsI K HyJII0 3HaueHuii f(x) mpu x — 0, HopMHupoBaHue 3aaaetcsi popmysioi g(f) = 2V
dopmyna p(f,g) = q(f — g) 3anaet MeTpuKy Ha pakTop-npocTpancTse Fy/F. v monymerpuky Ha Fy. [To
noctpoennio p(f,P,(f)) — 0 npu m — oo, T. €. yTBepkieHUe 2.1 TOBOPUT O TOM, UTO (hOPMaIbHBII
psan Teitnopa cxomgutcsi K f B 9TOH METpHKE.

Takum 0Opa3om, KOHCTPYKIMs psaga Teitopa u yrBepskaeHue 2.1 eCTh YaCTHBIN Cliydaii OOIIuX
MOCTPOSHUH U YTBEP:KACHUI U3 NIEPBOil YacTH, IPUUEM aCUMITOTHYECKask CXOOUMOCTD psifa Teinopa
€CTh CXOIUMOCTb B CMBICJIE sharp-TIOJTyMeTPHUKH Ha rPpalyMpOBAaHHOM HPOCTPAHCTBE Fp.

OTMeTHM Takxke u3BecTHyI0 Teopemy bopens (cum. [12]), koTopasi yTBepkaaeT, uTo s 000
MOCJIeJOBATENILHOCTH ¢ (B TOM YHCJIE CKOJIb YTOJHO OBICTPO BO3pAcCTAIOIIei) CYIeCTBYeT Takas OecKo-
HeuHo auddepentmpyemas pyHkuud f, aro (19) ects ee pag Teinopa. Otciofa nomydaem, 4To TeopeMa
BopeJisi 95KBUBaJICHTHA YTBEPXKAECHHIO, YTO (DAKTOP-MPOCTPaHCTBO Fyy/Fio ¢ sharp-meTpukoii siBiisieTcst
MIOJIHBIM METPUUYECKUM MPOCTPAHCTBOM.

Kak u B obuiem ciaydae, B OMMCAHHOM CIOCOOE pa3yioKEHUs JIEMEHTOB M MOCTPOEHHs psija
€CTb IIPOU3BOJI IPH BBIOOPE MPECTABUTEINS U3 KaXKJOT0 KJIacca SKMBAJICHTHOCTH — JIeMeHTa (haKTop-
npoctpanctBa Gy = F/Fy. . Ilpu apyrom BHIOOpE MpeICTaBUTENIeiH MOMyvyaeM pasiokeHue (hyHKIUH
B ACHMITTOTHYECKHUH PsifL 1O Apyroii cucteme (yHkimii. Hanpumep, eciu A(x) — rnagkast GyHKIWs, Takasi,
yto h(0) = 0, h'(x) # 0, To B KauecTBe NpejicTaBUTENEH MOKHO BHIOpaTh byHkmu Buaa b[h(x)* u f
pasyiaraeTcs B aCUMIITTOTHUYECKU CXOASIIANACS P

fx) ~ i beh(x)*.
k=0

Ecmu t = h(x),x = g(t), tne g ectb (yHKuus, oOpaTHas K A, TO TaKOe Pa3jIOKEHHEe SKBUBAICHTHO
Pa3NOKEHUI0 B s MO CTENeHsM ¢ cioxHoi dyHkuun f(g(¢)). 3amernm, uto KoahduimeHTs by
BBIUKCJISIOTCS M0 U3BecTHOU popmyne Paa au BpioHo.

PaccmoTpum Tenepp, Kakas CTPyKTypa MCIOIb30BaHA B YTBEPXKICHUH 2.2.

Ha xaxaoMm 13 npocTpaHcTB F, omnpejesneHa cBOsl HOpMa, 3afaHHast hopMyJIoit

1flln = max L

W<t fx|™

)

T. €. Fy sBNisieTCs rpaiyMPOBaHHBIM HOPMUPOBAHHBIM IPOCTPaHCTBOM. C IOMOIIBIO 9TUX HOPM HEPABEHCTBO
U3 YTBEPXKIEHUS 2.2 MOXHO 3alucaTh B BUE

l m
R ()|l m+1 < WH}C( .
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Takum 0Opa3zom, eciid yTBepxkaeHue 2.1 rOBOPUT, YTO OCTATOUYHBINA WieH R, (f) npuHaaaexur F, | u
UCHOJIB3YeT TOJNBKO IPaJyUpPOBKY, TO B O0JIee CUIBHOM YTBEP:KACHUH 2.2 UCTIONBb3YeTCsl HOpMa Ha MOATPO-
cTpaHcTBe Fj, 1| ¥ yKa3aH [ap B CMbICJE COOTBETCTBYIOILEH HOPMBI, B KOTOPOM JIEKUT OCTATOYHBIN WIEH.

[IpuBeneHHBbIE paccy:KAeHNS MOXHO NIEpeHeCTH Ha OoJiee MMPOKoe MpocTpancTBo. [lycTs F ecThb
MPOCTPAHCTBO (DYHKIMIA, MPeACTaBUMBIX IpH X # 0 B Buze

e h € Fy,g € Fy \ Fo, m g(x) 20 mpu x # 0. EcTecTBeHHast rpaayrpoBKa MpoCTpaHCTBa F 3aaeTcs
AHAJIOTUYHOM JBYCTOPOHHEN TOC/IEI0BATENBHOCTBIO TIOAIPOCTPAHCTB

Fn={f:f(x)=0x") npu x— 0}, meZ.

I[Mpu oTpunaTeIbHBIX k, KAk U BBIIIE IPH MOJIOKUTENIbHBIX, (hakTop-nipocTpaHcTBo Gy = Fy/Fiq g
MOXHO BJIOXKHTb B F}, Kak OTHOMEpPHOE MOIIPOCTPAHCTBO E, cocTosimee U3 HanboJee MpOCTHIX Mpe/ICTaBU-
Tesleil K1acca SKBUBAJICHTHOCTH — (DyHKIWMIA Bijia ax*, a € R. TTpy TakoM BEIGOpE TIpe/ICTaBUTE e, COTIACHO
KOHCTPYKLIMHK U3 TeopeMmsl 1.4, anemenT ( f), coorBetcTByIonMil pyHKmu f € Fp,, €CTh psi BUAA

V() =Y axt,
k=m

n
IJie 1o MOCTPOEHHIO TIoTyyaeM, uto R,(x) := f(x) — ¥ axx* € F, 11 m
k=m

f(x) = Pi1(x)

ap = lim . .

x—0 X

Takum 00pa3oM, MPU OTPHULIATETBHBIX m (POpMabHBIA psif 7T(f), MOCTPOEHHBIN MO 00IIEMY MPABUITY
Pa3JIOKEeHU s, ONMCAHHOMY B IEpBOil yacTH, ecTb psg JlopaHa ¢pyHkuuM f, a BKmoyeHue R, € F, | ecTb
a”asor yTeepxkaeHus 2.1 B ciyuae psgoB JlopaHa v paBHOCHIIBHO CXOAMMOCTH B HEAPXUMEIOBOI METPHKE,
MOPOXAECHHOW T'PaAyUPOBKON MpOCTpaHCcTBa F'.

AHasornyHasi CUTyalusi BOSHUKAET NPU aHAIU3e IMIaAKUX (PYHKUUNA HECKOJBKUX MEPEeMEHHbIX.
J71st mpuMepa paccMOTpUM POCTPaHCTBO Fy(D) raakux (pyHKIMIA JBYX HEPEMEHHBIX, OIPE/IeICHHBIX
B 3aMKHyTOM Kpyre D = {x € R? : ||x|| < 1} na nuiockocT. Ha 5TOM IpOCTpaHCTBE UMEETCs aHATIOTMYHAS
IpagydpoBKa M3 MOAIPOCTPAHCTB

Fn=A{f:f(x) = O(|H|")},
KOTOpasi MO3BOJIAET BBECTH sharp-MeTpuKy.

B orimume OT mpeapiyIero npuMepa, 3aech dakrop-npoctpanctBo Gy = Fj/F, AByMepHO u
BKJaJpIBaeTCA B F| B BUJE NMOANPOCTPAHCTBA Ej, COCTOALIET0 U3 JIMHEHHBIX DyHKUUA a1x] + ax;.
dakrop-npoctpanctBo G, = F>/F3 TpexMepHO M BKJIaabiBaeTcsi B F> B BUIE MOANPOCTpaHCTBa Ej,
COCTOSAINEr0 U3 KBaJpaTUYHBIX (POpM

2 2
anxy +2apxixy +azsx;.

®dakrop-nipoctpaHcTBo G3 = F3/Fy umeet pasmepHocth 10 u BKIaasBaetcs B F3 B BUjie OAMPOCTPaH-
ctBa E3, cOCTOSINEro U3 OHOPOIHBIX IMOJIMHOMOB TPEThel CTETIeHH U T. 1.

[Mpu takoit KoOHCTpYKIMHU (popMastbHBIiT psit P ( f), HOCTPOSHHBIN COMIACHO OOIIEN KOHCTPYKIIHH,
ecthb psaa Teinopa riaankoit GyHKIUKM JBYX NepeMeHHbBIX

n(f) =Y, d" (),
k=0
e cllaraeMsle

L0

o log! 80‘1x18°‘2x1

x(lmx;Q? X = (0(170‘2)7 |(X| =0+

d*(x) =
|a|=k

ecth gudpdepenumansl yHkuuu f B Touke 0.
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Knaccuyeckoe yTBepkeHHE 00 ACUMITOTHYECKON CXOAMMOCTH YaCTHYHBIX CYMM Takoro psja K f
€CTb CXOJUMOCTb B CMBICJIE COOTBETCTBYIOIIEH sharp-MeTpuKy U SABJISETCS YaCTHBIM CIIy4aeM OOIIMX
YTBEPKIECHUI.

3akurouenme. llpuBeneHHbIe TpPUMeEpPHI TOKA3BIBAIOT, YTO CTPYKTYpa IrpalyMpOBaHHOTO MPO-
CTPaHCTBa UMEET BECbMa OOILMII XapaKTep, Tak Kak (paKTUIECKU UCIIOIb3YeTC s Jaxke B KIACCHUECKUX
KOHCTPYKLMSAX aHaIM3a. DTO MO3BOJIAET BBICKA3aTh MPEIOIOKEHNE, UTO TaKas CTPYKTypa U yTBEPKACHUS,
MOJTyYeHHbIE B NIEPBOI YacTH padOThI, MOTYT OKa3aThCs TOJIE3HBIMH IIPH PACCMOTPEHUH APYTUX 3a/ad.
Bonee netanbHble nccieqoBaHUS IPOCTPAHCTB C IPaAyUpPOBAHHON TOMOJIOTMEN U MX UCIIOIb30BaHUEe NIPU
PELLIEHNN KOHKPETHBIX 3a7a4 IPeArnosaraeTcs IpoBeCTH B MOCIEAYIOLINX padoTax.
OTMeTHM TaKke, YTO pa3jiokeHHs JeHCTBUTEbHBIX YKCE 110 33JaHHOMY OCHOBAHHUIO p UMEIOT BUJL

e
Y S a€E:={0,1,2,....,p—1},
o D

Y OHM BHEIlIHe MOXO0XU Ha paszioxeHus (15) p-anmyeckux yucen. OJHaKO Takue pa3yiokKEeHUsS UMEIOT
HNPUHLMIIMAIBHO JPYTYI0 IPUPOLY, B YACTHOCTH, MHOXECTBO TAKMX Pa3JIOKEHUI YCTPOECHO HE TaK, KaK
MHOECTBO JIEHICTBUTENILHBIX YHCEJT, TOCKOJIBKY UMEIOTCS YUCIIa, KOTOPHIM COOTBETCTBYIOT [BA PAa3JIOKEHUA.
IToaTOMy BO3HHMKAET BOIIPOC O TOM, KAKYI0 CTPYKTYpPYy UMEET MHOKECTBO TAKUX PA3JIOKECHUMA.
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AmnHoTanus1. B paGoTe HaiiieHbl JOCTATOYHBIE YCIIOBHUS CYILIIECTBOBAHHUS TPUTOHOMETPHIECKHX
anmnpokcuManuii dpmura—Ikoou cucTeMbl (QyHKIMIA, ABIAIOMNXCA CYMMaMH CXOIAIMXCS
panos ®ypee. Onupasch Ha 3TU Pe3y/bTAThl, YCTAHOBJECHBI JOCTATOYHbBIE YCJIOBUsA, IIPU
KOTOPHIX CYIIECTBYIOT HEJIMHEHHbIE aNMpOKCHMAaLiy DpMuTa—eOsIneéBa cucTeM yHKINIA,
NpeacTaBUMBIX psigamu Pypbe o MHorowieHam YeOsiméBa nepBoro 1 Broporo poaa. [pu
BBITOJIHEHUY HAlIJeHHBIX YCJIOBU MOJy4YeHbl ABHblE (POPMYJIbI AJIS1 YUCIIUTENIeH 1 3HaMeHaTe-
JIeil TPUTOHOMETPHYECKHX alMpOKCUMAInil pMuTa—AKkoOu 1 HEJIMHEHHBIX aNmpOKCHMAaINi
Spmura—YeObiEBa epBOro 1 BTOPOro pojia yKa3aHHBIX CUCTEM (DYHKIIHIA.

EXISTENCE AND EXPLICIT FORM OF NONLINEAR HERMITE-CHEBYSHEV

APPROXIMATIONS

A. P. Starovoitov, I. V. Kruglikov

F. Skorina Gomel State University, Gomel, Belarus

e-mail: svoitov@ gsu.by, igor.v.kruglikov@ gmail.com
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Keywords: series in Chebyshev
polynomials, Hermite—Padé ap-
proximations, Padé—Chebyshev
approximations, trigonometric
Hermite—Jacobi approximations,
nonlinear Hermite—Chebyshev
approximations.

Abstract. In this paper, sufficient conditions for the existence of trigonometric Hermite—
Jacobi approximations of a system of functions that are sums of convergent Fourier series
are found. Based on these results, sufficient conditions are established under which nonlinear
Hermite—Chebyshev approximations of systems of functions representable by Fourier series
in Chebyshev polynomials of the first and second kind exist. When the found conditions are
met, explicit formulas are obtained for the numerators and denominators of trigonometric
Hermite—Jacobi approximations and nonlinear Hermite—Chebyshev approximations of the
first and second kind of the specified systems of functions.

IycTs cuctema fM =

1. BBegenue

(F™M,

f,fhl) COCTOUT U3 (PYHKUUH, peAcTaBUMBIX psaamMu Pypbe mo

muorowieHam YeOwiméBa 7, (x) = cos(n arccosx) NepBoro poaa

£ (x) Za{Tz =1,...,k, (N

C AeHCTBUTEIBHBIMU K03(hPHIIMEHTaMH, KOTOPBIE CXOAATCs MpH Beex x € [—1, 1]. Yepes Zﬁ 0003HAYUM

MHOXECTBO BCEX k-MepHHX MYJIbTUUHIEKCOB ﬁ =

(my,...,mg), SBISIOMIMXCS YIOPSAOYCHHBIM HAO0POM

k HOEJIbIX HECOTPULATCIIbHBIX YUCCIL. Yucno m := mip + ...+ my; Ha30BEM OopAAKOM MYJIbTUMHICKCA

= (m,...

7mk)-

3adukcrupyeM UHAEKC n € ZL_ U MYJIbTUAHJEKC =

(mi,...,mg) € ZX u paccmorpum anasor

3agauu Dpmuta—llage mis fehl (em. [1, . 4, §1, 3agaga Al):
Bamaua 1.1 (A®M), st cucremsr £ Haiiti Takoil TOXmEeCTBEHHO He paBHBINI HYJTIO MHOTO-

qeH Qchl( .fchl) —

_Zp OVP

05 () =

»(x),nj=n+m—mj, arodp o j=1,....k

zth(x;fdll)f;hl (x) —P;hl(x;fchl) _

»—oUpTp(x) M TAKME MHOTOWIEHBI P]?hl (x; febl) = Prfjhll1 W (x; feh1) =

=S}

Y ank).

I=n+m+1
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Onpeaeanenne 1.2. Ecmnapa (Q, P'Y) rpe PM = (Pt PEMY), apnsietcs peenmem sanaun
AL 10 panponansHbe APOGK
pehl ( .fchl)
chl hly _ chl h1 i\ S
( fc ) ”/~” ( fc ) QChl(;fchl)"]_l’”"k’

OyJeM Ha3bIBATh AUHELHLIMU annpokcumayusmy Ipmuma—9ebvuunésa 1-20 pooa st MyIbTUUHIEKCA
(n,7t) u cucremsi 1,
Onpenenenue 1.3. Heaurnetinvimu annpoxcumayusmu Ipmuma—Yeoviumésa 1-20 pooa njist MynbTH-
uHzekca (n, ﬁ) u cuctemsl f'! HazoBeM parmoHaBHBIE IPOGH
pehl X h1
7/T\§M (x;fdﬂ) — ﬁ\zhln (x fchl) w7
: jon Qch (x; fehl)

rae MHorowiensl QM (x;fehl), Pj"hl(x;f‘hl) (nj =n+m—m;j), CTENIeHH KOTOPHIX HE IPEBBINIAIOT
COOTBETCTBEHHO /71 U 1 j, TIOJOOPAHBI TaK, YTOOBI

PChl(x fchl) oo )
-2 = Y AT, j=1 ok
QC (xfc ) I=n+m-+1

IIpu k = 1 ocHOBHbBIE CBOWCTBA JIMHEHHBIX M HEJIMHEWHBIX ammpoKcUManuii dpmura—YeoOnie-
Ba (B 9TOM cJlyyae MX Ha3bIBAIOT JIMHEHHBIMUA M HEJIMHEHHBIMU armpokcuManusamu [age—YeOwiména;
JIOTIOJIHUTEJILHO O TEPMHUHOJIOTUH CM. [2]) ONMCaHbl JOCTATOYHO MOAPOOHO (TMpexkae Bcero cm. [2—4] u
MIPUBEACHHYIO TaM JIUTEpaTypy, a Takxe [5—13]). Hanpumep, u3BecTHO, 4YTO JMHEHHAS anpoOKCUMALUs
[Mape—YeObuéBa Beceraa cyLiecTByeT, HO, BOOOIIE roBOpsl, He eIMHCTBeHHA. HesmHeltHas annpokcuManus
[Mape—YeObnuéBa He Beera CyIecTBYeT, HO B CTydyae CyIIeCTBOBAHMS BCET/1a €IMHCTBEHHA. AHAIOTYHbIE
CBOIICTBA CIpaBe/IIMBHL U JIJIs1 anipokcumanuii dpmuta—YeoOsbinéra [9; 11]. merotcs npumepsl cuctem
dynkmmit £ 11 KoTOpHIX HeMHeliHEIE anmpokcuMaruy dpMuTa—deOHmEBa CymecTBYIOT, HO He
ABJISIIOTCS JIMHEWHBIMU anmpokcumarmsivu Dpmurta—deowimésa (em. [2;9; 11; 14;15]).
Paccmotpum Teneps apyroit Tun annpoxkcumanuii pmura—Yeosinesa. [Ipeanonoxum, 4To cucrema
2= ( ffhz, ey f,fhz) cocTouT U3 (PyHKIMH, MpeACTaBUMBIX psiiamu Dypre 1o MHOrowieHaMm YeOblnéBa
U,(x) = ——==sin(narccosx) BToporo pozna

V1—x2

£ (x ZbJU, =1,...,k )

C JeiCTBUTEbHBIMU KO (UILIMEHTaMH, KOTOpBIE CXOAsATCs npH Beex x € [—1, 1]. Eciu BmMecTo psiaos (1)
B3ATh PsAIHI (2), TO KOHCTPYKLIMH, aHAJIOTMYHBIE PEIBIAYIINM, IPUBOJAT K JMHEHHBIM U HEJIMHEIHBIM
anmnpokcumarmam dpmura—YeoOsbimnésa 2-ro pona. [loctaHoBka 3agaun dpmura—Ilage mis psios (2)
creqyoLas:

Banaua 1.4 (A®"?), Haiitu muorounen Q¢ (x; fh%) = QCh2 (x;£12), deg Q"> < m, ToxmecTBeHHO

. ch2 (. gch2) _ pch2 h2 ch2
He PaBHBIii HYJI0, 1 MHOTOWIeHbl P{~ (x; £ )_Pnj,n (x;£%), deg P{" < nj, nj=n-+m—m;j, 4T0GHI

g j=1,...k

Q2 (x; £12) FE12 () — PO (3 £02) — i bl Uj(x)

[=n+m+1

h(z)npe)le.ﬂeﬂne 1.5. Ecom napa (Q%2, Ph2), rne P2 = (P¢"2, ... PE"), sBasetcst pelnennem 3aza-
yn A®"*, TO palMoHaBHBIE POOH

Pchz ( . fchZ)
ch2 ( fchZ) c ( fchZ) J

n],n Q2 (x; fchZ) =1....k,

Oy/IEM Ha3bIBATh AUHEIHbIMU annpoKkcumayusmu Ipmuma—deoviuéea 2-20 pooa 1 MyJIbTUMHIEKCA
(n, ) u cuctemsi fh2,
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Onpenenenne 1.6. Heaunetinvimu annpoxcumayusmu Ipmuma—ebviuésa 2-20 pooa 1jist MyIbTH-
uHzekca (n, ﬁ) u cuctemsl f'2 HazoBeM anreGpanyeckye paMOHAIbHEIE (DYHKIIHH
peh2 ( x; fchZ)
7/-(\3.}’2 (x;fchZ) _ ﬁ;ilznﬁ(x fchZ) Jchz =
O (x; feh2)
r Ach2 .tchZ pch2 .fchZ L o
ne muorownensl Q< (x;f%), P (x;f%) (n; = n+m—m;), cCTeNeHNn KOTOPBIX HE NPEBHILIAIT
COOTBETCTBEHHO 11 U 71 j, TOJOOPAHHI TaK, YTOOBI

P2 (x feh2 .
#: Y bU), j=1,....k
Q%ﬂ (X; fChZ) I[=n+m+1

Paccmotpum Teneps e cuctemsl f1 = (f1,..., f1), #1 = (fi1,..., fi1) cTenennbix n TpuroHo-
METPUYECKUX PSIIOB

£ (x) -

l o j )
fj( 204-261 f’1 EO Z 7 coslx,
=1 I=1

2:(t2 12

acconuupoBaHHHIX ¢ cuctemoii £ i nBe cucremsl f2 = ( flz, ey sz), ft 17,..., J{") cTeneHHbIx

Y TPUTOHOMETPUYECKHUX PSAJIOB
7@ =Y b, fi*(x) =Y bjsinlix,
=1 I=1

aCCOLMMPOBAHHBIX ¢ cucTemoii f2,

Ilpu k = 1 B [2], onupasick Ha cBoiicTBa onepaTopoB Padepa, yCTaHOBJIEHO, YTO BOIPOC O CYIIe-
CTBOBAaHUM HEJIMHEHHBIX arnpokcumariuii [Tane—YeObiméra 1-ro poga pemaercsi ¢ HOMOIIbIO U3BECTHBIX
PE3Y/IbTATOB O KJIACCUYECKUX annpokcuManusax [lage cooTBETCTBYIOIIErO aCCOLUMMPOBAHHOIO CTEIEH-
HOTO psina. Pe3ynbrathl, MojydeHHbIe B JaHHOM paboTe, MO3BOJSIIOT C/IeJIaTh BHIBOJ O TOM, UTO BOIPOC
0 CyIIIECTBOBAaHMU HEJIMHENHBIX armpokcuManuii dpmura—YeOwinnépa 1-ro poja aHaJIOTUYHBIM 00pa3oM
pelaercsi ¢ OMOIIBI0 U3BECTHBIX Pe3ylIbTaToB 00 ammpokcuManusax Dpmuta—Ilage cooTBEeTCTBYIO-
ieii acCOIMUPOBAHHOM CUCTEMBI CTENICHHBIX PsI0B. OCHOBHBIE TeOpeMbl padOThI ONyUeHbl HamMu Oe3
MpUBJIeYeHUs Teopuu onepatopoB Pabdepa, a NMpesIoKEHHBII METOJT pellieHHs TIOCTaBJICHHON 3a1a9n
OKa3aJicsl IPUMEHUMBIM U JJIsI anpokcuManuii dpmura—YeosméBa 2-ro poga. Ecim mokazaTenbcTBo
OCHOBHOT'O pe3y/bTaTa B [2] IpOoMLTIOCTPUPOBATh CXeMOil: annpokcumauuu Ilade cmenennozo psada
<= npeobpazoganus Pabepa <= annpokcumauuu Ilade—Yebvruésa, To cxeMa HAIIUX PACCYXKIACHUN
BBINIINT TaK: annpokcumayuy Ipmuma—Ilade cucmemvbl cmenerHbix psi008 <= mpuzoHoMempuuecKue
annpokcumauuu Ipmuma—-Arxobu <= annpoxcumauuu Ipmuma—Yedvuuésa. Pors npeodpasoBanmit
®abepa B Hallelt cxeMe paccyXAeHHI 3aHUMAIOT TPUTOHOMETPHUYECKHe armpoKcuManu pMuta—Ikoon,
KOTOPBIM TOCBSIIEH OTAENbHBIN Maparpad.

B panbHeiimem OyneM paccMaTpuBaTh TOJIBKO HEJIMHEHHBIE anmnpokcuManu DpmuTta—deOnnnésa, a
OCHOBHOIi 3aJjaueil ucciieIoBaHuil JaHHOW pabOTHI ABJSAETCS HAXOXKACHHE YCIOBUI Ha KO3 DHUITUSHTHI
psinoB (1) u (2), mpy KOTOPHIX HEJMHEHHBIEe ammpoKcuManud dpmuTta—YeOpmeéBa 1-ro u 2-ro pona
CyIIeCTBYIOT. B ciyuae ux cymiectBoBaHUs Oy[eM MCKaTh SIBHBIM BUJ] TAKUX anmpokcumanuii. [Jokasa-
TEJILCTBO OCHOBHBIX TeOpeM pabOoThl CYIIECTBEHHO OMUPAETCS Ha YCTAHOBJICHHYIO B [9—11] CBsA3b Mex Iy
HEJIMHEHHBIMU alllpOKcUMAaIUsIMHU DpMuTa—YeObléBa U COOTBETCTBYIOIUMH TPUTOHOMETPUIECKUMU
annpoKcuManusMu Dpmura—IKoou.

OnucaHuI0 YCIOBUI CYIIECTBOBAHUS U €JUHCTBEHHOCTH JIMHEHHBIX ANNPOKCUMALUA DPMUTA—
UYeobbmmepa 1-ro u 2-ro poga NocBsIeHa Ipyras Haria padora [16].

2. Annpoxkcumanmu dpmura-Ilage u Ipmura—Akoon
[IpuBenem HekOTOpHIE M3BECTHBIE (paKkTH Teopry anmpokcuManuii dpmura—Ilage u dpmura—Akoodw,

KOTOpbIE MOHAJO0ATCS B JAJIbHEHIIEM.
Iycts £ = (f1,...,fk) — HAOOp U3 k CTEMEHHBIX PSIOB

Z Li=1,..k, 3)
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C KOMIUJIEKCHBIMU KO3 puliieHTaMu. 3apuKkcupyeM n € ZL ut = (my,...,mg) € Zﬁ U pacCMOTPUM
XOpOIIO U3BeCTHYIO 3anauy dpmurta—Ilane [1, o 4, §1, 3amaua Al:
Banaya 2.1A. Haiiti TokIeCTBEHHO He paBHbIi Hymo MHOrowieH Oy, (7:f) = O, 5 (), deg O <

< m, n muorownensl Pj(z:f) = P, , 5 (z:f), deg Py <nj,nj=n+m—mj, arobs ana j = 1,....k
O0n(&0)£;(2) — Py(z:f) = 0. @

3pech u ganee nog O(z) moHMMaeM CTerneHHOM psia Buja c1z” + czzp“ +....

Onpenenenne 2.2. Ec muorownenst Q,,(z:f), P1(z:f),. .., Pi(z:f) sBisiores penienrem 3agaun A
(pemieHue 3agaun A Beerna cyiiectByeT [1]), To paloHasbHbIe qpoOu

Pi(z:f)
mi(zf) =1, of) =122 i=1,... .k,
j( ) nj,n,ﬁ( ) Qm(Z,f) J

HAa3BIBAIOT annpokcumayusmu Ipmuma—Ilade 1yis MynbTHHHAEKCA (7, W) u cuctemsl f.

JJ1st chCTEMBl SKCTIOHEHT ApoOH {Tt.,-(z;f)}’;.:1 BIIEpBbIe BBEJEHbI B paccMoTpenue 1. pmurom
B padore [17], MOCBSILEHHOH NOKA3aTeNbCTBY TPAHCLIEHAGHTHOCTH uKcia e. B ciydae mpou3BonbHOR
cuctemsl f yciioBusiMu (4) oHM ornpeessiioTesi, BOOOIe ToOBOpsi, He oHO3HA4HO [ 1; 18]. OcoOblii uHTEpEC
NpeacTaBiIsoT cucTeMsl dyHkuuii f, s koTopsix {71;(z; f)}lj‘-:l ONPEENAITCSA OQHO3HAYHO IS JI0OOro

MyJIbTHUHIEKCA (71, ﬁ) Takumu cuctemMamu BJISIOTCS, HAIIPUMEp, COBEpIEHHbIE cucTeMsl [ 1, 1. 4, §1].
Cy1ecTByIoT cucTeMsl f, OTIMYHBIE OT COBEPILICHHBIX, 17151 KOTOPHIX {7T; (z;f)}";:1 TaKKe OIPeaeIsIIoTCS
ogHo3HayHo [18; 19].
Beenem B paccMoTpenue kpaTtHbie aHanoru apoodeii K. SIkoou [20] (moppodHee cm. [21]).
Onpenenenne 2.3. PannoHanbHble (pyHKIMY BUA

Pi(z:f)
= f) — ) I\ R
7Tj<z’f)_ n,-,n,ﬁ(z’f)_ =~ s J=1,k,
' On (Z; f)
rae anreGpandeckue Muorowiensl Oy, (z:f) = 0, 7 (z:f), Pi(z:f) = P/ _(z:f) mmeror crenenn cootset-
’ Jolts
CTBEHHO He BBILIIE 17 U 1, Nj = N+ m — m , OyAeM Ha3blBaTh annpokcumayusmu Ipmuma—Axoou nis
My/bTHHHEKCA (1, 71 ) 1 cucTemsl f, ecom

P;i(z:f)
i\ +m+1
fi(D) == =0,
Qm (Z;f)
B otimume ot ammpokcumanmii dpmurta—Ilane armmpokcumarun dpmuta—Adkodu MOTyT He Cy-
mectBoBaTh [11].
Beenem HOBBIe 0003HaueHUs. 1151 UHIEKCa 1 € Zﬂr 1 MyJIbTUHHIEKCA = (my,...,mg), m#0,
paccMOTpPUM OIIpeJeIuTelb

1 1 1
fn—m1+1 n—mp+2 fnl
Hl .
1 1 1
]—I2 fn fn+l n+m—1
H, 3 (f) = det ) = Sk
: k
Hk fnfkarl fnfkarZ T fnk
k k k
fl’l fn+l fn+m—1
npu m; # 0 cocTosAmuil u3 GJI0KOB
J J J
n—mj+1 fnfmj+2 T f"j
J J J
H = fnfmj+2 fnfmj+3 fnj+1
J J J
fn n+1 T n+m—1

pacroiokeHHbIX ApyT Haj apyrom. Ipu [ < 0 cuurtaem, 4to f/ = 0. Ilo ompeneneHuio cuMTaem, 4ToO
nipu m; = 0 onpenenurens H,  (f) e conepxur 610k H/. Ilpu k = 1 onpenemurens H, 5 (f) apnsercs
XOPOILIO U3BECTHBIM omnpeaeuTeseM Anamapa (cm. [4]).
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B [22] (cm. Takxe [11]) noka3aH kpaTHbIi aHasor Teopembl Akoou [4;20]: ecnu 1151 MyIbTUMH/IEKCA

. = (p\Vk
(n, 7t ) u cuctemb pynkimii f orperemTeH H, 5 (f) # 0, To anmpoxcnmaumy Ipmura—Sskoou {7;(z ) }_
CYILECTBYIOT, ONpPEJEIISIOTCs €AMHCTBEHHBIM 00pa30M M Kax/ash M3 HUX TOXKIECTBEHHO COBIAJaeT

C COOTBETCTBYIOIIEH anmpokcumanueid Dpmurta—Ilane, T. e.
ﬂj(Z;f) :ﬂj(Z;f), ]: 1,...,k.
B takoMm cirydae, onmpasich Ha pe3yJabTaThl paboThl [18], MOXHO onmcaTh SIBHBINA BUJ YHACIHTENCH U
3HameHateJis apobeit {7;(z;f) }’]‘.:1. JLJ1s1 9TOrO BBEIeM HeoOXoauMble 0003HAYEHHUSI.
Ipu m; # 0 k marpuue H’ 006aBUM B KauecTBe TOCIIEAHETO CTOIOLA CTONOEL

. . . T
J ] ]
nj+1 nj+2 n+m .

B pesynbrate nomyuum Matpuiy F/ nopsaka m; x (m+ 1). Pacnonaras F/ Apyr Haj ApyroM cormacHo
CBOEro HOMepa, MOCTPOMM HOBYIO MaTpuily nopsiaka m X (m-+ 1)

1 1 1

nl—rm-H n]—m]+2 tee Vil‘i'l
fn7m|+2 fn7m1+3 fn1+2

1 1 1
. 5 ¢ 1T fn n+1 cee fn+m

Foa®=[F'" F* ... F*] = ) ) .

fr]zc—mk-i-l fr]z{—mk—&-Z ce fr;{,{—&-l
fn—mk+2 fn—mk+3 tc fnk+2

k k k
fn fn+1 tee n+m

OrmpeienuM Takxe (PyHKIHOHAIbHBIE MATPHUIIBI-CTPOKU Nopsiaka 1 x (m+ 1)
E@)=(z" 27" ... z 1),

n—m;j

Jomer TR © i
Y flt 120 filzmt IZOf,z .

)= (

Ecm k matpune F, 5 (f) B kauecTse nocie/ieit CTPOKU J00aBUTH COOTBETCTBEHHO CTPOKH E (2), Ey, (2) 1
( fly flan o frlomw ) , TO TOJTyYMM KBaJIpaTHbIe MATPHLIBI, OIPE/IETUTEIH KOTOPBIX 0003HAYNM

cootBeTcTBeHHO uepes D(n, nt;z), Gj(n, ni;z) n dim‘ -
Ecmu H, 5 (f) # 0, 1o F, 5 (f) siBasieTcsi MaTpHIieii NONHOrO paHra M TOIA TPH TOAXOAAIIEM

BBIOOpE HOPMUPYIOIIEr0 MHOXKUTEISI 3HAMEHATEIM 1 YUCIIUTENN Jpodeit Tt j(z; flum j (zf)mpu j=1,...k

MOTYT OBITh TIpeJiCTaBJIcHb B Buje [18]
Qﬂwyﬁb@ﬂ:mmﬁ@:@ﬂFlFZH.FkE@]A (%)
Pi(z:6) = Pi(zh) = Gi(n,7:2) =det[F' F2 ... F* E,(z) ]", 6)

KpOME TOro,
. ) J +m+l1
Qﬂaﬂwd—ﬂwﬂ—;;amﬁ"’. )
Ecmu xo3ddunmenTs psaos (3) — elCTBUTEIbHBIE YMCIIA, TO OMPEIeTUTEIN d}f — ; IPUHAMAIOT JIEUCTBU-

TesbHble 3HaueHus, a Q,,(z;f) u Pj(z;f) sABisIOTCA anreGpanyeckMMi MHOTOWICHAMH C JACHCTBUTE bHBIMH
ko3 pummentamu [18]. U3 (5)—(7) cnenyer, uro npu j = 1,....,k

ﬂ@—@@ﬂzgﬁﬁfmﬂ»

B KOTOPBIX KO3((PULIMEHTHI d; — | — HeHCTBUTENIbHbIE KCIIa.
) 3y
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3. Tpuronomerpuueckue annpoxcumanun dpvura-Ilane n Ipmura—Axoon

Hycts f* = (f],..., f{) — cucTeMa TPUrOHOMETPUYECKUX PSI0B
J ) )
f;(x):“20+;(a;cos1x+b;sinzx), =1,k (8)
=1

¢ IeicTBUTENIbHBIMU KO3 putineHTamu. Cunraem, 9To psiabl (8) CXOAATCS MpH BceX x € R 1 KakIbIid
psa ornpenensieT PyHKIMIO, 3aJJaHHYI0 Ha BCEeil IeMCTBUTENILHON MPSAMOH.

Jlnsa cuctemsl f cymecTsyer [9] ToXIECTBEHHO HE PaBHbIiA HYIIO TPUTOHOMETPUYECKUI MHOTOUIEH
0, (x:f) =0 b (x;£%), deg O}, < m, u Takue TPUrOHOMETPHUECKHE MHOTOWIeHb! P (x; ') = Péj}nﬁ(x;f‘),
degP; <nj,nj=n+m—mj uro jis j=1,....k

0, (et fi(x) = Pi(x:f) = ) (d{ coslx+b] sinlx) : )
I=n+m+1
Onpepeaenne 3.1. Ecim muorounens Q' (x; ), PJ’- (x; 1Y), j=1,..., k, ynoBneTBOpsIOT yc10BuaAM (9),
TO TPUTOHOMETPUYECKUE PAlIMOHATIbHBIE APOOU
Pi(x; )
() =7 (off)y="2L—""- j=1 k
. b 100 b
, AT
Oy/1eM Ha3bIBaTh mMpuzoHomempuueckumy annpoxcumavusmu pmuma—Ilade (cogmecmuvimu annpoxcu-
mayusmu Ipmuma—Pypwe) 1J1s1 MyIbTUAHAEKCA (71, 7) u cuctemsi .

OT™MeTHM, 4TO yCIIOBUsMH (9) TPUTOHOMETpHUYECKHe anmpokcuMary pmuta—Ilage onpenensiorcs,
BOOOIIIe TOBOPS, HE OJHO3HAYHO. 3aJadya HAXOXJIEHUs YCJIOBHUI, MPU KOTOPHIX OHU ONPEIEISIOTCS
OJTHO3HAYHO, MOAPOOHO HccieayeTcs: B padorax [5;9; 10].

Onpeie/iMM Terepb TPUTOHOMETPUYECKUE aHAJIOTH alpoOKCUMAaIuii dpmura—SIkoou.

Omnpeneaenne 3.2. PanmoHansHbie (PyHKITMN

Pi(x;f)
7o (o) =7 My =L"" j=1,...k,
J (x ) nj-,n,ﬁ (x ) an (X;ft) J

O (v ft) — Of . Dt (- gty — Pt .
rne Q) (x;ft) = Qnﬁ(x,f‘), P (x;ft) = Pnj’nﬁ(x,i‘) — TPUrOHOMETPUYECKUE MHOTOUICHBI, CTEIIEHH KO-
TOPbIX COOTBETCTBEHHO HE BBILIE M U Nj, Nj = N+ m — m;, OyAeM Ha3bIBaTh MPULOHOMEMPUHECKUMU
annpokcumayusyu Ipmuma—ko6u ana MynsTHEHIEKCA (1, 71 ) 1 cuctems £, ecm

Pl (x:ft o . .
fj’-(x)—#: ) (c?{coslx—l—b{sinlx), j=1,...,k.
0L, (xf) =

B oTyiurie OT TPUrOHOMETPHUECKHX aripoKcumanuii dpmura—Ilase TpuroHoMeTpruYecKre armpok-
cumanuu Dpmuta—IKoOu MOryT He CylecTBoBaTh [2;5; 14]. M3BecTHB NpuMepsl cucteM (yHKImii ft,
JJIS1 KOTOPBIX TPUTOHOMETPHYECKHE alpOKCUMAI DpMUTa—AKOOH CyIIEeCTBYIOT, HO He SBJISIOTCS
TPUTOHOMETPUYECKUMHU anmpokcumanuamu dpmurta—Ilage [9; 11;23].

Teopema 3.3. [Ipeononosicum, umo mMyabmuuHoexc (n,ﬁ), m # 0, yoosaemeopsiem ycaosuio
n>max{m;: 1< j<k} a fl = (fll,...,fkl), 1 = ( 1”,..., ,ﬁl) — 08e accoyuuposannvie ¢ £ cucmemw
CMENeHHbIX U MmpUuzoHomMempuueckux psoos. Tozda 0as cyuecmeo8anusi MpuzoHOMempu1ecKux annpox-
cumayuii Ipmuma—Arobu {ﬁ’j(x; fi1) 1;':1 docmamouno, umobl 05 cucmemvl cmenenuvix psaooe f!
BbINOAHSLAUCH CACOYIOULUE YCAOBUSL:

1) cywecmayrom anzebpauueckue annpoxcumauuu Ipmuma—Irxoou {1 j (z;fl)}lj‘-zl;

2) Kadicovlil cmenenHoil psio fJ] cucmemw f! umeem paduyc cxooumocmu R} >1;

3) payuonanvivie dpoou 7t;(z:fL), j=1,...,k, ne umerom nonrocos ¢ D = {z: |z| < 1}.

Ecau 0as cucmemvt £ goinonanenst ycrosus 1)-3), mo npu coomeememsyrouieti HOpMuposKe 0ast
ecex j =1,... ,k cnpasedausvl pasencmea:

- 0m
fn(X;ftl) = Qin(elx§fl) Qm(eix;fl) = ZC][ coslx,
=0
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-~ ~ . —_ o
Pjt-(x;fﬂ) =Re {Pj(e”‘;fl) Qm(e”‘;fl)} =) p]coslx,
=0

fiH ) = (e ) = i d] coslx,

I=n+m+1

20e qy, p{ , dl] — OelicmeumenvHvle Yucad.

Teopema 3.4. [Ipeononodcum, umo myavmuuHoexc (n,ﬁ), m # 0, yooeaemeopsiem ycaoeuio
n>max{m;: 1< j<k}, a 2 = (flz, ... ,sz), 2 = ( 1’2, el ,ﬁz) — 0se accoyuuposannwvie ¢ £ cucmemv
CMENneHHbIX U MmpUuzoHoMempuueckux psoos. Tozda 0as cyulecmeo8anusi MpuzoHOMempu1ecKux annpox-
cumayuii Ipmuma—-xkoou {TA[’j(x;i‘z) ]]‘.:1 docmamouno, umobvt s cucmeMvt cnenennvix psiooe 2
BbINOAHSLAUCH YCAOBUSL:

1) cywecmeyrom anzebpauueckue annporkcumavuu Ipmuma—Hxoou {7; (z;fz)}]]‘-zl;

2) KaducOvlil cmenenHoll psio sz cucmemvl 2 umeem paduyc cxooumocmu R? >1;

3) payuonanvuvie dpoou 7t;(z:82), j=1,...,k, ne umerom nontocos ¢ D = {z: |z| < 1}.
Ecau das cucmemvt £ eoinonnenst ycaosus 1)-3), mo npu coomeemcmesyioueii Hopmuposie s
ecex j=1,...,k cnpasedausvl pasercmesa:

0, (5:12) = O(e312) O 2) = Y Gicosl, (10)
=0
P(5:8%) = Im { () 0, (e5) ) = Y. s, an
1=0
fj’.z(x) — TA[’j(x;fﬂ) = i c@j sinlx, (12)
I=n+m+1

20e q, 1’)\{ , dAlJ — delicmaumenvbHble YUcd.

Bameuanne 3.5. Ycaosus 2) u 3) 6 meopemax 3.3 u 3.4 ne sieasiomes cyuyecmeenvimu 8 cAedy-
rougem cmvicae. Ecau onu ne evmonnenvt, nanpumep, 0as £, mo moxcno nepeiimu x Opyzoii cucmeme
pynryuii £ = (f1(rz2),..., fk1 (rz)), 0as komopoii npu docmamouno marom r, 0 < r < 1, onu 6yoym
8bINOAHEHDL.

3ameuanue 3.6. B gpopmyauposkax meopem 3.3 u 3.4 npeononazaemcs, umo myabmuuHOexc
yoosaemeopsiem ycrosuio n > max{m;: 1 < j < k}. Imo o3nauaem, umo mol paccmampusaem mobko
«BEPXHIOI0», yacms obueti mpuzonomempuueckoii madauywvt [lade (cm. [1, 1. 4, §1]), éxarouas ee 2nasnyio
OuazoHanb. IMo Ycaosue Ha MYALIMUUHOEKC NO380AAEM CYUWECNBEHHO YNPOCUND HAXOHCOEHUE S8HBIX
popmya 0as annpoxcumavuii Ipmuma—Ilade u nosmomy ecmpeuaemcsi 8 psioe pabom, NOCEIUEeHHbIX
dannoti memamuxe (cm., Hanpumep, [2;8;24-26]).

OcraHOBUMCS TOJBKO Ha JOKazaresibcTBe TeopeMsl 3.4. Teopema 3.3 moka3plBaeTCs aHAJIOTHY-
HO. Tak Kak BHINIOMHEHO ycioBue 1) u koadduimeHTs psiioB (2) nefcTBUTENbHBIC YKCa, TO APOOU
{m; (z;fz)}"j‘.:1 OTIpeJIENICHBI, MX YHMCITUTENIN U 3HAMEHATE b ABJIAITCS MHOTOWIEHAMHE C JeHCTBUTETbHBIMH
Ko3((pUMeHTaMi 1 B HEKOTOPOH OKPECTHOCTH HYIS

Fo-m®)= Y di j=1,..k (13)
I=n+m+1

BeironHeH#e ycIoBuii 2) 1 3) MO3BOJISIET B KAYECTBE TaKOil OKPECTHOCTH B3SITh OTKPHITBIN KPYT C LIEHTPOM
B HyJIe, paauyc KoToporo 6osble 1. O4eBUAHO, YTO fj’-2 (x) =Im sz(e”‘). Torna, nonaras B (13) z = €™,
a 3aTeM MPUPaBHUBAsI MHUMbIE YaCTH HOBOTO PABEHCTBA, MOIYyYHM

f}z(x)—lm{ﬁj(eix;fz)}: i dAljsinlx. (14)

I=n+m+1

IMokaxem, uro npu n > max{m;: 1 < j <k}

R (x,12) = Im{ﬁj(e"X;fz)}. (15)
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3uamenarenb Oy, (z;f2) u uncurens Pj(z;f2) npobu 7, (z;f2) — anreGpandecke MHOrowIeHs! ¢ JieficTBu-
TEJIBHBIMU KO3 uiieHTaMu. [Ipe/ironokuM, YT0 OHU MPEICTABIISIOTCS B BUE

m
3 2 ~ | D.g2 ~j_l
Om(z:£%) quz, Pi(z:£%) Zp{z
Torma mpu z = e

A, ix. £2 A, Ix.
Im{ﬁj(eix;fz)}:l, f/(e.’f) _ f/(e ’f2) _
2\ On(e82) 0, (e f2)

ni R ni o s .
1 Z J llx 23 OQA Z J J ilx E.T:O qselsx

. = 16
2l Zs:O qsel‘sx 21:0 qe —ilx ( )

nj m ’\j/\ .
Yo Y0P s sin(/ —s5)x
Yo Xitodsqicos(l —s)x
Ecm n > max{m 1< < k}, TO nj > m. 1103TOMy TPUTOHOMETPUYECKUIA MHOTOYIEH, CTOSALIMIA
B YUCJIUTEJIC IlpO6I/I (16), HNMEET CTCIICHb HE BHBIIIIC 1 s a MHOI'OYJIEH, CTOHH_II/Iﬁ B 3HaME€HaTeJie, UMEECT

crenenp He Bole m. Otciona u u3 (14) nenxaeM BBIBOJ O TOM, UTO CIpaBeyiuBO paBeHcTBO (15). Torna us
(14)—(16) BeiTekaeT crnpaBeMBOCTh paBeHCTB (10)—(12). Teopema 3.4 nokazana.

4. CymecTBoBaHNe HeJIMHENHBIX anmpokcuManuii Ipmura—Yeobimésa

Teopemsl 3.3 1 3.4 MO3BOJAIOT HARTH JOCTATOYHBIE YCIOBU S, PH KOTOPBIX CYIIECTBYIOT HEJIMHEIHBIE
anmnpokcumaruu pmuta—YeOblnEéBa U ONKMCATh MX SBHBIA BU/I.

Teopema 4.1. ITycmo n > max{m;: 1 < j <k}, m# 0, a 0as cucmemvt f cmenennvix psooe,
accouyuuposanmvix ¢ cucmemoii £, guinoansiomes ycaosus 1)-3) meopemwt 3.3. Tozda cywecmeyom
HeauHelinble annpokcumayuu Ipmuma—Yeoviuéea nepsozo pooa {ﬁj’” (x;fd‘l)}’;.:1 U OAs1 UX 3HAMEHA-
means u uucaumenel CnpasedAussbl npeodCcmaeAeHuUs

échl (x;fchl) _ Q\m (eiarccosx;fl) Q\m (eiarccosx;f1)7

m

ﬁjchl (x;fChl) — Re {ﬁj(eiarccosx;fl)m} 7

20e MHo20uneHbl Ipmuma—roou Qm(z,fl) (z,fl) cosnadarom ¢ mHozouaenamu pmuma—Ilade
Om(z: 1Y), Pi(z:f1) u 6 mom cayuae, xoz0a onpedeaumens H, 5 (f1) # 0, naxoosmes no popmyaam (5),
(6), 6 komopoix £ = fl,

Teopema 4.2. ITycmo n > max{m;: 1 < j <k}, m # 0, a daa cucmemvl 2 cmenennvix psdos,
accoyuuposanmvix ¢ cucmemoii f2, goinoansiomes ycaoeus 1)-3) meopemwt 3.4. Tozda cywecmeyiom
Heaunelinvle annpokcumayuy Ipmuma—ebouuésa émopozo pooa {TT?”Z (x; t'chz)}’j‘-:] U 0N UX 3HAMEHA-
MmeAst U yucaumeneii Cnpageodnussbl NPedCmagAeHus.

02 (x;£h2) = O, (€470, £2) O, (efarccosy £2) (17)
N 1 ~ e E———
ch2 (. pch2y __ ([ iarccosx, £2 i arccosx.
P (x; ¢ )—7mlm{PJ(e 12) Op(e ,fl)}, (18)

20e MHo20uneHbl Ipmuma—koou Qm (z; £2 ), (z, f2) cosnadarom ¢ mHozouaenamu Ipmuma—Ilade
On(z:82), Pi(z:2) u 6 mom cayuae, kozda onpedeaumens Hnﬁ(fz) # 0 naxoosimes no popmyaam (5),
(6), 6 komopwix £ = 2,

Jloxaxem Teopemy 4.2. PaccMoTpumM acconmupoasHyio ¢ cuctemoii f2 cuctemy 2. Iockonsky
BBITIOJIHSIOTCS YCJIOBUSI TEOPEMBI 3.4, TO CYIIECTBYIOT TPUTOHOMETPUUECKUE ANMPOKCUMAIIUN DPMUTA—
Axo6u {77 (x;#2)}5_ | u cipasesmuper hopmyser (10)—(12). 3aMeHHM B 3THX PABEHCTBAX X HA ATCCOS X, a

3areM pazziesum nowieHHo paserctsa (11) u (12) va /1 — x2. TlockosbKy Ha otpeske [— 1, 1] cipaseumBbl

TOXIECTBa
fjt-z(arccosx V1—x2 Chz j=1,...k,
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TO B PE3YJIbTATE IMOJYyUUM

A~ ~ =~

S m
Q' (arccosx; %) = Q,, (/9% £2) Q,, (eiarccosx; f2) — Y ati(x),
=0

~

1 —~ . —_ . L i
Pt-(aI‘CCOSX;ftZ) — Pj(ezarccosx;fZ) Qm(ezarccosx;fz)} = ZleUl(x),
=0

o L
Vi Vi—a
ch2 L™ .2 S
[ (x) = 727t’j(arccosx,ft )= ) d/Ux).
1—x I=n+m-+1
Otciofia ciefyeT CymecTBOBaHue armpokcuMaruii Ipmura—UeGpimesa {72 (x; fM2) 15| u cnpasem-
BocTh paBeHCTB (17), (18). Teopema 4.2 noka3zana. Teopema 4.1 goka3pIBaeTCS aHAJIOTHYHO.
3ameuanue 4.3. [Ipu k = 1 meopema 4.1 doxazana 6 [2] (6e3 onucanus 161020 8uda aNNPoOKCU-
mayuii [lade—Yebvimésa). Ymeepocoenuss meopemol 4.2 264510MCsi HOGLIMU U NPEOCABASIIOM CAMO-
CMOSIMeNbHDL UHMeEpeC 8 MOM uuchae 8 cayuae k = 1: neauneiinvie annpoxcumayuu Iade—Yebviuésa
8MOP020 pOOA 6 MAKOIL Jce Mepe, KaK U HeauHelinvle annpoxcumayuu Ilade—Yedviuésa nepsozo pooa
(em. [27-30]) mozym 6btmeb 60cmped08aHbL 8 PA3AUUHBIX NPUNOACEHUSIX, d MAKIHCEe NPU NPOBeDeHUU
HAYUHLIX U MeXHUUeCKUX pacuemogd (noopoonee cm. [2;31;32]). Ommemum maroice, umo 045 HEAUHEHbIX
annpoxcumayuti Ipmuma—Yebviuésa 6mopozo pooa 3a0aua HAXOHCOEHUS YCAOBUIL UX CYULECMBOBAHUS
00 HACMOSWE20 BPEMEHU HE UCCAEO08ANACH.
Pabora BbinosnHeHa npu (pUHAHCOBOI NoAepkke MunucTepcTBa odpazoBanus Pecy6nmku bena-

pych B pamkax [ocymapcTBeHHOM MporpaMMbl HayIHBIX ucciaegoBadmii Ha 2021-2025 rofsl.
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1. BBegenue

NccnenoBateny pa3jiuyHBIX HalpaBlIeHUI HayKW, HallpuMep, TakKUX Kak SKOHOMHKA, (PU3HKa,
TeHEeTHKa, BCe Yallle oOpanaloT cBoe BHUMaHNE Ha HEOOXOIMMOCTh y4eTa BIMSHHSA CIydailHOCTH Ha
uccieyemble siBieHus. JKenaHye OoleHUTh BIMSHYE CIy4YaiHbIX (PAKTOPOB Ha MOTyYaeMble pe3yIbTaThl
CJIY)KUT MOTHUBOM K IIEPEXOAY OT AETCPMHUHUPOBAHHBIX MOIICIIGI;'I K MOJEJIAM, YUYUTBIBAIOIITNM CquaﬁHYIO
NpUpony sIBIEHUH. B pszge ciydaeB mMonenb sIBJIEHUS MOXHO OIUCATh C MOMOIIBIO CTOXAaCTHYECKOTO
g depennmansHoro ypasaenus (CAY). 3nech HEOOXOOUMO OTMETHTD, YTO TOUYHO PENIaeTCst TOJIBKO
OTHOCUTEJIBHO HEeOOJIBILIOH KJ1acc TakuX ypaBHeHuid (Hanpumep, cM. [1-3]). Kak cieactBue, ocoboe 3Haue-
HHUE NPUOOPETAIT METO Il ukcieHHOTO petieHust CIIY v npuOIMKeHHOrO BHIYUCIEHUS MaTEMAaTUUECKUX
OXMIAHUI OT (PYHKIIMOHAJIOB OT PEIICHUH TaKUX YpPaBHEHHH.

B 4uciieHHBIX METOJAaX MOXKHO BBIAEIUTH ABAa OCHOBHBIX IMOAXO0A: CHJIBHBIA M ci1aOblid. CHilb-
HBII CBSI3aH C HaXOKAECHUEM pEIIeHHs OTPAEKTOPHO. 3/1eCh, KaK MPaBUJIO, UCTIONb3YIOTCS MIUPOKUI
Ki1acc MetooB MonTe-Kapino (Hanpumep, cMm. [4]). [laHHbIE METOABI MO3BOJIAIOT MOCTPOUTH PEIIEHUE
C I0CTATOYHO HEOOJIBIIOI MOTPEITHOCTHIO, HO TPeOYIOT 3HAYNUTEIIbHBIX BHIYMCIINTEbHBIX 3aTpat. Eme
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OJTHOU OCOOEHHOCTBIO UCTIONIb30BaHUs MeToI0B MoHTe-Kapio sBisieTcs To, 4TO MpU MOAEIMPOBAHUH
TeHEPUPYIOTCS TPASKTOPUH, IPUOJIMKAIOIIUE pellieHHe YpaBHEHHsI, TOT/Ia KaK BO MHOTHX 3a/1a4ax Hac
MHTEpeCyeT MpexkJie BCero HeKOTOPBIi MHTETpasIbHBIM MOKa3aTelb, YTO JJIsk 00ecieueHrs] HE0OXOIUMOM
TOYHOCTH MPUBOAUT K eliie OONbIIeMy POCTy BHIMUCIUTENbHBIX 3aTpat. C1alblii MoAXo[| CBsA3aH C MOMCKOM
npubIIKeHuit, 6;u3kux K pemeHuio CIIY B HEKOTOPOM CMBICTIe, HAITpUMep, OJM3KUX MOMEHTOB JIO
3aJJaHHOTO TIOPSI/IKa WK XapaKTeprucTuieckoro pyHknuoHana. [Ipu Takom noaxojie, Kak mpaBuiio, He0O-
XOZIMMO TIPOBECTH TIpeBApUTEIbHbIE AaHATNTUIECKHE BHIYMCICHHS, YTO B TIOCJIEACTBUN KOMITEHCUPYETCS
BBICOKOI CKOPOCTBIO BBIYMCIICHUS [5—7].

Oco06pr1it naTepec npeactaBisaoT CIY ¢ apeiidom, MOCKOIBKY B CITydae ero HeJIMHEHHOCTH pellieHre
TaKOro ypaBHEHUS TPeOYeT CUMYJISIIIUY ellle OOJbIIEero KOJINYeCTBa TPAeKTOPUl JIJIsi CUIIbHBIX METOJIOB
Y 3HAYUTEJIBHO YCJIOKHSETCS IPUMEHEHHE CJa0biX METO/IOB.

B nanHo#i pabote mpenioxeHa (opmyna sl NMPUOIMKEHHOTO BBIYUCIICHUS] MaTEMATHUECKUX
OXUJaHuil oT pyHKIMOHANOB OT pertenuii CIIY ¢ apeiidom, pazsuBaoiast caadblii Moaxo.

Hainee OyneM paccMaTpuBaTh cToXacTrudeckoe audepeHImaibHoe ypaBHeHHe, 3aNiCaHHOe B CO-
OTBETCTBYIOIIIEH MHTETPabHOU (popme:

X = Xo+ [a(X,s=)ds+ [ B(Xo,s—)dW,, (1)
0 0

rae W, — nporiecc Bunepa, 1 € [0, 1], Xo € R, ac u 3 — pyHKIMH, [71aIKO 3aBUCSIINE OT CBOMX [IEPEMEHHBIX.

3pech OyneM mosaraTh, YTo MHTErpai no W; B mpaBoii yacTu ypaBHEHUs SIBISAETCS CTOXACTUIECKUM
uHTerpanom B cMeicie Mto. Takke Oyznem npeamnosnaraTh, 4YTo Ha (PyHKLIUM X U 3 HAJOKEHBI YCIOBUS
CYyIECTBOBaHMS CWJIBHOTO pelleHus (Hampumep, cM. [2;3]):

loe(y1,1) = (2, 0) > + 1B (v1,0) = B2, 1) > < Kilyr — 322,
(v, 0)]>+ B 1) > < Ka(1+[yP),

g Vyp,y, € R, tme K, K, € R.

3amaveil uccieJOBaHusl SIBJIACTCS TOCTPOSHUE MPHOMKEHHOM (POPMYJIBI JUIsl BBIYUCIICHUS MaTe-
MaTH4YecKuX 3HaueHuit pynkuuonanos suaa E[G] = E[G(X(.))], rne G(x) 3T0 HEKOTOpHIit (hyHKIIMOHAT,
[JIA/IKO 3aBHCSIIMIA OT CBOETO apryMeHTa. 31ech CUMBOJ (+) yKa3bIBaeT Ha TO, 4TO (hyHKIMOHAT G MOXET
3aBHCETh HE TOJIBKO OT 3HAYEHHsI IIpoLiecca B HeKOTopoil Touke X;, s € [0,¢], HO M OT ero TpaeKTopun
(Hanpumep, (pYHKIMOHA MOXET COAEPKaTh UHTErpas oT Xj).

3neck 1 gaiee GyaeM Hperoararh, 4ro Ul YKa3aHHOTO (hyHKIMOHAIA CYIIECTBYET CHIIbHAS
HPOU3BO/HASI TI0 €r0 apryMeHTY, KOTopyo Oyaem 06o3Hauath G’ (x). Takxke Oyaem mperonarats, 4To
9Ta NPOU3BOIHAs orpaHuueHa HekotopsiM C € R.

1.1. IlocTpoeHue NMPUOJIHKEHHOH (POPMYJIbI

CHayvasia MOCTPOMM MPUOJIMKEHHYIO (POPMYITy, TOUYHYIO JUIsi MOMEHTOB TPEThEN CTENEHHU BHA
E[&1&283], tne & = {t1,12,13, W;,, Wy, , W, }. TInst ee mocTpoeHus GbUl aJaNTUPOBAH TOAXOM K MIOCTPOCHUIO
(bOpMYJI IPOM3BOJILHOM CTENEHN TOYHOCTH ISl BBIYMCIIEHHs (DYHKIIMOHAJIOB OT TAyCCOBCKUX MEp, MPEI-
JoxkeHHbIi B padortax JI. A. fnoeuua, A. JI. Eropoga, I1. UI. CoboneBckoro u jip. (Hanpumep, cM. [5]).
Oryi4me TpeIaraeMoro jajee Mojaxoja 3ak/I04aeTcst B TOM, YTO MIOCKOJIBKY paccMaTpHBaeMoe ypaBHe-
HHUEC ABJISACTCA ypaBHeHI/IeM C Hpeﬁq)OM, BO3HUKACT HeO6XOHI/IMOCTb, BO-HepBI)IX, y‘lI/ITbIBaTb 3HAYCHUA
MOMEHTOB, COIEPKAIIUX BPEMS KaK OJUH U3 MHOXKHUTEJIEH, a BO-BTOPHIX, CTPYKTYpa UCIIOIb3YEMbIX (DYHK-
LM T0JKHA OBITh YIOOHA I OCYLIECTBIIEHHS BHIYUC/IEHUIA BO BCIIOMOraTeIbHOM YPaBHEHHUH, KOTOPOE
Oy/IeT MCIIOJIb30BAHO B AaJbHERIIEM I IOCTPOEHU S TIPUOJIMKEHHOM (POPMYIIBI Ui (PyHKIIMOHAIA OT
pEIlEHUs CTOXAaCTUYECKOIO YPABHEHUSA C AperdoM.

Jlemma 1.1. @opuyna (2) mouna 0t mamemamuueckux OHCUOAHULL MOHOMO8 mMpPentbeli CMeneHu
suoa E[G] = E[§,&E,83], 20e & = {1,t1,t2,13, W, , Wy, W, } 3a uckniouenuem cayuas &1&83 = t1trt3.

| =

111
ElG) ~J(G) =5 YA, [ [ [ Gloj () +pja(cu), p(,v))durduzdy, 2)
00-—-1

j=1
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pjk(sauk) = ajkl[uk,l](s))k = 1527 p(S,V) = Sign(v)l[‘v‘,l](s)a
A1+Ay=1,

1 A N A
6121—2(1— _A2>’ 6112—2<1+ —A2>.

Jlemmy 1.1 He CNOKHO J0Ka3aTh HEMOCPEACTBEHHO TOACTABUB Py ;(t,ux) + Pr, j(t,ux) m p(t,v)
BMecTo ¢ u W, B npuBe/icHHbIe B (DOPMYJIUPOBKE JIEMMbI MOHOMBI.

CuMBoOJ TOYKH B (hopmylie (2) yKas3bIBaeT Ha TO, YTO PYHKIIMOHAT G MOXET 3aBUCETh HE TOJILKO OT
3aIaHHOr'O MOMEHTA BPEMEHH 7, HO U OT TPAEKTOPHH CITy4YailHBIX MPOLIECCOB 3a MPOMeXyYTOK [0,1].

B nmanHO# paboTe B KauecTBe NapaMeTpOB MOCTPOSHHON NMPUOIMKEHHON (OpMYbl ObUTH BIOPAHBI
ClleiyIolIne 3HAYCHHUS:

A 4 A 1 1 3 1 3
== — = ——.d = —.d = —.a = ——.a = —,
1 3 3412 3 yA11 4’ 12 4’ 21 2’ 22 )
Jist mocTpoeHust MPUOTMKEHHOM (DOPMYITBI IS pellieHrst ypaBHeHus (1) BBeIeM U pelriM BCTIOMO-

rate/ibHble ypaBHeHHs Bija (3), MOJTyYeHHbIe C IOMOLIBIO MOACTaHOBKY (yHKumit p(¢,v) u pj1(t,u1) +
+pjp(t,uz) B (1):

t
Yj(t?ulau27v) = XQ—FJOC(Yj(S—,Ml,uz,V),S—)d(pjl(S,ul) + ij(S,Mz)) +
0

+ B(Yj(s—,Ml,l/t2,V),S)dp(S,V). (3)

o .

o k
Pemmm ypaBHeHue (3) ¢ MOMOIIBIO METO/IA MOCTIeJOBATEIbHBIX PUOIkeHuid. O603HaUNM Y.(t )

J

k
= Yj( )(t, ui,up,v) 3Hadenue Y;(t,uy,uy,v) Ha UTEpaly C HOMEPOM k.

IMycthb Yj(o) (t,u1,up,v) = Xo. Ha nepBoM miare nonyvaem

t 1
Vit ua,v) = Xo+ [ (Xo,5=)d (pji(s,u1) + pja(s,2)) + [ B(Xo,5)dp(s,v) =
0 0
=Xo+ O((Xo,ul)pjl(t,ul) + O((Xo,ug)pjz(l‘,uz) + ﬁ(X(), |V|)p(t,v).

1 o o
Hanee noacrasum Y j(t ) ypaBHeHUe (3) ¥ BOCTIONIb3YyeMCS CeIyIOUMMU CBONCTBAMH (PyHKLMH
P U Pjk:

pj1(ur—,u1) =0, ppuz—,u2) =0, p(|v[—,v)=0,
U MOJNyYuM

Yj(12> =Xo+ “(XO + Oc(XovuZ)pﬂ(ul_)uZ) + B(XO, |v|)p(u1—,v),u1) pjl(taul)+

ot (Xo + o(Xo, u1)pji (u2—,u1) + B(Xo, [v]) p(u2—,v),u2) pj2(t,u2)+
+B (XO + O((X(),Ml)pjl(|\/|—,u1) + OC(X(),M2)Dj2(‘V|—,u2), ’VD p(t,v).

3 .
llanee MOKHO BBIYUCJINTh Yj(t ), €CJIM TPUHATH BO BHUMAaHUE 3HAUYCHU A (byHKHI/II/I o, pjk B 3aBUCUMOCTH

OT COOTHOLICHUSA MEXKAY MEPEMCHHBIMUA U], Uy U V.

Ecm u; < up < |v|, Torma
ij(ul_7u2) :Oa p(M1—7V) :05
pj1(ua—,u1) =aj, p(uz—,v) =0,

pj1([v|—,u1) = aj, p(|v[—,u2) = aj.
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Ecm uy < uy < |v|, Toraa
Pj2(u1—,uz) = aj,
j1(ur—,ur) =0,
pji([v[—,ur) =aj,
Ecm uy < |v| < uj, Torma
Pjpp(ur—,u2) =aj,
pji(ur—,u1) =0,
pj1([v[—,u1) =0,
Ecm u; < |v| < up, Toraa
pja(ur—,uz) =0,
pj1(ur—,ur) = aji,
pj1([v[—u1) =aj,
Ecm |v| < u; < up, Torma
ij(ul_7u2) :Oa
pji(ua—,u1) =aj,
pj1(|v]—,u1) =0,
Ecm |v| < up < uj, Toraa
pj2(u1—,uz) = aj,
pj1(ur—,ur) =0,
pji([v[—,u1) =0,

Ecm uy = u;, Torga

pjp(ur—,uz) =0,

p(Ml—,V) =0,
p(u2_>v) =0,
p(vl—,u2) = aj.

p(u;—,v) =sign(v),
p(”Z_av) == 07

p(v[=u2) = aj.

p(ul s V) = 07
p(uz—,v) = sign(v),
p([v[—,u2) =0.

p(u1—,v) =sign(v),
p(uz—,v) = Sign(v)’
p(|[v|—,uz) =0.

p(u1—,v) = sign(v),
p(uz—,v) = sign(v),
p([v|—u2) =0.

pj2(ur—,uy) = 0.

Ecm u; = |v

, TOrma

pit([v|—u1) =0, p(uj—,v)=0.

Ecm up = |v|, Torma

pjia([v|[—u2) =0, p(ur—,v)=0.

. 3) .
Ilepeiinem K TpeTbeMy IIAry U BHIIMIIEM y4YaCTBYIOLIE B yPaBHEHUH JUIst ¥ 3HaueHMs (pyHKIMiA

(Y j(;l)_ up), (Y ].(53_ Ju2), B (Yjﬁ_, |v]), BO3HHKAIOIINE MOCIIE MOICTAHOBKH Y 2)

'+ BYpaBHeHue (3) ¢ yueTom
MOCJIEIyIOIEro MHTErPUPOBAHUS.

st oc(Yj(u2 1)7 ,U1) TIOTYYHM:
up <up <|v| : a(Xo,ur),
w <up < [v| 1 o(Xo+ x(Xo,uz)aj,ur),
upy < |v| <wuy o(Xo + x(Xo,uz)ajp +
B (X0 + (Xo,u)ajo. v sign(v), 1),
up < up < |v| x(Xo,uy),
V| <up <up o(Xo + B (Xo, [v])sign(v),u;),
V| <wux < uy o (Xo + o(Xo +

+B(Xo, Iv])sign(v),uz)ajs + B(Xo, [ )sign(v),u1):
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2
o U2):

up < uy < |vl x(Xo + x(Xo,u1)aji,uz),

Uy <uyp < |v x(Xo,u2),

uy < |v| <uy x(Xo,u2),

up < up < |v| o(Xo + x(Xo,u1)aji +
+B(Xo + (X, ur)aji, [v])sign(v),uz),

V| <up <up o(Xo + ox(Xo + B(Xo, [v])sign(v),ur)aji +
B (Xo, [)sign(v), u2).

V| <wux < uy o(Xo + B (Xo, [v])sign(v),uz);

it B( JH )

up <uy < |v| B (Xo + o(Xo,ur)aji + o(Xo + o(Xo, u1)aji,uz)ajp, |v|),
up <uy < |v|  B(Xo+ x(Xo+ x(Xo,u2)aj,ui)aj + o(Xo,u2)aj,|v|),
up < |v|<up : BXo+ x(Xo,u2)aj,|v|),
u <up < |v| : B(Xo+x(Xo,ui)aji,|v|),
W <u <ur : B(Xo,v|),
v <wup<uy : B(Xo,|v|).
Takum o6pazom, ¥, umeer ur
3 )
Yj([) = X0+0€<X0+<X(Xo+ B (Xo, [v])sign(v) 1 (jy11(u2), u2) @jol(yy 1 (u1) +

+B (Xo+ «(Xo, u2)ajp 1, 1y(v]), [v]) Sign(v)l(v,l](ul)+7ul) pj1(t,ur) +
+0€<XO + o (Xo + B (Xo, [v])sign(v) 1 jyp1) (1), 1) @ji 1y, 1) (u2) +

+B (Xo + o(Xo, ur)aji 1y, 1) ([v]), [v]) sign(v)1 )1 (u2), M2> pja(t,uz) +
+B <X0+ & (Xo+ &(Xo, u2)ajp 1y, 11 (1), u1) ajiliy, () +

+a (XO + (X(Xchul)ajl1(14171](1"2)’”2) aj21(uz,1](|v|)v |V|> p(t,v).

(3)

OcyIecTBHB I0ICTAHOBKY IOy YCHHOTO BhIpaKeHHs 1U1s1 ¥, B opmyty (3) 1 rIpojiesiaB aHanorny-

3
HbIe TIPUBE/ICHHBIM BHIIIIE BHIYUCIIEHUSI, HE TPYIAHO YOCIUThCS, UTO Y( ) = =Y ,(z ), T.e. Vi =Yi(t,ui,up,v) =

= Yj(f) ABJIsIETCA pelleHueM ypaBHeHus (3).
[MpubmmxenHyo popMyITy AJI MATEMAaTUIECKOTO OXUAaHNs (DYHKIIOHANA OT PEeIleHNs] ypaBHe-
Hus (1) nmomyunm noxacrasus Y (t,u;,uz,v) B popmyny (2):

) 11
J=1 ofoj
CrpaBeyiuBa ciieyolniasi TeopemMa.
Teopema 1.2. Tounocmo npubaudicennoii popmyavi (4) umeem nopsioox 0([3/ ), m. e.

—J[G,Y]| = (JA1] +|A2))C/ Ko (1 + X)) + o(£3/%) = 0(*/2).

G(Y;(-,uy,up,v), ) duiduydv. (G

\S) \

_H.—

‘E[G(X(.))]
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Joka3zaTeJbCcTBO. BBeieM crieyomme 0603HaYeHU s X=X —-XouY i+ = Yj; — Xo, Torna, nosp-
3ysICh TIpeACTaBJICHUEM, PUBEICHHBIM B [5], MOXeM 3amucaTh ClIeyIollee paBeHCTBO:

|E[G(X())]-J(G,Y)| =E

1 ¢
G(Xo) +IIG Xo + X)) Xdds | —
00

2

111 1 ¢t
ZA./f f f {G(Xo)+ffG;(Xo+rYj(.))Yjsdes}dulduzdv: (%)
00 -1 00

=1

N —

U BBE X, (1)
nem mpouecc X, BAga

t t
xV = Xo+ f o(Xo, s—)ds + f B (Xo,s—)dWs,

TOrZa
1t
(%) = E[de'tds x {GQ(XOHX(_))XS—G;(XO+TX(.))X§”+
00
1 2 111
+G;(X() +TX(.))XS(1) -5 ZAJJI f G;(Xo +TYj(,))Yjsdu1du2dV}:| ‘ = (xx),
=l 00 -1

CJIEAOBATEIbHO, BBIPAXKCHUE BBIIIE MOXHO IIEPENUCATh B BUOC

dds x E[G’ (Xo + X)) (X — X))+

1&
3 A
0

J=1

11 21\ 1/2 2 _
<_Of0fdnzs>< {c (E[(XS—XS(])) D +Y 1A lcR[X" 1+

j=1
12 111 y S e
S LA [ [ [ Gxo+7750) (IE[ ]—Yjs) durduydv } = (*).
Ucnone3ys ycnoBusi, Hak1aapiBaeMble Ha (PYHKIIMM X | 3, HE TPYIHO MOKAa3aTh, YTO

<IE {(Xs“’ —X0>2] ) " Ko (1+X2)s'2 + o(s'1?)

<E [(X —Xs“))z] ) " KiKa(1+X2)s+o(s) = o(s'/2),

(cm. [2;3]), mosTomy
(%) = (JA1| + A2 )C\/ Ko (1 + XD)13 2 + 0(3/) +

1t 111
+fj YA [ [ [ 6o+, (foch, )dz — Yjs>du1du2dv

00 255 00 -1
1 1t
< (Al + 142D ka1 X202 4 o) + [ [ ¢
00
= (|A1]+ |A2])C\/ Ko (1 + X2)*? +0(t3/%) = O(£/?). 0

1
dtds <

|A1| + ‘Az‘ CO( )d’fds =

l\.)\r—‘
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2. YucaeHHBIN 3KCIEPUMEHT

JJ1s1 IeMOHCTpaLry BO3MOKHOCTE! NpeAIoKeHHOU (DOPMYJIbl PACCMOTPUM ypaBHEHHE BUA

X,—1+jcos ds+JX dw;

Y BBIYMCJIMM MaTeMaTHYecKoe OkuaaHue ero peruenus EX;].

B Tabnmrie npuBenens! pe3ynbTathl Berancienus 1t = 0,01 ut = 0, 1 ¢ ucnons3zoBanuem Gpopmy-
761 (4) 1 metona Monte-Kapio. [1pu MogempoBaHum TpaeKTOPUI HCIIONb30BAIACH cXeMa MUIbIITeiiHA
(cMm. [8]), a mapameTp N yKasblBaeT Ha KOJMYECTBO BBIIIOJHEHHBIX HE3aBUCHMBIX PO3BIIPHIIIEH TpaekK-
Topwmii nmponecca. Heo6XxoqumMo OTMETHTD, UTO Kaxk1asi CTPOKa B CTONOIAX, COOTBETCTBYIOLIMX CXeMe
MurbluTeiiHa, SBASETCS Pe3y/IbTaTOM OCPEIHEHHS [0 He3aBUCUMO CMOAEIMPOBAaHHOMY HaOOpy TPaeKTo-

pI/Iﬁ XapaKTCpHOfI 0COOEHHOCTHIO METOOa MOHTC—KapHO ABJIAETCA TO, YTO IIPU KAXKIOM HE3ABUCUMOM
BBIYMCJICHUKW UCKOMOI'O 3HAYCHUA (I)YHKLII/IOHaJIa MOJIy4a€TCA HOBOC€ 3HAYCHUC.

PeByJIbTaTI)I YMCJICHHBIX 9KCIIEPUMEHTOB

t=0,01
Popmyina (4) Cxema MubluteiiHa
N =100000 | N = 1000000 | N = 5000000

1,005366940

1,005337034
1,005512123
1,005171719

1,005520395
1,005516914
1,005347186

1,005409730
1,005365776
1,005468750

=

0,1

dopmyna (4)

Cxema Mubiniteiina

N = 10000

N = 100000

N = 1000000

1,050521622

1,048873096
1,052423041
1,047200251

1,052577854
1,054184545
1,054789066

1,054480922
1,054275370
1,053922429

3. 3akaouenue

B pabote npeaioxkeHa ¢hopmyJia NpuOIMKEHHOTO BHIYUCIICHU S MATEMATUIECKUX OKUIAHUH OT pellie-
HUSI CTOXACTUYECKOTo AudepeHIIMaTLHOTO YPaBHEH!s, B KOTOPOM MPUCYTCTBYeT Apeiid. [TponsseneHa
OLIeHKa MOTPEIIHOCTH MoJTyueHHOM hopmybl. Popmysa (4) OTHOCHTCS K KJIaccy cabbIX ammpoKCUMaIuii
Y OCHOBAaHA Ha aNMpOKCUMAIMM MOMEHTOB OT CIIy4YailHbIX TporieccoB. I cBoero npuMeHeHus Gopmysa
Tpe6yeT MMPOBEACHUA ITPEABAPUTEIIbHBIX CUMBOJIbHBIX BbI‘IHCJ'[eHPIﬁ, O/THAKO 3aTpaThl HA 9THU BBIYMCJICHUSA
KOMIIEHCHPYIOTCSI B TIOCJIEICTBUY 32 CUET BHICOKOI CKOPOCTH BhIUHMCIIeHHH. Ellle OIHIM MpenMyecTBOM
SIBJISIETCS TO, UTO BhIYKCJICHHE MPUOJIMKEHHOTO 3HAYECHHUsI C UCTIOb30BaHUeM (popmyiisl (4), TpedyeT
3HAYHUTEJILHO MEHBINIETO KOJIMYECTBA MAMSTH U BBIUUCIUTEIBHBIX PECYPCOB, IOCKOJBKY TPU UCTIONL30-
BaHUU cXeMbl MeTo1a MoHTe-Kapsio Heo6X0IuMo MPOU3BeCTH OCpeIHEHNE 3HAUYEHH S HA OCHOBE BCETO
MHOXECTBa F€HEPUPYEMBIX TPAEKTOPHIA.
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method, gene dynamics.

1. BBegenue

OcHoBornonaratotie padotsl reHetriku [. Xapmau [1] u B. Baiin6epra [2] o ycToiiunBoMy pac-
IIpeJesIeHUI0 ajulesiell ObUIM OCHOBaHBI Ha 3aKOHe MeHzeins.

BaxHeiimM pe3ysbTaToM YIIOMSHYTHIX HCCJIEJOBaHUI BIIsIeTCS] paBHOBecre Xapnu—BaitnOepra,
KOTOpOE TIpeIosaraeT, YTo eCiii ajuieib A BCTPeJaeTCs B MOMYJISALMN B HEKOTOPOM MHTEPECYIOIeM
JIOKYyCe C BEPOSITHOCTBIO p, a ajjiesb B ¢ BeposATHOCTBIO ¢ = 1 — p, TO HabMoAaeMble YaCTOThI TEHOTHUIIOB
B 9TOM JIOKyCe paBHH p” 1151 AA, 2pq nnsi AB u ¢° 11 BB, npudeM BHIONHAETCA TAHHOE COOTHOLIEHHE
B CJIy4ae BBIIOJIHEHUs psfa ycjioBuil (cM. Tadnuny). OgHaKo B HMOMYJIsALMSAX TOMAIIHMX XKMBOTHBIX,
UCTIONb3YEMBIX B COBPEMEHHOM CEJIbCKOM XO35IIICTBE, YKa3aHHbIE YCIOBHUs, KaK MPaBUJIO, HE BBITOIHSIOTCS.
B kauecTBe nprmepa MOXHO NpHUBECTH JoiiHOe cTano HoBoit 3enananu, KOTopoe cOCTOUT U3 Ooliee 4eM
4-10° KXMBOTHBIX, CrPyIMMPOBAHHBIX MPUOIM3KUTENHHO B 1, 1-10% craa. OueBuHO, UTO CIAPUBAHUE B ITOM
HAIIMOHAJIFHOM CTaJie aieKo He ciaydaiiHo. B 2013-2014 rr. aiis oceMeHeHus ObUIO HCTIONB30BAHO Yy Th
6onee 3700 6bikoB, ipryeM B 80 % criapuBaHMii BCEro HAIIMOHATIBLHOTO CTaaa ObUIO UCIIONB30BAHO MEHee
100 syymmx OBIKOB. 32 UCKJIIOYEHUEM CJIy4YaiHbIX MyTalMil NOMYJISALMY B LIEJIOM AaJIeKU OT IPOIOPLUHA
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paBHOBecust Xapau—BaitnOepra B mo6oM siokyce. YacTOTbl TEHOTHIIOB MOTYT OBITh Pa3JIMUHBIMH AAXKeE IS
OJIHOTO JIOKYCA B CJIydae pa3jIMuHbIX UCCIIeyeMbIX CTaJl WM PETMOHOB. B Tabuile nprBeieHbl yCIOBUH,
KOTOpBIE IPUBOJIST K paBHOBecHIo Xapnu—BaitHOepra B HEKOTOPOI HleaIbHOI MOJEIbHOM TOMYJISAIIUY U
YCJIOBUSI, CYIIECTBYIOIIKE B MOJIOYHOM MpoMbIUIeHHOCTH HoBoti 3enannuu (Kak U B APYTUX CTPaHAX,
TJ€ UCIOJIb3YIOTCA MPOMBIIITIEHHBIE TOIXOABl B CEJILCKOM XO3SHCTBE).

VYeaosusa Xapau—-Baiinoepra u noitHoe craao HoBoii 3eanauu

WpeanbHad nomynauus WupyctpuaabHOE NIpOU3BOACTBO
Bonbmasa ogHopogHas nonysanus | HeogHopoaHble cTaja ¥ pervoHsl
CrnyyaiiHoe criapyBaHue Konrponupyemoe ciapuBanue
OTcyTCcTBHE MyTaIyi MyTauuu ciyqarnTcs
OtcyTtcTBre oTOOpa OT60p cymiecTByeT

OTcyTCcTBHE MUTpaLX DKCHOPT/UMIIOPT F'€HOB

B neiicTBUTENHbHOCTH TaKWe YCTOHUMBBIE pe3yJIbTaThl He MPEACTABISIIOT 0cO00ro HHTepeca s
NPUHATHA PEUICHUI MO Pa3BEJEHMIO KUBOTHBIX, MOCKOJIBKY BIaJeJel] CTaja CTPEMUTCA U3MEHUTh
MPOU3BOIUTENbHBIE XaPAKTEPUCTUKH KUBOTHBIX C LIEJIbI0 TIOBBIIIEHHUS MOTyyaeMoil mpuObum. i Havana
yIOMSIHEM HauOoJjee paclnpOoCTpaHEHHbIE MOAEIN B F€HETHKE, HUCIOb3yeMble [JIsl OIMCAHUS T€HHOU
JUHAMUKY B WJealbHON MOMyJIsLY.

OpHoll U3 MoJesel, OKa3aBIINX CYIIECTBEHHOE BJIMSHUE Ha Pa3sBUTHE MOJCIMPOBAHUSA B pac-
CMaTpHUBAEMOM B JIaHHOW CTaThe HANPABJICHUH, SIBJISIETCS T€HETHUECKask MOJEJIb SBOTIONUH (CM. pabOThI
C. Paiira [3] u P. ®ummepa [4]). B nanHO#i Moaenu npeanosaraeTcs, YTo pa3Mep UccieayemMon NonyJsiuu
sIBJIsIeTCS (PUKCUPOBAHHBIM, PacCMaTpUBAETCs AMHAMUKA OMHAPHBIX ajuesiell (A, B) 1 ynoMsiHyTast MOAEb
SIBJIIETCS IMCKPETHOM, y4acTBYIOIIHE 0COON — PABHO MPUCTIOCOOJIEHHbIE, a MOJISIUPYEMbIe TIPOIIECCHI —
MapKoBcKue. Mojesb [BiseTcs UaeaabHOMi, TOCKONbKY (PaKTUYECKH B HEHl Mojaraercs, 4ro Kaxaoe
W3 KMBOTHBIX CJIEAYIONIETO MOKOJICHUS CIyYaliHbIM 00pa30M BHIOMpaeT POTUTENCH U3 MpeIblayIero
MOKOJIEHHU S, YETO HE MPOUCXOIUT B peaslbHBIX YCJIOBUAX. 3HAYAMBIM PE3yIbTaTOM HCCIIEAOBAaHUA HEM-
TpaibHOi Monies Paiita—®uiepa 6e3 MyTalluii ABISETCS TO, YTO 38 KOHEUHOE BpeMsl POM30MAeT MO0
3aKkperrieHne, MO0 NMMMUHALNSA HEKOTOPOTo 3aJaHHOTO aJlIelsl.

Mopeinb Paiita—®Puinepa sBseTcs CIUIIKOM UIEAIU3UPOBAHHON U €€ JajibHeillee pa3BUTUE
OCYIIECTBJISITIOCH 32 CYET M3MEHEHHS €¢ OCHOBHBIX IPEIOIOKEHH, TIPHOIVIKAIONINX MOZIETb K pealb-
HBIM YCJIOBHSIM, HaIllpUMep, 3a CYeT JoOaByieHHs OOJIBILIEro KOJIMYeCTBA TUMOB ajuieneil (M. [S]) wim
MCIIO/Ib30BAHKS TUTABAIOLIEH 001l YucIeHHOCTH nonyJismuu [6;7]. Bosiee ycoBepiiieHCTBOBaHHbIE MOJIEN
UCTIONB3YIOT OOJiee CIIOKHBIE 3aKOHBI pactipeesieHus (Harpumep, pacupenaenenue [lyaccona) nis yncna
MOTOMKOB 0c00U (CcM. [5]), MBITAIOTCS yUeCcTh HAIMYME My Talluii u/um oToopa (cMm. [8]), 106aBUTh B MOIEb
npolecc CMePTHOCTH (cM. [9]) nimn aBnsoTca MozenaMu guddysronHoro tuna (cm. [10]). O3HakoMuTbCA
¢ psnoM U3 0003HAYEHHBIX Mojeseld MoxHO B [5; 11;12].

Heo0x0a1umMo 0TMETHTh, YTO OJHOM U3 Lie/Ieil IPUBEJSHHBIX BHIIIE UCCIIEI0BAHMIA OBUIO IOCTPOEHHUE
TaKMX MOJIeJNIei, I KOTOPBIX BO3BMOKHO OBbLIO OBl MOTYUYHUTh AaHATMTHUECKUE TIPE/ICTABICHUS [ HHTepe-
CYIOIMX HCCJIEIOBATENEH TapaMeTPOB MM MOCTPOUTh COOTBETCTBYIOIINE ACUMITOTHUYECKHE PA3JIOKEHHUA
JUIst HUX (Harpumep, cM. [13]), uTo Hen30eKHO MPUBOJUT K YIPOILIEHUIO MOJIENH, U HAKJIaJbIBAEMbIX Ha
HEe YCJIOBUH, U, KaK CJIEJICTBUE, MOZEJb B MEHBIIEH CTENIEHN COOTBETCTBYET IPOLIECCY, AJIsI KOTOPOTO
oHa OblJ1a IOCTpOeHa. B yacTHOCTH, TP KCceq0BaHNM T€HHO TUHAMHUKY 3a4aCcTyIO MpeIonaraercs,
YTO TOMYJIALMS MOXKET UMETh HEOTpaHMUEHHBIN pa3Mep, UYTO, ECTECTBEHHO, HE COOTBETCTBYET CIIy4aio
JIOHOTrO cTaja Ha (pepme, KOTOpoe, Kak MpaBWIO, HE MPEBHIIIaeT HECKOJIbKUX COTEH T'OJIOB, U HaXo-
JIUTCS TIO]1 YIIpaBJIEHHEM BJaJiesiblia CTala Kak C TOYKHM 3PEHUs] YMCICHHOCTH, TaK U C TOUKU 3PEHUS
rokasateJiell MpoAyKTUBHOCTH ocodeil. [lanee Mbl Oyzem paccMaTpuBaTh CIydail cTaga OrpaHMuYeHHOTO
pa3Mepa B YCJIOBUSAX CTOXAaCTHUYECKOTO YIPaBJICHHS.

B 3TO#1 cTaThe MBI KOHLIEHTPUPYEM BHHMMAaHUE Ha KOpPOBaX Ha KOHKpeTHOW ¢depme u, Ooiee
TOro, B KOHKPETHOM CTajie, HO yIMOMSIHYTHI Bhillle (paKT, YTO HECKOJBbKO JECATKOB JYUINMX OBIKOB
OIUIOJOTBOPSIOT MUJUIMOHBI HOBO3€EJIAaHACKUX KOPOB, TOBOPUT O TECHOH CBA3M BCEX (DEPMEPCKUX CTal.
Takast opueHTaMst Ha HEOOJbIIOE KOJTMUECTBO CaMIIOB ellie OOoJbllie KOHTPACTHPYET C CUTYyalluel, KOTOPYIO
MPEIoJaralT KIacCUIeCKUe MOMYJISAIMOHHbIE MOJEH.
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Eine oHOM CIIOXHOCTBIO TIPU pACCMOTPEHUHU MOJIeeil, OpUEHTUPOBAHHBIX Ha MIOJyYeHHe aHAITHYe-
CKHX TIPEJICTABJICHUH, ABSETCS TO, YTO OHU OPUEHTUPOBAHBI TIPEKIE BCETO HA MOTyYEHIe aHATMTUIECKUX
TMpeICTaBIICHUIA ISl ONIMCAHM 1 SBOJIONINY CPEeTHUX 3HAYSHHI MHTEPECYIOINX MIEPEMEHHBIX, B TO BpeMsI KakK
B peaibHBIX MPUJIOKEHUSIX CYIIIECTBEHHOE 3HAUeHUE UMEET TakKe MH(OpPMALUs 0, HAllpUMep, TUCTIEPCUU
win ¢opMe pacrpeesieHHid UCCIIeAYeMbIX IepEMEeHHbIX. DTO MPUBOJANUT K HEOOXOTUMOCTH CO3JIaHUS
MOJIEJIH, OJI3KOM K peasibHbIM YCJIOBUSAM, T. €., KaK CJIEJICTBUE, K CTOXaCTUUECKON MOJIEIIH.

Bnaromapst ycnexaMm B 00JIACTH F€HETUKH U CEJICKIIMU Pa3BeAeHUE KUBOTHBIX MEPECTAIO OBITh
MPOIIECCOM TPYJHO YIPABJISIEMBIM U MaJIO MPEJICKa3yeMbIM, & OCHOBHBIM HHCTPYMEHTOM, HCIIOIb3YEMBbIM,
B YaCTHOCTU, B MOJIOYHOH TMPOMBIIIICHHOCTH JJISI YAYUIICHUSI TeHETUISCKUX KadecTB CTajaa, CTajlo
MCKYCCTBEHHOE OILJIOIOTBOPEHHUE, UTO MO3BOJISIET OCO3HAHHO BHIOPATh POJMTEIIEH ISl CIIEAYIOIIETro MOKO-
nenns. IMEeHHO ¢ 1eJblo IOHUMAaHHUS ITOCJIeIYIONIeTO BIMSHUS BHOCUMBIX B ITOMYJISIIIO KOHTPOJIMPYEMBIX
YeJIOBEKOM MU3MEHEHHUH C IOMOIIBI0 UCKYCCTBEHHOTO pa3BelleHUs], CTPOSATCS COBPEMEHHBIE MOEIIH.

Jlis onpe/iesieHust YIPaBJISIoNEero BO3AeHCTBUSA P UCKYCCTBEHHOM pa3BeICHUU IPU BHIOOpPE
MPOM3BOAMTENIEH Upe3BhIUAfHO BasKHBIME CTaJIM TeHOMHbIe MeToaH [ 14]. brnaronapst TexHomoruu cra-
TUCTAYECKOTO TEHOMHOTO MPOTHO3UPOBAHUSI, UCTIONb3YEeMOM JIJIs OLIEHKU XKUBOTHBIX, CTAHOBSITCS BCE
6oJsiee JOCTYIMHBIMUA OONIMPHBIE HAOOPHI IAHHBIX TEHOTUITUPOBAHHUSI.

Mopeb, KOTOPYIO MbI pa3pabaThiBaeM B JAHHOU CTaThbe, SIBJISETCS TOBOJBHO OOIIEH B TOM CMBICIIE,
YTO OHA JOITYCKAET MEeJIBIH psii KOPPEeKTUPOBOK. Harprmep, MOXHO pacCMOTPETh JpyTHe BUIIBI, a TaKXkKe
6oJiee CIIOKHBIE PABUIA CYMMbI T€HOTUIIOB, BO3MOXHO, YUUTHIBAIOIIUE 3aBUCSIIHIA OT TeHOTUIA (T€HOM-
HbIiA) 0TOOP WJIM IPYTrHe OTKJIOHEHUS OT IPEIIOIOKEHUS O PaBHOM HpuciiocodieHHocTH. [IpeacTapieHHas
MO/IeJIb UCTIOJNIb3YETCS AJIsl ONMCAaHUs] TUHAMUKHU aJljieieil B OTHOM JIOKYCe Y KaKJI0T0 JKMBOTHOTO CTajia
B YCJIOBHSIX KOHTPOJHMPYEMOTO CIIApUBAHUA.

[pu pa3paboTke Mogeeil, peICTaBIeHHBIX HUKe, ObUIM IPUHSATH B PACUYET YCIIOBHS, SBJISIOIIUECS
crenuMUYIHBIME ISl CE30HHOTO YITPABJICHUSI HOBO3EJIaHICKUM MOJIOYHBIM CTaioM. Takue ycIoBus ObUIH
YYTEeHHI B MOJIEJIM TIOTOMY, YTO OJTHOM M3 LieJiell JaHHOTO MCCJIeIOBaHUs ObliIa OIIeHKa BpeMeHH, KOTOpoe
HEOOXOJMMO MOTPATUTh HA BHEJAPEHUE KeJIaTeJIbHOTO TeHOMHOT'O MPU3HaKa B pacCMaTpUBaeMoe JOMHOe
CTaJI0 WK HA CHIKEHHE JIOJIM HeKeJIaTeIbHOTO MpH3HaKa. B KkauecTBe nmpuMepa kelaeMoro npru3Haka
MOXHO BBIJICJIUTh T€HOMHBII BapuUaHT, OJIATONPUSITHO BIIMSIONIAA Ha COCTAB MOJIOKA, a B KauyecTBe
HEXeJIaTeJIbHOIO — I'eH «MaJIeHbKOI'O TeJIeHKa», OOHapy:KeHHbIi ycumusimu Livestock Improvement
Corporation (Haripumep, cMm. [15]), cHukaouit TPOAYKTUBHOCTD, BPeMsI JKU3HU KUBOTHOTO, a TaKKe
MPUBOASAIIMI K mpodjemMaM ¢ (hepTUILHOCTBIO.

Ha paHHBIE MOMEHT CyIIECTBYeT JAOCTATOYHO MHOTO MCCJICJJOBAaHUII B JAHHOM HAIIpaBJICHUU
(Harpumep, cM. [16—18]. OgHako 0YeBUIHO, YTO YUCIIO OOHAPYKEHHBIX U OMUCAHHBIX HEXKeJaTeIbHbIX
reHoB OyJeT BO3pacTarh B MPOIeCCe HOBBIX 3HAHUI U NMOHUMAaHHS MPUYUH M MEXaHU3MOB Pa3BUTHS
pacrpocTpaHeHHbIX 3a00ieBaHuil. Kax /bl ObIK, BRIOpAHHBII /1JIsI ACKYCCTBEHHOI'O OCEMEHEHHM S, HECeT
B ceOe HEKOTOphle HeXelaTellbHble TeHbl. PazpaboTaHHas MOAe/b MOXET IIOMOYb B aHAJIM3e PUCKOB
My TeM MOJIEIMPOBAHMUS PA3JIMYHBIX CIIEHAPUEB JJIsI ONTUMHU3AIIUY CTPATETHH UCKYCCTBEHHOTO OCEMEHEHU s
B CMBICJIE 3aKPETUIEHHSI T€HOB, YTy YIIAIIUX IIPOU3BOAUTEFHOCTD )KUBOTHBIX, ¥ TIO/IaBJICHUSI BPEJOHOCHBIX
TEHOB B TMOMYJISIUN.

2. Ommcanne MoaeJIn

B nanHOM pasjelie Mbl MPeJICTaBIIsIeM CTOXACTUYECKYI0 MOJIE/Ib SBOJIOIUY T€HOTUIIA TIPU YCJIOBUU
OrpaHUYEHHsI pa3Mepa CTaja HEKOTOPHIM MaKCUMaJIbHBIM YUCJIOM 0COOel U B MPEATNOJIOKEHHH, YTO CTAI0
n30MpoBaHo. Jisl Liesieil YuCIeHHOro MOJIeTMPOBaHUsI HA OCHOBE YKa3aHHOUM MOjies v OyIeT NMpejicTaBlieHa
ee MomupUKaIMs Ha CIydail AMCKPETHOTO BPEMEHM, a TakKe MPEeJIOKEeH BApUaHT, JOIMyCKAIOIINA
MIPUTOK XUBOTHBIX U3 BHEIITHETO NCTOYHMKA B IIPEIIONIOKEHU HEOTPAHNUEHHOCTH BHEIITHETO NCTOYHUKA
MO0 KOJIMYECTBY JIOCTYIHBIX OcoOeil. B 3akioueHue, Mbl HaMeuaeM HalpaBjIeHUsl ISl BO3MOXHOTO
JATbHEHNINEro pa3BUTHSL.

Hccnenyemoe cTago pakTUUECKH COCTOUT U3 ABYX MOJCTAI: OCHOBHOTO (IIPOM3BOICTBEHHOIO)
cTaja U IIOAMEHHOI'O CTaja.

OCHOBHOE CTaJI0 COCTOUT U3 B3POCJIBIX KOPOB, 00ECTICUMBAIOIIUX ITPOU3BOJICTBO MOJIOKa. [TogMeHHOE
CTaJI0 COCTOUT M3 MOJIOABIX KUBOTHBIX O MOMEHTA WX BKJIIOUEHHSI B OCHOBHOE CTaI0 WM yIAJICHHUS
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T0 MTPUYMHE 3200JIeBaHUsI, CMEPTH U TI0 MTPOYKM MIPUUYMHAM, a TAaKKe BKIIOYaeT HEKOTOPOE KOJIMIECTBO
B3POCJIBIX XMBOTHBIX, BPEMEHHO HMCKJ/IIOYEHHBIX M3 OCHOBHOI'O CTaja.

BaxHO OTMETUTBH, YTO UCTIOIb30BAHHBIE B YpaBHEHUSIX (2) ¥ HUKE UHJIEKCH [ U j HE OTHCHIBAIOT
KaKO€-TO KOHKPETHOE KMUBOTHOE, a UCIIOJIb3YIOTCA IJIA O603H3‘ICHI/IH 3aHUMACMBbIX )KUBOTHBIM B CTagax
MecT (TTo100HO HOMEpaM UIPOKOB B KoMmaH/ie). CBOWCTBA )KUBOTHOTO B i-il B MOMEHT BpeMeHH ¢ OylieM
cumtath (PyHKIUEH BpeMeHH, KOTOpYIo OyaeM 0003Havath f;(t). HoBoe KUBOTHOE 100ABISETCS B CTAI0
b0 B cliydyae, KOIJia CTaJ0 UMeeT pa3Mep MEHbIIle YCTAHOBJIEHHOTO OrpaHWYeHusI, MO0 B KayecTBe
3aMeHbI yIaJICHHOMY XUBOTHOMY, €CJIA TeKYIIUI pa3Mep CTajia sABJISeTCS MaKCUMalbHBIM. B mocneiHem
cJydae BBOAMMOE B CTa/I0 KUBOTHOE 3aiiMET MepBOe HE3aHATOE MmojiokeHne. Ecim i-e JKMBOTHOe 3aMeHseTCs
B MOMEHT BPEMEHH 7., 3TO OOBIYHO BBI3IBAET PA3PhIB WK «CKAUOK» B pyHKIWMH f;(1) B 1 = 1. OOpaiaem
BHUMAaHHE ‘{HTaTeHeﬁ, YTO IIPU TAKUX MPEAIOJIOKEHUAX CTOXAaCTUIECKUE TIPOLECCHI B Hamieun MOJEIn
MOTYT MIMETh CKauKH B CIyyae 3aMeHbl KUBOTHBIX.

3pech MBI OyjieM MoJaraTh, 4TO CTOXaCTHYECKHUE MPOLIECCH CO CKAUYKAMU MOTYT OBbITh ITPE/ICTABIICHBI
B BHJIE UHTETPAJLHON (POPMBI CTOXacTHUYECKOTO Ir(depeHITnaNIsHOTO YpaBHEHUsI, OIIUPAIOIIErocs Ha
UCTIOJIb30BaHUe 00001eHus nHTerpaia Mto Ha ciiydail cToxacTU4eCKH pa3pbiBHBIX mporieccos ([19;20]).

OTMETHM, YTO CKa4YKHU B CIIyUYaiHBIX MPOIleccax YacTO BO3HUKAIOT U B APYTHX OOJIACTAX, TAKUX
Kak, (pMHAHCHI, HATTPUMEP, NP HAOJIIOJCHUN U MOJISIMPOBAaHUY TIOBEICHUS aKIIUA Ha PhIHKE JIMOO Mpu
MOJIEJIMPOBAHNY TTOBEICHUS TOPT(eNs akiuil B clydyae NPUHATHS PellieHrs O 3aMeHe OJHOTO WU
HECKOJIKUX aKTUBOB Ha JIpyrue.

[IpuBenem nanee psn NpeanoNOKeHNH, HEOOXOIUMBIX [IJIs1 TOCTPOSHUS MOJIETIH CTaja.

2.1. IIpeanonoskeHus st MOJeJIM ¢ HellpepbIBHLIM BpeMeHeM

bynem nonarars, uTo:

1. KonuuecTBO KOPOB B OCHOBHOM CTaJie B HAYaJIbHBI MOMEHT BpeMeHH f( = () paBHO Ny 1 HUKOTIa
He TPEBBIIIACT 3TOro 3HaueHus1. N (¢) 0003HAYaeT KOJIUYECTBO KMBOTHBIX B OCHOBHOM CTajle B MOMEHT
Bpemenu ¢, t € [0,T], tne T € R — HekoTOpoe 3aJaHHOE 3HAYCHHUE.

2. KonmuecTBO KOPOB B IOAMEHHOM CTajie 0003HauaeTcst M (t), B MOMEHT BpeMeHu fy = () paBHO
My u M(t) < My, t € [0,T].

3. B HauanbHBII MOMEHT BpeMeHH fy = () BO3pacT KOPOB B OCHOBHOM CTaJie TeHepUpyeTcs Ha-
CTpanBaeMbIM T'eHEepaTOPOM CIIyYaliHBIX YHCElL.

4. TeHOTUI TIOTOMCTBA CJIeJlyeT U3 FeHOTUIIA €ro POAUTEsIeH, ONpeeIEeHHOrO Yepe3 MPaBHIo
CyMMHUpPOBaHHUS. B 3TO cTaThe MBI pACCMOTPUM TOJIBKO CIIydaii CYMMHUPOBaHMS 110 MeH/Ieo, 3a/1aBaeMblii
npaBuiioM (1).

5. C menplo yIpoIeH!sI MOAEN C TOUYKH 3PEHUS MOICINPOBAHNS IPUINH YAAJCHUS )KUBOTHOTO
13 OCHOBHOTO cTaja OyleM CuMTaTh, YTO JaHHBIA MPOIecC MOJUUHSETCS ITyaCCOHOBCKOMY TPOIlecCy
MHTEHCUBHOCTBIO Ap.

6. AHAJIOTYHO y/1aJIeHUI0 ) KUBOTHOTO U3 OCHOBHOTO CTaja, JJIs MOAMEHHOTO CTaia TaKxe OyneM
rojiarath, 4TO yAajeHue noquuHsieTcs npoueccy IlyaccoHa MHTEHCUBHOCTBIO Ay. OTMETHM, UTO yaasieHue
13 TMOIMEHHOTO CTaja eINHOOOpA3HO OMHWCHIBAET M yIaJeHHe KUBOTHOTO MO MPUYMHE CMEPTH JHOO0
3a00JieBaHUsI, U TI0 IPUYMHE TIepeBojia ero B OCHOBHOE CTajIo.

7. IlepemMertieHue )KUBOTHBIX M3 IIOAMEHHOTO CTaJa B OCHOBHOE W yIaJIEHUE U3 CTa]] IIPOUCXOIAT
OJIVH pa3 B TOJl U MOJEJIUPYIOTCS CIIeyIOIUM 00pa30oM: UCXO/Is U3 TIPEATIONIOKeHuil 1-6, Moaenvpyercs
HaOOp XKUBOTHHIX TEKYIIETO To/1a, KOTOphIe OyAYyT yAaJIeHBl U3 CTaJI;, 3aTEM BaKaHCUH B OCHOBHOM CTajie
3aMOJHSIOTCS CIyYailHO BHIOPAHHBIMU )KUBOTHBIMU TTOJMEHHOT'O CTaja (TIepeMeHHas &), TOCTUTTIUMHU
BO3PACTa iy, A0 33JJAHHOTO MAKCUMAJIBHOTO pa3Mepa OCHOBHOTO CTa/1a; €CJIU 9TO OKAXKETC ST HEBO3MOKHBIM
M3-32 OTCYTCTBUS )KUBOTHBIX MMOJXOMAIIET0 BO3PACTa B TIOJIMEHHOM CTaJle, TO 3aMEHSETCsI MAKCUMAJIbHO
BO3MOXHOE KOJIMYECTBO KUBOTHBIX. OUEBUIHO, UTO MOXET BO3HUKHYTh CUTYyallUsl, KOTa 0co0eil u3
MOAMEHHOTO CcTajia OyaeT HeJOCTATOYHO ISl 3aII0JTHEHUSI OCHOBHOTO CTaja 0 MaKCUMAJIbHOTO pa3Mepa.

8. 3aMeHa KMBOTHBIX B [TOJIMEHHOM CTaJIe TaK ke MPOU3BOIUTCS OJIMH pa3 B IOJ 3a CUET J00ABJICHUS
HOBOPOXJIEHHBIX TEJISIT, OJTYYSHHBIX OT KOPOB OCHOBHOTO CTa/ia J0 OIpE/eJICHHOTO paHee pa3Mepa.
Ou4eBUIHO, UTO €CJIM ITO OKAXKETCsI HEBO3MOXHBIM U3-32 HEJIOCTAaTKAa TEJIAT, pa3Mep MOJAMEHHOTO CTaja
YMEHBIIIUTCS.
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9. [In oceMeHeHus BCEero cTajia UCIOoNb3yeTcs AeTEPMUHUPOBAHHAS M10CJIE10BATEIbHOCTh N3BECT-
HOT'O TEHOTUIIA, MAaTEPHAJIOM, MTOJYYEHHBIM OT OJHOTO WJIM HECKOJILKUX OBIKOB-TIPOU3BOAUTENEH.

10. TIpUTOK XMBOTHBIX U3BHE OTCYTCTBYET.

IIpeamnomnoxenns 5 u 6 BBEJEHBI € LIENbI0 YHU(PHUKALIIHM MOAIEIHU 1 YIIPOILEHH S IIPOLIECCOB YUCIEHHOTO
MoJemMpoBaHusl. Takoi MOIXO/ O3BOJISIET CYIIECTBEHHO CHU3UTh PECYPCHI, HEOOXOANMBIE /IS TIPOBEICHHSI
CUMYJISILIVY, OIHAKO, B CJTyyae HeOOXOIUMOCTH, UX MOKHO 3aMEHHTh Ha MPOIIECCHl, KOTOPhIE 6oJiee TOUHO
OIMCBHIBAIOT YIPABJIEHUE CTAJOM.

[MapameTpsl Ap, Ay BBIOMPAIOTCS IyTeM OLEHKH CPeJHEH MPOAOKUTEIbHOCTH KU3HU KUBOTHBIX
B OCHOBHOM 1 [IOJMEHHOM CTajiaX MO0 Ha OCHOBE OOIIel IPaKTHKH, JIMOO HAa OCHOBE JIETAJIbHOTO aHAIN3a
KpHBOii BeikMBaeMocTu. B Hooit 3enanauu pakTryeckast CMepTh KMBOTHOT'O KaK MPUYMHA YIAJIEHUSA €ro
U3 MoOOTo cTaja sABIAETCS KpaiiHe PeAKOi, HO IJIOX0€ COCTOSHUE 3[J0POBbsI KMBOTHOTO MOXKET IPUBECTH
K peleHrio 00 ylajaeHHH )KUBOTHOIO U3 JIIOOOro cTaja.

2.2. [IpaBujIo CyMMBbI OHOTO F€HOTHIIA

st moctpoenust (popMaibHONH MaTeMaTUYeCKON MO PeICTaBUM T'€HOTHUIT )KUBOTHOTO B UHTE-
pecyloleM JOKyce KaK YKciio U3 {— 1,0, 1} U BBEJIEM TEPMUH «MHJIEKC TeHO3UroThl» (GZI). 3aech —1 u 1
0003HaYaT JIBe TOMO3UTOTHI (AA ¥ BB) u 0 1J1st reTepo3urotHbiX (AB) reHOTHUIIOB COOTBETCTBEHHO.

IIpennonaraercs, 9TO THIT HACJIEOBAHUS B OHOM JIOKYCe MEHIEIeBCKUIA, OIMMCHIBAEMBIH CIIEY-
IOIM TTPABWJIOB CYMMUPOBaHUs (P 3a7aeT BepOATHOCTh KaXJIOrO pe3ysIbTaTa):

(=)+(-1) = -1, P=1;

0i(-1) = —1 P:0,5;
0 P=0,5
14+(-1) = 0, P=1; (1
-1, P=0,25
0+0 = <0, P=0,5;
1, P=0,25
110 < 0, P:O,S;
1, P=0,5
141 = 1, P=1.

3nech + — KoMMyTaTHBHast MH(UKCHAS OTIEPAIIs, 3a/1al01Ias CIIyYaiiHoe 3Ha4YeHHe TeHOTUIA TOTOMKA
KakK Cly4JailHO! (DyHKITUM JIBYX IEPEMEHHBIX COOTBETCTBYIOIIUX POIUTEILCKUX T€HOTHUIIOB.

2.3. MopeJb ¢ HenpepbIBHBIM BpeMeHeM: HHTerpaJibHas popma

Lenbio gaHHO# cTaThU OBUIO TPEIJIOKUTh MAKCUMAJIBHO OOIIYI0 MO/IEJTb, KOTOPAsi MO3BOJIMUT THOKO
MIPeCTABIIATH Pa3IMYHbIC THITH YIPABJIAEMBIX ITOMY/IAIMNA KABOTHBIX. YTOOBI BHIPa3UTh TaKyl0 MOJEh Ha
SA3bIKE CTOXAacTUYeCKuX nudepeHInaIbHbIX YpaBHEeHU , OyieM MojiaraTh, YTO BpeMsi HelPEPhIBHO.

Mogenu ¢ HenpepsIBHBIM BPEMEHEM MOTYT JEMOHCTPUPOBATH OJIM30CTh K HAOTIOMAeMOl TUHAMUKE
cTaja, HO TpeOYIT HEKOTOPOil MOMU(MDUKAIIUY TIPEATIONOKEHU 6 U 7 B NPUBEJCHHOM BBIIIIE CITUCKE
MPEANoIoKEeHNH OTHOCUTEIHHO CIIyJYaifHOTO BPEMEHH CKauKa JiJisl POIIECCOB YAAJIEHUs U3 CTaja.

Byaem ucnone3oBaTh MHAEKC j 17151 BHILEYNOMSIHYTOU (pOpMaibHON NO3ULIMM B OCHOBHOM CTaJe U
HUHJIEKC [ TS O3ULIMM B TIOIMEHHOM cTajie. B Haillell croxacTuyeckoi MOAesM B3auMOAEHCTBUS IBYX
cTaJl ONpelesuM IO J1Ba JIEMEHTAPHBIX SBOJIIOLIMOHHBIX HpoLecca N5 KaX/I0ro U3 UHAEKCOB.

B mopnemu npoueccsl D () wim d;(t) onuchBaloT NPpOLecC M3MEHEHNs 3HaUEeHHs reHoTuIa (gene-
zygosis index — GZI) B NO3UMLMAX j WIK [ B OCHOBHOM M IOIAMEHHOM cTaje. [Iponeccs A j(t) u a;(t)
OTPaXaroT MPOIECC U3MEHEHHSI BO3PACTA )KMBOTHOTO B MO3UIMAX. OTMETUM, YTO MPOIECCH YIaCTBYIOT
U B OIPUHATUM PEIIEHUN OTHOCUTEJIbHO XapaKTePUCTUK XUBOTHBIX B CTale.
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JLJ1st MOJIeTIMPOBAHMS TIPOLIECCa YIAIeHUS KUBOTHBIX M3 CTa/1a UCTIONB3YIOTCS JOTIOHUTEIbHbBIE
He3aBUCHMBIE TIporiecchl [Tyaccona Pp; u Py, Vismenenus Dj(t), A;(t) u d;(t), a;(t) MpOMCXOAAT TOUHO
B MOMEHTbI CKAYKOB COOTBETCTBYIOIIETO ITyaCCOHOBCKOTO MPOIIECCA.

Toraa, yuuTbiBasi npebiayIiiee 00CykIeHUE U YCIIOBUs, Mbl MOXKEM 3allicaTh CUCTEMY CTOXaCTHUe-
CKHMX ypaBHEHHIA, OMMCHIBAIOIIYIO SBOJIOIMIO BO BPEMEHH aHCaMOJIsi KOPOB B OCHOBHOM U MOJMEHHOM
CTajlax B CJEAYIOLIEM BHUJE:

Di(t) = Dj0)+ [ (=Dj(s—)+ds,(s=)) dPp,(s+4,(0)),
0

dit) = di(0)+ [ (~di(s=)+ f(Dy,(5-), ) APy (s +ai(0)), o)
0

t

Aft) = Aj0)+1— [(A(s—) —ag,(s=))dPp, (s +A;(0)),
0

ait) = a(0)+1— [ ai(s—)dPy(s+ai(0)),
0
rae ¢ € [0,7T], a apyrue BeJIMIMHBI B ypaBHEHHH (2) ONPEAeIsIIOTCs CIeAYOIM 00pa3oM:

D; — 3nauenue GZI (annensi) 1jist j-il KOPOBbBI B OCHOBHOM CTaJIe;

Pp; — nporecc IlyaccoHa ¢ napaMeTpoM Ap, KOTOPBbIii ONpeJeseT MoKa3areb YAaJIeH!s KOPOBbI
13 OCHOBHOIO CTaja;

Aj — BO3paCT j-il KOPOBBI OCHOBHOI'O CTaja;

d; — 3HaYeHMe ajuiess AJis i-il KOPOBBI MIOIMEHHOTO CTa/a;

P;. — npouecc ITyaccoHa ¢ mapaMeTpoM A;, KOTOpPBIiA onpeiesseT noKa3aTesb yIaleHnusl KOPOBbI
V3 MOJMEHHOTO CTaja;

a; — BO3pacT i-il KOPOBHI MMOJIMEHHOI'O CTaJa;

f(-,-) — TeHOTHIT TeJIeHKa KEHCKOTO MOJa KaK ciydaiiHas (DyHKIIUSI POIUTEIbCKUX T€HOTHIIOB.
3pech f(-,+) OOBIMHO 33/1a€TCsI MPABIJIOM CyMMHUpOBaHus (1), HO BO3MOKHBI U JpyTHe MPaBUiIa;

T); — CydaiiHas BEJIMYMHA, COOTBETCTBYIOMAs CIyYalilHOMY BHIOOPY KOPOBBI U3 OCHOBHOT'O CTa/1a,
KOTOpasi BIOCJIEJICTBUN POUT CAMKY, KOTOpPasi, B CBOI 04epe]ib, OyJeT MoMelleHa B MOJMEHHOE CTajlo;

& — mpaBwIIO 11 BRIOOpA KUBOTHOTO U3 TIOIMEHHOT'O CTaJIa, B CJIydae, ecJiv )KUBOTHOE B OCHOBHOM
crajie He0OXOMMO 3aMEHUTD;

{8} — HaGop 3HaueHu# ayieniell 111 OBIKOB-POU3BOAUTEIEH;

BeMuMHA ( 33/1aeT NPABUIIO IS BHIOOpA MPOM3BOAUTEIS Tl OceMeHeHus1 u3 Hadopa { S }.

Onmiem 6osee neTaabHO cUcTeMy (2) Ui j-U TMO3WIMKM OCHOBHOTO cTaaa. [lycTh B MOMEHT
BpEMEHH s IPOM30MIeT CKavuOK mpotiecca [TyaccoHa Juisi nepBoro ypaBHEHHsI, YTO O3HAYAET, YTO ObLIO
MIPUHSTO pellieHne 00 yIaJeHUd W3 j-Ui MO3WIHMK HaXOMSIIerocs Ha Hedl KMBOTHOro. Torma HOBoe
3HaueHue Jokyca opmupyercs 3a cueT cymmbl —Dj(s—) + dz (s—), KoTOpasi HO3BOJISIET YCTAHOBUTh
HOBOE 3HaYeHHe JIOKyca B COOTBETCTBHY C 3HAUEHHEM paBuiIoM &. B ypaBHeHue /17151 BO3pacTa ;KMBOTHOTO
B OCHOBHOM CTajie B (2) ckayok Toro xe rnpouecca Ilyaccona npuBoAUT K U3MEHEHUIO B j-i MO3ULIMU
HIepPEMEHHOi1 A j(5), C y4eTOM eCTECTBEHHOTO YBEJIMYeHHs BO3pacTa (lapameTp ¢ B 3TOM YPABHEHHH).
AHaJIOTUYHO B MOJIeJIb BBEACHBI YpaBHEHHU U1 MOJMEHHOT0 cTaja. VcKilioueHne cocTaBiseT HOBOE
3HaUEHUE F€HOTUIA B JIOKYCe, KOTOPOe oNpeAesiseTcs npaBuioM cymmuposanus (1). [lis onpenenenus
HOBOTO 3HAYE€HUsI T€HOTHUIA KMBOTHOTO B MOAMEHHOM CTae UCIOb3YeTCsl (PYHKIMS CYMMHUPOBAHUS
TeHOTHIIOB f Yepe3 aprymMeHT D, (s—).

Il ynpolieHu s MOAETMPOBAHUS 3[IECh U 1ajiee Mbl IIPEINOoNaraeM, YTo BCe epeMEHHbIE U TPOLIECCHI
B3aMMHO HE3aBHCUMBI. Takke monaraeM, 9To MHTErPasibl B IPABOM YaCTH CUCTEMBI 3TO CTOXAaCTHUECKUE
UHTEerpajisl B cmbicie Mto (cMm., Hamp., [21]).

BakHO OTMETHTB, UTO CTOXACTUYECKMI MHTErpat B cMbicie Mto mo nporeccy Ilyaccona, BooOie
rOBOpSI, HE ONpEJeJieH, OHAKO, IPYHMMAsl BO BHUMAaHHE OTPAaHMYECHHOCTh BBIPAKEHUH IOJ 3HAKOM
uHTEerpasa u ToT akT, uro P(r) = P(r) 4+ At, rae P(r) — nponecc Iyaccona ¢ nmapamerpom A, a P(r) —
3TO KOMIeHCHpoBaHHsIii nporecc Ilyaccona, cooTBeTcTBYONIMIT P(1), SIBISIONMICS MapTHHIATIOM, [JI5
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KOTOPOTO MOXHO OIpeleauTh UHTerpajd MTo, MOXHO TOBOPUTh O TOM, UYTO INpelJIOKeHHas MOJEb
NpeICTaBIsAET COOO0i CTPOro ONpe/ie/IeHHYI0 CUCTEMY CTOXACTHUECKHUX AU depeHIInaNbHbIX YpaBHEHHU,
MPEJCTABJICHHBIX B COOTBETCTBYIOIIEM MHTETPAJIBHOM BUJE.

Cy1iecTBYIOT pa3IMyHbIe IOAXO/bI K MOJEIMPOBAHMIO, HAIIPUMED, aHATIOTUYHBIE HCIIONb3YEMbIM
B 9BOJIIOLIMOHHON Teopuu Urp [22], KOTOphIE, KaK U TeKyluas MOAEJb, IIO3BOJISIOT MCIIOIb30BaTh IPU
MoJieJMpoBaHuu MeToabl MoHTe-Kap:io, ogHako ucnons3oBaHHas 37ech (popMa B BU/I€ MHTETPaJIbHBIX
yPaBHEHUI NO3BOJISET UCIIONB30BATh JOIOJHUTEbHO NPUOIMKEHHBIE METO I CJIA00r0 TUIA (Harpumep,
cM. [23;24]), koTopble B psifie CilydyaeB MOMy4aioT NPUOJIVKEHHbIE 3HAYEHHSI He TOJIBKO AJIsl CPeTHUX, HO
U A1 (PyHKLMOHAJIOB, 3aJaHHBIX Ha PEICHUHU NPEeACTaBIEHHON cucTeMbl. BO3MOXHOCTD NPUMEHEHU S
TaKUX METOIOB MOXET CTaTh MPEIMETOM NOCIEIYIOINX UCCIIEA0BAHUM.

2.4. Moaeab B aucKkpeTHon chopme

[Ipu npoBeiIeHUN KOMITBIOTEPHOTO MOJISIMPOBAHUS 3a4acTyI0 YI0OHO padoTaTh ¢ MOJIEIbIO, UC-
MOJIb3YIOLIEH JTUCKPETHOE BpPEMSI.

3nech HeOOXOIUMO OOPAaTUTh BHUMAHUE Ha TO, YTO B paCCMaTPUBAEMOil 3ajjaue OObIUHO OTCYT-
cTByeT UH(MOPMAIHS O BpEMEHU COOBITUS B CTAJIe, OJJHAKO JIOCTYITHA MH(MOPMAITHUS, PelocTaBisieMast
€XKEMECSTYHO WU €KerOAHO. MBI QUCKPETU3UPYEM MPeJIOKEHHYIO BbIIIIE MOJIEb MO MOCIEA0BATEIbBHOCTU
(pykcrpoBaHHBIX MOMEHTOB BpeMeHN 0 = To < 171 < ... <1 =T.

Byziem monarathb, 4To B KaX1I0M U3 L UHTEPBAJIOB (T;_1,T;] BEPOSITHOCTH GOJiee YeM OJHOTO CKauKa
npotiecca Ilyaccona (ynpasiisiioliiee BO3[A€iCTBYE) B Mpejeiax MHTepBaja NpeHeOpeKuMo Majia, Ui,
B KQYeCTBE aJIbTEPHATUBBI, HECKOJIbKO CKAYKOB MOXXHO 3aMEHUTh OJIHUM CKa4yKOM, BEJIMYMHA KOTOPOIo
paBHa CyMMe OT/IeJIbHbIX CKAuKOB. Toraa Mbl MPUXOAUM K CJIEAYOIIENH TUCKPETHONW MOJEH:

Di(t) = Dj(0)+ Y (—Dj(ti—1) +de(t—1))sign[P(ApA;(Ti—1)) o 1) (1),
=1
L

di(t) = di(0)+ Y (=di(t1) + f(Dn(Ti-1),5¢)) sign[P(Agai(ti-1)) o, (T2), 3
=1

L
A;(t) = Aj(0)+ l;(l + (ag(ti-1) —Aj(ti-1))sign[P(ApA;(Ti-1)) o) (1),

(1) = {(0)+ Y (1 —i(m1)sign[PAgai(ti—1)))jo (1)
=1
3nech I ;) (u) pasna 1, ecma u € [0,7) n 0 B IpoTHBHOM cityyae, a P(K) — He3aBUCKMBIE CITyYaiHBIMU
BenmunHamu [yaccoHa.

2.5. Moaeab ¢ IPUTOKOM >KMBOTHBIX

[Ipu npoBeeHUN MOAEIMPOBAHUS B ONMCAHHOMN B MPEAbIIYIIEM pa3jiesie MOASIN HaOIo1aeTCsl
«3(ekTa BRIMUpaHUsI», KOTOPHIA yTIOMUHAJCS B MTepaType. Ha npakTuke Takoii a¢hdekT cokpareHus
YUCJIEHHOCTHU TOMYJIAIMKA He HaOogaeTcs, B CBSI3U C TeM, 4YTO (pepMep KOMIIEHCUPYeT HeJOCTATOK
’KMBOTHBIX 32 CYET MX MOKYINKH Ha pPHIHKE.

Hwuxe Mbl ipeiiaraem crnoco® ydyera Takoro crocoda yrpasjieHHs! CTaJ0M B TIPEIJIOKEHHOU BbIIIe
MoJIeJM. ByieM nonararts, 4To HOBOE )KMBOTHOE BCEr/la IIOMEIIAETCS B IOAMEHHOE cTajo. Takoe ycioBue
MO3BOJISIET BKJIIOYUTh IIPUTOK JKUBOTHBIX U3BHE MPOCTO 33 CYET U3MEHEHUs1 3HAUCHU S IEPEMEHHOM 1
B ypaBHeHuU (3) He BHOCS CYIIIECTBEHHBIX U3MEHEHHUI B UCTIONb3yeMble ypaBHeHH. J1Jis1 mepeMeHHOH
T] MPEATIONIORKM, UTO ee HyJIeBOoe 3HaueHue OyleT COOTBETCTBOBATh POXKICHUIO CaMIla )KMBOTHOTO, a
JUTSI POKJEHHBIX 0COOEH KEHCKOTO T0JIa 3HaUYeHUe IepEMEHHOM MO-TIPeKHEMY PaBHO MHIEKCY MaTepu
B OCHOBHOM cTaje. Torna ypaBHeHus 11 HOAMEHHOIO CTaja MPUMYT BULL:
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L

di(t) = di(0)+z(—di(’flfl)+Sign(n)f(Dn(Tlfl),Sc)+
=1

+(1 —sign(n)) Dy sign[Py(Aaai(T1-1)) o) (1),

L
a;(t) = a,-(O)—i—Z<l+((1—sign(n))aM—

=1
—sign(n)ai(’tl,l)) sign[Pd(?\dai(Tll))]> I[OJ) (T[). (4)

B 9Tux ypaBHEeHHUsIX Mbl BBOAUM CIIy4aiiHyI0 BeIMurHy D)y, KOTOpas 3aJaeT pacnpeelieHre CMOAEIMPOBaH-
HOTO aJIJIeJisl y XKUBOTHBIX C phIHKA. Pactipesenenue s Dy HEOOXOIMMO OIpeIeUTh SKCTIEPUMEHTAIbHO
WM KakKUM-TMOO erie oOpa3oM. dy — 9TO aHAJOTWYHBII MpeAblayIIeMy THIl CIy4YallHON BEJIWYMHBI,
KOTOpas 3aaeT paclpefieJieHue BO3pacTa KOPOB Ha PhIHKE.

U3 ypaBuenuii (4) cnenyet, yto npu 1 = 0, T. €. B cllyyae poxISHUs caMLia, MHOXKUTENb 1 — sign —
HEHYJIEBOH BKJIaJl B WIEHBI C MHIEKCOM M, 4TO UCIIONb3YeTCs KakK MPU3HAK JJIs BKJIIOUEHHE KUBOTHBIX
n3BHe. B ciryuae xe, kornan > 0, JaHHBII MHOXXHUTENb PaBEH HYJIO U, COOTBETCTBEHHO, UCKJTIOYAET BIUSHNAE
BHEIIIHET 0 MPUTOKA KMBOTHBIX U MPUBOAUT CUCTEMY K McXoqHoMy BUAy (3). Elle onHUM TeXHUYeCKUM
NPEUMYILECTBOM IOCJIeIHEH NPeII0OKEHHOM MOJENH SBJISETCS TO, YTO Tellepb pa3Mep MOAMEHHOrO CTajaa
MOCTOSIHEH, YTO HECKOJIBKO YIPOIIaeT YUCIEHHOE MOJEINPOBaHME.

B naHHO# cTaThe MBI HE HAMEPEHBI IPUBOJUTD PE3YIbTAaThl MOJEIMPOBAHUS OCIIEJHEN IIpeasIo-
JKEHHON MOJEJI U OrpaHuYMBaECMCsl TOJIBKO ee (hOPMYIUPOBKOM.

3. Pe3yJIbTaTbI MOA¢CJIMpPoBaHUA TUHAMHUKHA I'¢HOTHUIIA

[IpuBenem panee pe3yibTaThl MOASIUPOBAHUS B IPEANOIOKEHUH, YTO CYMMUPOBAaHUE F€HOTHUIIA
ocyIiecTBiisieTcs: coryiacHo (1) ¥ MpU yCJIOBUM KOHTpOJIMpyeMoro crapuanusi. Kak u panee, Oyuem
ucnosnb3oBath — 1,0, 1 npu kogupoBaHuu reHotumna. [Ipu MonenMpoBaHuM 1151 KaXXJ0rO >KMBOTHOT'O MBI
HAaYMHAEM C KOPOBBI C TEHOTHIIOM — | (TOMO3UTOTHBII C ajjiesieM, KOTOPBIii HEOOXOANMO YCTPAHUTh).
CamMka, oIy YeHHOE OT Hee IIOTOMCTBO U TaK AaJIee OCEMEHSIIOTCS [OCJIe10BATEIbHOCTHIO TPOU3BOJUTEEH
C U3BECTHBIM F€HOTHUIIOM. 3aJaJuM IUCKPETU3AIIMIO 110 BPEMEHU C MOCTOSIHHBIM UHTEPBAJIOM B OJIUH
roj, To ecTh mojlaraem t; —T;—; = 1 (rom), [ = 0,1,...,L. B HauanbpHBIT MOMEHT BPEMEHHU T( TaKXke
MpeArnoaraeTcs, 4YTo pacnpeaesieHue auieseil B IOAMEHHOM CTaje TaKoe ke, KaKk U B OCHOBHOM. DTO
TIPUBOIIUT, KaK MBI YBUIVMM II03Ke, K IBYXJICTHEU 3aepXKKe TIPH MEPEKIIOYCHUN K HOBOMY 3HAUEHUIO.

trajectory: dam=-1, trajectory: dam=-1,
D,(t) sires={1,1,1,1,1,1,1,1,1,1,1} D,(t) sires={1,1,1,1,1,1,1,1,1,1,1}
1
0 0
—1 NN
0 2 4 6 8 10 0 2 4 6 8 10
Time, years Time, years

Puc. 1. [IBe ciyyaiiHo BHIOpaHHbBIE TPACKTOPHU CTOXACTHYECKOro nporecca Dy, Dy 1is1 3a1aHHOM MMO3UIUN
B OCHOBHOM CTajie
CHauajia pacCCMOTPUM TUHAMHUKY 0€3yCJIOBHOTO MEePEK/II0UEHNs TeHOTUIIA B COCTOsIHUE 1 (ToMO3U-
TOTHBIH ¢ ajuiesieM, KOTOPBIA OyaeT BBesieH). [[7st JocThkeHUs 11en OyeM UCTIOIb30BaTh MOCTIEI0BATE b-
HOCTb IPOM3BOUTEIIEN, KOTOPble UMeT reHotun 1. Ha puc. 1 npuBenensl 1Be peaji3aluuu € AMHUYHOR
TPACKTOPUHU CIYYANMHOTO MpoIecca A TAKOro Ciaydasl.
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CTOUT OTMETHTD, UTO KaX[blil rpapuK MOKa3bIBaeT 3aBUCUMOCTb GZI B KOHKPETHOM, CKaxeM
B j-f, MO3ULIMK B OCHOBHOM cTajie. Ha puc. 1 TOJbKO NPBIKKK MOXKHO MHTEPIIPETUPOBATh KaK 3aMeHYy
JKUBOTHOTO, TOTJa KaK TOPU30HTAJIbHBIE JINHUM MOTYT yKa3blBaTh KaK Ha 3aMEHY KOPOBBI Ha )KUBOTHOE
C TEM K& T€HOTHUIIOM, TaK M Ha OTCYTCTBHE 3aMEHBI.

ITopuepkHeM, 4TO OTIEbHBIE TPAeKTOPHUH (puc. 1) U mydykH TpaeKkTopuii (puc. 2, 3) nepexona U3
OJJTHOTO COCTOSIHMSA B JPYroe 3aMETHO OTJIMYAITCS OT cpeaHero (puc. 4).

Hanee, Ha puc. 2 mMbl cTpouM Hadop u3 100 TpaekTopuii ¢ HEOOBIINM BO3MYIIECHUEM, UTOObI
Ha rpaduke MOKHO OBbLJIO BBIACTUTH BEPOSITHOCTb KAk I0i OTIEIbHON TpaeKTOpHH. [1I0THOCTh TMHUI
HO3BOJISIET BU3YaJIbHO OL[EHHUTh YMCIICHHOCTD KUBOTHBIX B OTAENBHBIX cocTostHusAX {—1,0,1}.

Oco6oe BHUMaHME CTOUT 00paTUTh Ha puc. 3. Ha Hem, Kak u Ha puc. 2, paccMoTpeHo 50 TpaeKkTopuid,
1 BCEro y OIHOTO U3 NpousBoaureneil 3Hauenne GZI paBHO —1, OIHAKO 3TO OKA3bIBAET CYIIECTBEHHOE
BJIMSIHYME HA TIEPEXO/1 K KeJIJaeMOMY 3HaU€HHIO B OCHOBHOM cTazie. HanoMHMM Tak ke, 4To MOYTH HcYe3aloliee
3HaueHue GZI, paBHoe — 1, B KOHIIE MepHo/ia MOAETHPOBAHHUS Ha pHC. 2 U 3 HE 03HAYAET, YTO 3HAUECHHE
—1 OBIJIO MOJHOCTBIO UCKJIIOYEHO M3 CTaja, T. €. CYHIECTBYIOT TPA€KTOPHH, ¥ KOTOPBIX 3HAUYEHHE IO

npomiecteuu 10 et Oyner paBHo —1.
trajectory: dam=-1,
sires={1,1,1,1,1,1,1,1,1,1,1}

'!D100(t)

D (b),..

0 2 4 6 8 10

Time, years
Puc. 2. Hab6op u3 100 tpaekTopuii croxactuueckoro npouecca Dy, ..., Digo (HebobIoe ciydaiiHoe BO3MyIleHne
Ob1J10 JOOABICHO Ha KaXJOM BPEMEHHOM Il1are [is JIydllell BU3yaan3aliy WHIUBULyaIbHON TPaeKTOPHH), BCEe
OBIKM B rociiegoBaresbHoctd ¢ GZI = 1

trajectory: dam=-1,
sires={1,1,-1,1,1,1,1,1,1,1,1}

D (t)yes,Dso(t)

0 2 4 6 8 10
Time, years

Puc. 3. Habop u3 50 TpaekTopwuii croxactudeckoro mpouecca Dy, ..., Dsy, OTUH ObIK B IOCJIEJ0BATEIbHOCTH
(tpetuit) c GZI = —1

Ha puc. 4 Mpl noka3bpIBaeM BPEMEHHYIO 9BOJIIOLMIO CPEJHEr0 3HAUCHU S U JUCTIEPCUM AJISI CIlydast
1000 ctan. Kaxnaas cumysnanus HaunHaeTcs co cTajga u3 200 roMO3UroTHBIX CaMOK B OCHOBHOM CTa/jie (Bce
HavajpHele GZI paBHB — 1) 1 3aTeM cTazia pa3BUBaOTCs He3aBucuMo. CpenHee 3HaueHue D onpeensercs
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CTaHJapTHBIM criocobom kak mean D(t) = D(t) = 1/N szy Dj(t), rne N — oblee KOIMYecTBO KHUBOTHBIX
BO Beex cTanax. JIucrepcusi 02 pacCUMTHIBAETCS KaK JUCTIEPCHUs CPEIHETO JUTs CTajl,

YToO6k! 3amucath popMyTy Ul AUCTIepCHH, 100aBUM UHJIEKC k K D;(t) and mogcyera 3aJaHHOTO
KOJIMYECTBA CTall, TOra

M Ny 2
2 1 herds B(t) 1 size Dk (t>
Nherds — 1 k=1 Nsize j=1 ! ’

1€ Nherds — 9TO KOJIMUYECTBO MOACTMPYEMBIX CTa; Nsize — 9TO KOJIUYECTBO KOPOB B CTajie (IIPH MOAEIHPO-
BaHWU UCTIOIB30BaUCh cTtana pazmepom 100,200 mwm 400 KUBOTHBIX).

1.0
0.005
99 < 0.004
5 A
§ 0.0 _é 0.003
= S 0.002
-0.51
0.001
-0 0.000
0 2 4 6 8 10 0 2 4 6 8 10
Time, years Time, years

Puc. 4. Cpennee (cneBa) u aucnepcus (cnpasa) 3Hauenust GZI ans 1000 craa, pa3Mep KaxJoro OCHOBHOIO CTajia
cocrasisier 200, pa3mep moaMeHHOro ctaga coctapiseT 100 B HauabHBIA MOMeHT BpeMenu, Ap = 0,114, A; = 0,25

BaxxHoi1 0cOOEHHOCTBIO, OOHAPYKEHHOI B X0/ie 9TOr0 MOJEIMPOBAHHUS, SIBJISIETCS TO, YTO pa3Mep
cTajga co BpeMeHEeM JOCTaTOYHO OBICTPO MafaeT U CTAOMIM3UPYETCs Ha YPOBHE, MEHBIIEM 33JaHHOTO
B KayecTBe BepxHeli rpanuubl. Ha puc. 5 nokaszan rpaduk ajis CpeAHEro 3Ha4eHus1 pa3Mepa cTaja, 4ro
MOXOXe Ha «YaCTHMYHOE BBHIMUPAHHE».

2001

180 1

160 1

Main herd size

140 1

120 1

0O 2 4 6 8 10
Time, years
Puc. 5. 3aBucumocTh cpeHEro pa3Mepa OCHOBHOIO CTajla OT BpEMEHU

DTO MOXHO OOBSACHUTH TeM (PaKTOM, YTO MOJIOKUTE/IbHbIE KOJICOAHUS YMCIa POKICHHBIX 0CO0ei
JKEHCKOTO T0JIa OTPAaHUYMBAIOTCS 3a[aHHBIM TMPEJEe/IbHBIM Pa3MepOM CTajia, B TO BpeMsl KaK pejKue
CUJIbHBIE OTpPHUIIATEJIbHBIE KOJIeOaHUsI YUCJIECHHOCTH POXIAIIIUXCA CAMOK CO3HA0T Ie(HUIMT KOPOB
B MIOJIMEHHOM CTaJIe U CEPhE3HO BT HA MOCJIEAYOIYI0 TUHAMHUKY pa3mepa ctajaa. Takum oOpa3om,
KCIIOJIb30BaHUE TIOJJMEHHOI'O CTaJla CUJILHO BJIMsIET HA OCHOBHOE CTajlo. [IpencTaBieHHbIe pe3yIbTaThl
MO0 OCHOBHOMY CTajy CJelyeT pacCMaTpUBaTh TOJHKO KaK JIEMOHCTPAIMIO TEHJCHIIUiA, MOTOMY 4TO
B JIAHHOM HCCJICJJOBAHUU Mbl HE CTPEMIIUCh U3y4YaTh BIIUSHUE yIPaBJICHUs NOJAMEHHBIM CTaJJOM WU
MBITATHCSI KAK-TO ONTUMHM3UPOBATh €ro.
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B peasnbHOCTH, Ha TIepBBIl B3MISIT HENPUATHBIN «3(h(eKT BHIMUPaHUS» KOMIIEHCUPYETCS IIPUTOKOM
JKUBOTHBIX C PbIHKA U MOXET ObITh UCIOJIb30BaH [JIs1 00jiee OBICTPOrO MEepPEeKJII0UEHHS BCEro cTaja Ha
3a/IaHHBII aJlJIeNTb 32 CYeT BBEACHHUs B CTa/I0 XHUBOTHBIX, Y KOTOPBHIX MHTEpECYIOIllee 3HAUCHHUE YKe
MPUCYTCTBYET, UTO, B CBOIO OUEPe/ib, OTPA3UTCS Ha MOCIEAYIONIEM BOCTIPOU3BOICTBE MIOTOMCTBA.

NurencuBHOCTH Tiporiecca [lyaccoHa Ap 1711 OCHOBHOTO CTajia HampsIMyIO BIUSET Ha YPOBEHb
«YaCTUYHOTO BHIMUPAHHUSI», TOCKOJIBKY, KaK 3TO MOXHO YBHUIETH U3 TpachuKkoB Ha puc. 6—10, Ha KOTOPBIX MBI
JEMOHCTPHPYEM MEPEKTIOUSHUE OT ONPEIeIeHHOro 3HaKa (OblT BHIOpaH paBHbIM — 1) ajiesis B 3HaUCHUE
1, CKOpOCTB MepeKIoUeHU s 3aBUCeNa OT 3HaYeHHli Ap. Ha pucyHkax rpaduku ajist Ap, COOTBETCTBYIOIIHUX
BEepOSITHOCTH, paBHOH 0, 8, 711 KOPOBH JOXHUTHh B OCHOBHOM cTtane A0 4,6,8,10,12 ier, 0603HaYEHBI
KPACHBIM, TOJTyObIM, 3€JIeHbIM, CHHUM, YEPHBIM I[BeTamMu U MeTKamu 1, 2, 3, 4, 5 COOTBETCTBEHHO.
MogenupoBanue 6but0 mipoBesaeHo o 10000 cran.
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Puc. 6. Cpennee 3Hauenue GZI Bo Bpemenu st 10000 ctag, pazMep KaxJgoro OCHOBHOro ctaja coctapisieT 400
TOJIOB, pa3Mep MOJMEHHOr0 CTa/ia B HAaYaJIbHbBI MOMEHT BpeMeHHU cocTaisieT 200 royos

Mean displayed allele frequency

2 4 6 8 10 12 14

Time, years
Puc. 7. CpenHsist yacToTa B HOMYISIMY 3aMel[aeMoro ajiess rno Bpemenu 1is apomormu 10000 cran, pazmep
KaXJ0ro oCHOBHOro ctaja cocraniser 400, pa3mep NOAMEHHOIO CTaJja B HauaJlbHblii MOMEHT BPEMEHHU COCTABJISIET
200. [TocnenoBaTeabHOCTD BETOB (M YMCJIOBBIX METOK) COOTBETCTBYET pa3HbIM 3HAUEHUSAM CpelIHER
NPOIOJKUTENILHOCTH KM3HU KOPOBBI B OCHOBHOM CTajie (CM. MOJPOOHOCTH B TEKCTE)
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Puc. 8. IzameneHue cpeiHero pa3Mepa oCHOBHOro crtaja Bo Bpemenu i 10000 craz, pa3Mep KaxkJ0ro OCHOBHOTO
ctaga coctasisier 400 rosoB, pa3Mep MOJMEHHOTO CTa/la B HaYaIbHBIEE MOMEHT BpeMeHH cocTapiseT 200 rosos.
INocenoBatebHOCTD IIBETOB (M YHUCJIOBBIX METOK) COOTBETCTBYET Pa3HBIM 3HAYCHUSAM CpeiHEH
HPOJOJDKUTENBHOCTH KM3HM KOPOBBI B OCHOBHOM CTaJe (CM. IOPOOHOCTH B TEKCTE)
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Puc. 9. luctiepcus cpeanero udmenenus 3aadenuss GZI ainsa 10000 cram, pa3mMep Kaxaoro OCHOBHOTO CTajga
cocrtasiseT 400 ronos, pa3mMep MOAMEHHOTO CTa/la B HaUaIbHBI MOMEHT BpeMeHu cocTaiseT 200 ronos.
[MocnenoBaTeIbHOCTD IIBETOB (M YHCIOBBIX METOK) COOTBETCTBYET PAa3HBIM 3HAUCHUSIM CpeIHEi
MPOJOJIKUTETLHOCTH KU3HU KOPOBBI B OCHOBHOM CTa/ie (CM. OJPOOHOCTH B TEKCTE)
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Puc. 10. Oucnepcus yactoTsl 3ameriaemoro ayuiens s 10000 craz, pa3mep KaxkI0ro OCHOBHOIO CTaja COCTABJISIET
400 ronoB, pazMep NOAMEHHOrO CTajla B HaYaJIbHbIi MOMEHT BpeMeHu cocTasiisieT 200 rosos. [locnenoBareabHOCTh
I[BETOB (M YMCIJIOBBIX METOK) COOTBETCTBYET pa3HBIM 3HAYECHUSIM CpeIHEH POIOLKUTETHBHOCTH KIU3HA KOPOBHI
B OCHOBHOM CTajie (CM. MOAPOOHOCTU B TEKCTE)
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OpnHoli U3 MHTEPECHBIX 0COOEHHOCTEH NPeJI0KEHHON MOJIENN IOMHOTO CTa/la SIBJISIETCS YyBCTBU-
TENBHOCTD K AETaJISAM Mepexo/a ;KMBOTHOTO U3 TIOIMEHHOTO CTaJja B OCHOBHOE. PaccMoTpuM [1Be Moaenn
yHpaBJIeHHs! TIPOIECCOM MCKIIIOYSHUS U 3aMEIeHUsI )KUBOTHHIX B CTaJIe.

B Monenm 1 mbl 3aroHsAeM OCHOBHOE CTaJ0 10 MPEAEIbHOrO pa3Mepa CHavala U3 MOAMEHHOTO
CTajia, 3aTeM CIy4JaliHbIM 00pa30M OCYIIECTBIISIEM ylaJeHre KUBOTHBIX U3 MIOJMEHHOTO CTala U3 Yucia
OCTaBHINXCA.

B mopmenu 2 cHavana fieaeM yhaajieHrue KOpoB U3 cTaaa (M OCHOBHOTO, M TIOIMEHHOTO), U JIIIIb
MOTOM JKMBOTHBIX, YIaJIEHHBIX U3 IMOJMEHHOTO CTaja, BBOJUM B OCHOBHOE CTAJIO.

OKka3zpIBaeTCs, YTO ITU JIBE HEMHOTO OTJIMYAIOIIMECS MIPOIIEAYPHI TAI0T 3aMETHO pa3InIHOE TIOBEIe-
HMeE, YTO MMOKa3aHo Ha puc. 11 i cpelHuX 3HAYEHU, IUIsl JUCTIEPCUU — puc. 12 u 11 cpejiHero pa3Mepa
OCHOBHOTrO cTafa — puc. 13. Jlunamuka cpentero 3HauyeHuss GZI oyeHb 0JiM3Ka, OTKJIOHEHUs] HEMHOTO
OTJIMYAIOTCSI, HO CPETHUIA pa3Mep CTajla YKa3blBaeT Ha CYIIECTBEHHOE BIIUSIHUE CXEMBI YIIPABJICHUSL.

0.5

10

Time, years

-1.0

Puc. 11. CpaBHeHue cpeJHero 3HaueHus ajjiesisi OCHOBHOro ctaaa GZI 1o BpeMeHH AJis AByX MOJesei.
IlyHkTHpHasA KpacHas JMHUS — NIEpBasi MOJe/Ib, CIUIOIIHAS CUHAS JIMHUSA — BTOpast Mofelb. Bce mapameTpsl Takue
’Ke, Kak Ha puc. 4
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Puc. 12. CpaBHeHme ycpeJHEHHO! OUCTIEPCHU aJUTeNsl OCHOBHOTO cTaja GZI TIo BpeMeHH [Tl IBYX MOJEIeil.
[lyHKTHpHAs KpacHas JIMHUS — NIepBasi MOAEb, CIUIOIIHAS CUHSIS JIMHUS — BTOpast MOZIETb
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Puc. 13. CpaBHeHue cpeiHero pa3mepa OCHOBHOTO CTaja Julst ABYX Mojedeil. [IyHKTupHas KpacHasi TMHUS — TiepBast
MOJI€JTb, CIUIOIIHASI CHHSS JIMHUS — BTOpasi MOZIENb

Puc. 12, 13 obpamaioT BHUMaHHMe Ha TO, YTO HEOOXOAWMO OYEHb BHHUMATEJbHO OTHOCHUTHCS
K TMpaBWIaM, UCIIOJIb3yEMBIM B YIPABJICHUU CTAJOM, IIOCKOJIbKY Ha MEPBBIi B3NS OJIM3KUE MpaBuiia
TIPUBOIAT K CYIIECTBECHHBIM Pa3JIAUMSIM.

4. 3akaroueHne

B nanHoli padoTe 114 1ienieil MoJeIMpoBaHu s BPEMEHHOM SBOMIOIMY OUALIETEHOTO MOTMMOopdu3Ma
JIOWHOTO cTaja ObUIa MpeIoKeHa Mojie/ib, OCHOBAHHAS Ha UCIIOJIb30BAHUM CTOXACTUUECKUX nuddepeH-
IUATBHBIX YpaBHEHUI. Moiesb BKII0YaeT PsIT OTIONHUTEILHBIX YCJIOBUI: pa3e/ieHre CTaa Ha OCHOBHOE
Y TIO/IMEHHOE CTaJ0, TUIIMYHOE BpeMsI )KM3HU JKUBOTHOTO B CTajle, OTPAaHUYCHUE pa3Mepa OCHOBHOTO U
TTOJIMEHHOTO CTal, PUTOK 3aMEHbI XUBOTHBIX B OCHOBHOM CTajie.

MonenupoBaHre IOKa3aio, YTO MPH YCTAHOBJICHUM MaKCUMAaJIbHOTO pa3Mepa CTajia JOKaJIbHbIe
KoJIeOaHUs1 HOBOPOXKJCHHBIX XMBOTHBIX OYAyT CHJIbHO BJIMSITh Ha TUHAMHMKY CHCTEMBbI U ITPUBOAUTH
K 3aMETHOMY YMEHBIIICHHUIO pa3Mepa CTajla («4aCTHYHOMY BHIMUPAHUIO» ). [IJ1s1 yCTpaHEeHHsI STOTO SBJICHHUS,
KOTOpOE He HaOJIIIaeTCsl B pealibHbIX (hepMEPCKUX CUTYAIUsX, OblIa MpeiokeHa MOTUUKAIIMsT MOJIEN
C YYeTOM TPHUTOKA XKUBOTHBIX M3BHE. MoeNMpoBaHue MOKa3aio, YTo MOJIUTHKA YIPABICHHS )KUBOTHHIMU
B CTaJIe MOXET UMETEH OOJBIIOE 3HAYECHHE JJIs JOCTHXKEHUS LEJIEH ONTUMHU3ALINH,

baarogapaoctn

M1 Boipaxkaem O6aarogapHocTs Jxeky Xynepy us Livestock Improvement Corporation 3a npouteHue
YEpPHOBUKOB 3TOIl CTAaThU M 32 LIEHHBIE 3aMevaHus o cylnecTByomeil B HoBoii 3enanauy npakTuke
yIpaBJIeHUs] CTaIOM.
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Abstract. A multi-server retrial queueing system with heterogeneous servers is analysed.
The service times have a phase-type distribution with different irreducible representations.
Customer arrival to the system is defined by a Markovian arrival process. When all servers are
busy at an arrival moment, the customer moves to the virtual place called orbit to retry to reach
the servers in exponentially distributed periods of time. The total retrial rate from the orbit
infinitely increases when the number of customers residing in orbit grows. Upon arrival or
retrial from the orbit, a customer occupies the server having the minimal number among all idle
servers, if any. The dynamics of the system states is described by a multidimensional Markov
chain having the special block structure of the infinitesimal generator. The explicit expression
for this is presented. Ergodicity condition is derived. The expressions for computation of the
key performance characteristics of the system are given. Numerical results, which highlight
dependencies of these measures on the mean arrival rate for the system and its particular
cases, when the arrivals are described by the stationary Poisson process or (and) service times
follow the exponential distribution, are presented.
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AHHOTaIMsA. AHAIM3UPYETCS MHOTOJIMHEHHAsA CUCTeMa 00CITy KMBAHHS C TIOBTOPHBIMHU BbI-
30BaMU U HEOJHOPOAHBIMU CepBepaMu. [IJIMTEeNbHOCTH OOCITyKHMBaHUSI UMeEIOT (ha3zoBoe
pacrpesieieHre ¢ pa3IMIHBIMI HETIPUBOAUMBIME IIpeIcTaBIeHusIMU. [TocTymieHne 3ampo-
COB B CHCTEMY OIpEeJesAeTCs MapKOBCKUM IpoLieccoM nocTyrieHus. Korga Bce cepeepsl
3aHATHL B MOMEHT MOCTYIUIEHHUs], 3alIpOC IIOMEILAeTCsl B BUPTYyaJIbHOE MECTO, Ha3bIBaeMoe
OpOUTOit, YTOOBI ITIOBTOPUTH NOMBITKY JOCTHYb CEPBEPOB Yepe3 IKCIOHEHIMAIBHO pacIpe-
JieJIeHHbIe TIepHozibl BpeMeHH. O011as CKOpOCTh TIOBTOPHBIX BHI30BOB € OPOMTHI OECKOHEUHO
YBEJIMUYMBAETCSI C POCTOM UHCJIa 3alpOCOB, HaXo[sIuXxcst Ha opoute. [Ipu nocryrieHnn
WY TIOBTOPHBIX BBI30BAaX C OPOUTHI 3allpOC 3aHMUMAeT CepBep ¢ MUHMUMAJIbHBIM HOMEpPOM
cpeii BceX CBOOOIHBIX CEPBEPOB, €CJIN TAKOBbIE UMEIOTCS. [JMHAMMKA COCTOSIHUIA CHCTEMBI
OITICHIBAETCSI MHOTOMEPHO# IleTibio MapkoBa, nMelolieil crienaibHylo OJI09HYI0 CTPYKTY-
py uHUHUTE3UMAIIBHOTO reHepaTopa. [IpeacraBiieHo sIBHOE BBIpaskeHHeE ISl TeHepaTopa.
BeiBeneHo yciioBue sproauyHocTH. IIprBeieHbl BbIpakeHUs AJIsl BRIYMCIEHUS KIIIOUYEBBIX
XapaKTepPUCTHK MPOU3BOJUTEILHOCTH CUCTEMBI. [IpeacTaBieHs! YiCIeHHbIe pe3yabTaThl, 1il-
JIOCTPUPYIOIIHE 3aBUCHMOCTH XapaKTEePUCTHUK MPOU3BOAUTEILHOCTH CHCTEMBI OT CpeIHel
CKOPOCTH HOCTYIUIEHHS 3asIBOK JUJIS1 CUCTEMBI U €€ YaCTHBIX CJIy4yaeB, KOrzia NOCTYIUICHUS
OIHMCHIBAIOTCS CTAIIMOHAPHBIM ITyaCCOHOBCKUM IPOIIECCOM HJIM (V) BpeMeHa 00CITy KUBaHH
TIOYMHSIOTCS SKCTIOHEHIINAIEHOMY PaCIIpe/IeNIeHHIO.
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1. Introduction

Retrial queues fit well for the mathematical description of various real-world systems,
telecommunication networks, including the mobile cellular networks, and contact centers in particular.
Analysis of such queues is much more involved than the study of the queues with customer loss or buffers
for waiting in case of the lack of available servers having the same types of arrival and service processes.
This is explained by to the state inhomogeneous behavior of the stochastic process describing the dynamics
of the system. This is the reason why the retrial queues are investigated in a far less extent.

The fundamental results obtained for the multi-server retrial queues of the M /M /N type (this
means that the arrivals are described by the stationary Poisson process and service times follow the
exponential distribution) are presented in the well-known [1]. However, due to the significant change
of the character of the flows in communication networks and customers service time during the last
decades, essentially more adequate model of arrivals in the modern real-world systems is the MAP
(Markovian Arrival Process), see, e. g., [2-5]. This process well describes the modern correlated bursty
flows. Essentially more general distribution of service time than the exponential one is Phase-Type (PH)
distribution, see, e. g., [5;6] which allows to fit not only the mean service time, but also higher moments,
including the variance. Taking these circumstances into account, the BMAP/PH /N type retrial queue
was studied in [7]. But only the aspects relating to the ergodicity condition of the system are considered
there. More comprehensive analysis of the BMAP/PH /N type retrial queue was given [8] where, besides
to the proof of the sufficient condition for the ergodicity in cases of the classical retrial policy and the
constant retrial rate, the effective algorithms for the computation of the stationary distribution of the
system states and the main performance measures were presented.

Essential assumption imposed in [1] and [8] is that the servers are identical, while they can be
heterogeneous in some real-world system. In this paper, we significantly weaken this restrictive assumption.
In the papers [9] and [10], this assumption was already weakened and the servers are not identical. In that
papers, it was supposed that service times have the exponential distributions with different parameters. In
the present paper, we suppose that service times have the Phase-Type distributions with different parameters.

Generalization from the case of the exponential distribution to the case of the Phase-Type distribution
has the practical importance because the former one allows to fit only the average value of the real service
time while the latter one allows to fit simultaneously many initial moments of the distribution of the
real service time, and the variance of this time in particular. From the theoretical point of view, this
generalization leads to the necessity of construction and analysis of the multi-dimensional continuous-time
Markov chain with more involved structure of the blocks on the infinitesimal generator. Here this analysis
is successfully implemented.

The outline of the presentation is as follows. The mathematical model under study is described
in Section 2. The random process describing the dynamics of the considered system is introduced in
Section 3 as the multi-dimensional continuous-time Markov chain and the explicit expression for the
generator of the chain is presented there. The sufficient condition for the ergodicity of this Markov chain is
derived in Section 4. Formulas for computation of the values of the key performance measures of the
system are given in Section 5. The illustrative numerical results are presented in Section 6. Section 7
contains some concluding remarks.

2. The mathematical model

We consider an N-server queueing system. The primary customers arrive to the system according
to a MAP (Markovian Arrival Process). We denote the directing process of the MAP by v, t > 0.
The state space of the irreducible continuous-time Markov chain v, is {0,1,...,W}. The intensities
of transitions of the process v; are defined as the entries of the square matrices Dy and D; of size
W = W + 1. The matrix Dy contains the intensities of transitions at which customers do not arrive. The
matrix D; contains the intensities of transitions at which customer arrives to the system. The matrix
D(1) = Do+ D; is an infinitesimal generator of the process v;. The vector © that is the unique solution to
the system of equations ©D(1) = 0, 6e = 1 defines the stationary distribution of the process v;. Here
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and thereafter e is a column vector of an appropriate size consisting of 1’s and 0 is a row vector of
an appropriate size consisting of zeroes.

The average (fundamental) arrival rate A of the MAP is defined as A = ©D1 e . The coefficient ¢y, of
variation of intervals between customer arrivals is defined by ¢y, = 2A0 (—Do)fle — 1. The coefficient of
correlation ¢y, Of successive intervals between arrivals is computed as cqor = (A (—Do)_]Dl (—Do)_1 e—
- 1)/C%ar' _

The servers are independent of each other. The service time of a customer by n-th server,n = 1,N,
is governed by the continuous-time Markov chain (directing process) n,("). This process has an absorbing
state 0 and the set {1,---,M} of transient states. The initial state of the process n" at the epoch of
starting the service is chosen among the transient states with the probabilities defined by the entries

of the row-vector B(”) = ([55"), e [51(;()”)). The transitions of the process nt(") inside the set of transient

states do not lead to service completion and are defined by the entries of the irreducible matrix S of
size M. The diagonal entries of this matrix are negative. Their modules define the rates of the exit of
the process n,(") from its transient states. The non-diagonal entries define the intensities of transitions
inside the set of the transient states. The rates of transition to the absorbing state, which lead to service
completion, are defined by the entries of the column vector S(()") = —SWe.

The mth initial moment b,(,zl ) of the distribution of the service time in the nth server is computed as

by = m!B ((—$)") e, m> 1.

The value 1, defined by the formula p, ' = g (—S (”))_1 e, n=1,N, is the mean service rate in the nth
server. The value b 1})(5))52))2

If the arriving customer meets all servers being idle, the customer enters the first server to receive
the service. If the first server is busy, then the customer enters the idle server with the minimum number.
If all servers are busy, then the customer goes to the virtual place called orbit. Capacity of the orbit is
unlimited. These customers are said to be repeated customers. These customers try their luck later until
they will be served. We assume that the total flow of retrials from the orbit is such that the probability of
generating the retrial attempt in the small interval (z,7 + Ar) is equal to &;Ar + o (Ar) when the orbit size
(the number of customers on the orbit) is equal to i, i > 0, o; = 0. We do not fix the explicit dependence
of the intensities «; on i. We assume the infinitely increasing retrial rate: lim «; = oo. This holds true, in
particular, for classic retrial strategy where «; = i and the linear stratelgy o =ix+y.

Our goal is to obtain the sufficient condition for existence of stationary state distribution of the
system, this distribution itself, and the expressions for the key performance measures of the system

via this stationary distribution.

is the squared coefficient of variation of the service time in the nth server.

3. The random process defining the dynamics of the system

Let, at the moment 7, t > 0,

i; be the number of customers on the orbit, i; > 0;

n,(") be the state of the underlying process of the service in the nth server, n = 1,N. This state
belongs to the set {1,...,M (”)} if this server is busy and is assumed to be O if the server is idle;

v; be the state of the directing process of the MAP, v, = 0,W.

Let R be the state space of the process {n,(l),...,nt(N)} defining the phases of service in all
servers of the system:

R={0WD,... /My ) =0,M0" n=TN}.

Consider the continuous time multi-dimensional process

E't = {ihnt(l)v"'ant(N)gvt}, t> 0.

It is easy to see that this process is an irreducible continuous-time Markov chain.
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Let us define the stationary probabilities of this Markov chain as the limits

(i, ™) = tim Pl =i (™) = () € Ry =),

i=20,v=0W.

Sufficient condition for existence of these limits will be presented in Theorem 4.1 below.
Let us enumerate the states of the chain ¢, ¢ > 0, in the lexicographic order and form the row-vector

(i, iV, Y = (i, YN0y, YY) W)

of the stationary probabilities 7'((1',1'(1)7 .. .,r(N )

n(i,rM, . r V) i > 0.

R . N

Note that the size of the vectors 7t; is equal to K = (W + 1)M where M = [ (M") +1).
n=1

Define also the infinite-dimensional probability vector 7@ = (7, 71,72, .. .).

For the use in the sequel, introduce the following notation:

I is an identity matrix of appropriate dimension (when needed, the dimension is identified with
a subscript);

O, denotes zero matrices with n rows and n’ columns; ® and @ are the symbols of the Kronecker
product and sum of matrices, see, e. g., [11];

Jn: < 0]><1 01><M(n)>’n:l7N;
O« Ly

,V), and the row-vectors 7v;, consisting of the vectors

m o N
R=J 1Ry, r<m,m=1,N;J=QJ;
I=r =1

£{") is column vector of size (M () 4 1) having the first entry equal to 1 and other entries equal to 0;
d; j is Kronecker delta. It is equal to 1 if i = j and 0, otherwise;
A is the diagonal matrix with diagonal entries defined by the diagonal entries of the matrix Dy;

0 O n
Gn:< 1x1 1xM®) ,I’l:1,N;

sy s
N
G=Y | I @G I v
n=1\ TIMD+1) [T (MO+1)

=1 I=n+1

n—1 N _
I=QRQJ/86G,2 Q J;, n=1,N;
=1 I=n+1
H, is the diagonal matrix with the diagonal entries coinciding with the corresponding diagonal

entries of the matrix Gy;

N [/n—1 N
H=Y <®Jz®Hn® X Jz);
n=1 \I=1 I=n+1
C= —(H®A)~!. The matrix H ® A is nonsingular as the irreducible sub-generator;
O1x1 B .
Bn e ,n = I,N,
Opox1 Oy sy
. N [ k=1
=Y | ®I@B®I
=1\ 1=1 I1 (MO+1)
_ I=k+1
1= (IM — J);
b b
the product of numbers [] ¢; or matrices [] C; is supposed to be equal to 1 or I, correspondingly,
I=a l=a

if b < a. The same relates to the Kronecker products.

The following statements hold true:

Lemma 3.1. [fthe vector Tt of stationary probabilities exists, then it satisfies the system of equilibrium
equations

mQ=0,te=1
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where 0 is the infinite-size row-vector consisting of zeroes and the matrix Q, which is the infinitesimal
generator of the chain (;,t > 0, has the following structure:

Qo Qu O O

Qo Qi Qi O
Q= O Qu Qxn Qx
O O Qxn Qi

where the blocks Q; j,i,j >0, j = {max{0,i — 1},i,i+ 1}, of the matrix Q have size K and are defined
as follows:

Qiiv1 =J @Dy, Qi = oulg @1y,
Qii=1;®Dy— oI @Iy +G Iy +1s @ Dy.

Proof. The presented form of the blocks Q; ; is easy explained if the intuitive meaning of some
denotations is taken into account. In particular:

the matrix J, is used to distinguish the residing of the process n,(") in the absorbing and transient
states during which service is not provided and provided, correspondingly;

the matrix J highlights the states of the vector process 1, = {nt(l),nt(z), el ,n,(N)} at which all
servers are busy;

the matrix I highlights the states of the vector process 1, at which not all servers are busy;

the matrix G, describes transition rates of the process nt(") in its state space;
the matrix G contains the rates of all possible transitions of the process 1;;

the matrix B, is used to instal the initial state of the underlying process nt(") at the service beginning
moment in the nth server;
the matrix I}g, describes transition rates of the process 1, at the moment of service beginning at

the available server having the minimal number. Here, the matrix By defines the installment of service
k=1
namely in the kth server, k = 1, N. This matrix is preceded by the Kronecker product ® J; that guarantees

that the previous k — 1 servers are busy and service cannot start in these servers Addltlonally this
matrix is multiplied from the right in Kronecker manner by the Kronecker product / ﬁ O+ that
shows that no transitions occur in underlying processes of customers service in the serlvgrls having the
numbers k+ 1,k+2,....N

The increase in the number of customers in orbit occurs at the moment of a customer arrival to
the system (with the rates defined by the entries of the matrix D) when all servers are busy. Therefore,
we evidently obtain that Q; ;11 = J® D;.

The decrease in the number of customers in orbit occurs at the moment when one of the customers
staying in orbit retries to enter the service (with the rate «; if i customers stay in the orbit) when there are
available servers and the server with the minimal number is occupied. The transition rates of the process
1, in this scenario are defined by the matrix I}g. Any transition in the underlying process of arrivals is
not possible. Therefore, we evidently obtain that Q;;—1 = ocl-iﬁ Iy .

The diagonal entries of the diagonal blocks Q;; are negative. Their modules define the exit rate
of the Markov chain (;, t > 0, from the corresponding states. The non-diagonal entries of the diagonal
blocks Q;; are non-negative. They define the rates of the Markov chain (; transitions that maintain the
value of the number i of customers in the orbit. There exist four scenarios of such exits or transitions.

One scenario corresponds to the exit or transition of the underlying process of arrivals the rates
of which are defined by the matrix Dy. No transition of the process 1), are allowed in this scenario. This
scenario explains the first summand I;; ® Dy in the expression for Q; ;.

The second scenario of the exit from the current state due to successful retrial of a customer from
the orbit. This scenario explains the second summand —o;/ ® Iy in the expression for Q; ;.
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The third scenario corresponds to the exit or transition of the underlying process 1, of service, the
rates of which are defined by the matrix G. No transition of the process v, are allowed in this scenario.
This scenario explains the third summand in the form G ® Iy, .

The last scenario of transition of the Markov chain (; corresponds to the new customer arrival, the
rates of which are defined by the matrix D; and an immediate admission of this customer for service.
Transitions probabilities of the process 1), at this arrival moment are defined by the matrix Is. The proof
of the formula for the block Q;; and of Lemma 3.1 is finished. O

Lemma 3.2. Markov chain &, belongs to the class of asymptotically quasi-Toeplitz Markov chains,
see [12].

Proof. According to the definition of the asymptotically quasi-Toeplitz Markov chains given in [12],
we have to prove the existence of the limits

Yo=1limR; 'Q;;_1, o= iliﬁmelQi,m, Y= ilimRiilQi,i +1

1—o0
where R; is a diagonal matrix with diagonal entries defined as the moduli of the corresponding diagonal
entries of the matrix Q;;, i > 0. It can be easily verified that R; = ol —H D A.
Then, by direct calculations with account of the imposed above assumption that lim o; = oo, it

i—oo
can be verified that

N
Yo=Ig®ly, ,=C(J®Dy), Y1 =C(} Tv® Do) +1.
k=1

Lemma 3.2 is proven. U

4. Ergodicity condition
Theorem 4.1. (i) The Markov chain (, is ergodic if the inequality

A< Y 1)
k=1

is fulfilled.

(ii) The Markov chain (; is non-ergodic if inequality (1) has an opposite sign.

Proof. (i) As follows from [12], the sufficient condition for ergodicity of the AQTMC &, n > 1,
is the fulfillment of the inequality

xYre < xYpe, (2)
where x is the unique solution of the system
x(Yp+Y1+1)=x, xe=1. (3)

Calculating the vector x from system (3) and substituting the expression obtained into inequality (2)
after some algebra we get inequality (1).

Statement (ii) of the theorem follows from (1) and the results of [12]. O

Remark 4.2. Condition for ergodicity is easy tractable: the average arrival rate A is less than the
sum of the mean service rates in all servers of the system.

The numerically stable algorithm for computation of vectors 7v;, i > 0, can be found in [12].

5. Performance measures

As soon as the vectors 7t;, i > 0, have been calculated, we are able to find various performance
measures of the system.

Let us introduce the following denotations:

R, k=T,N, is the set of the states {r(1), ... rM)} € R of the process {n,(l), . ,n,(N)} such that
) >0forl=1k-1, rk =0.
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For the fixed set (#(1),...,r™), (7D, ... r™)) € R, the value [(rV),...,r)) defines the number
of states having nonzero value of the components ™ n=1,N:

N
1N = 3 (1= 8,0 )
=l

The average number Ly of customers in the orbit is computed by
Lowbic = 'Zl im;e.
=
The probability Pempty—orbic that the orbit is empty at an arbitrary moment is computed by
Pempty—orbit = Te.

The average number Nyysy of busy servers at an arbitrary moment is computed by

oo

Moy =Y. Y 10y, Ve
i=0 (r(1)7...7r(N))€fR
The probability Pé") that the nth server, n = 1,N, is idle at an arbitrary moment is computed by

P ¥ () e Y )
0 =Y (@ ey @fNO ® eyn, @ey).
i—0 r=1 r=n+1

The row vector defining the stationary probability distribution p, of the status of the nth server at an
arbitrary moment is given by formula

> n—1 N
P =Y T((® ey @y 1 ® © eyny)Qey), n=1N.
=0 r=1 r=n+1

The output rate ¢, from the nth server is defined by

0
(Pn:pn< (n)>7n:17N'
SO

N
Relation A = Y @, can be used for control of accuracy of computation of the stationary distribution
n=1
of the system states.

The probability P(gserv) that all servers are idle at an arbitrary moment is computed by
d N
Péserv) _ Zni( ®1 £ Rew).
i=0 "=

The probability Py, that an arbitrary customer will succeed to enter the service immediately
upon arrival is computed by

1 & -
Pimm - ini (1[5 ®D1)e.
i=0

The share of customers, which start service immediately upon arrival by the kth server, is computed by

10‘0
z==Y Y (nir",.. " "YoD)e k=TN.
i=0 (1), W)em,

6. Numerical results

To illustrate the feasibility and outcome of the presented algorithms as well to show the effect of
correlation in arrival process, we briefly consider the following example.
Let initially the MAP-input be characterized by the matrices

b _ (135164 0
0= 0 ~0.04387 )’
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o ( 1:34265 0.00899
"7\ 0.02443 0.01944 |-

This arrival process has the coefficient of correlation of two successive intervals between arrivals ccor = 0.2,
and the squared coeflicient of variation of the intervals between customer arrivals ¢y, = 13.4. In the
presented experiment, we will vary the average rate of the MAP A what is done by multiplying the
matrices Dy and D; by the same scalar.

In parallel, we present the results of computation for the model where the arrival flow is defined as
the stationary Poisson process with the same intensity. Let us assume that the total number N of servers be
equal to 3 and MM =2 M@ =2 MB) = 3. The retrial rates are defined by o =0, &; =icx, x=1,i>0.

We will denote the PH-distributions of service times on three devices as PH l(serv), PHZ(SHV), PHZ(SHV).

2

var

PH l(serv) — the 2nd order hyperexponential distribution with ¢
following vector and matrix:

=4.55 —is characterized by the

(1) _ m_( -2 0
) =(0.1,0.9),5 ( o 18 >.

2
var

PHZ(SBW) — the 2nd order hyperexponential distribution with ¢
following vector and matrix:

0 _ o_ (15 0
B =(0.1,09),5 < 0 —&5)

2
var

=4.54 — is characterized by the

PH3(SerV) — the 3nd order hyperexponential distribution with ¢2, = 4.28 — is characterized by the

following vector and matrix:

-02 0 0
0 -04
0 0 24

We can calculate the service rates at the corresponding servers as follows:

12120 5

G (. = =
B (15’15’15)7

m =10,u =7.5,u3 =1
Let us assume that the total number N of servers be equal to 3. When we consider the service time
to be exponential, assuming service rates at the corresponding servers be p; = 10, =7.5 and pu3 =1,
correspondingly. Fig. 1 shows the behavior of the value Lyt depending on the input rate A. Fig. 2 shows
the behavior of the value Ny,sy depending on the input rate A. Fig. 3 shows the behavior of the value
P.nm depending on the input rate A. Fig. 4 shows the behavior of the value Pén) depending on the input

rate A under different numbers of servers. Fig. 5—7 show the behavior of the value Pén) depending on
the input rate A when n = 1, 2, 3, respectively, with different models.

N=3 N=3
800 . . . . . . , , 3
MAP/PH/IN MAP/PHIN
700 MAPMIN | | MAP/MIN
-~~~ MPHN 25} |[-=—=MPHN

=== MIMIN ‘ - MIMIN

0.5

0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18

Fig. 1. Dependence of the number L on the Fig. 2. Dependence of the number MNyysy on the
input rate A when N = 3 with different models input rate A when N = 3 with different models
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1 i
MAP/PH/N Tl n=1
0.9 MAPIMIN | | 09 DR ————n=2| |
— =~ MPHIN E S n=3
o8 NG N MIMIN 8§ 0.8 NN ]
0.7 0.7 TN
S
06 06 O ~
€ N B ‘\\\\_\ \\\
LE05 \\ Le05 NN
\ ~ SN
0.4 N \\ 0.4 . O
g N ~ N
L Ry \ B . RN
0.3 SN 03 N\
AN Ny N
0.2+ “\ 1 0.2 SN
N RSN
0.1 \\— 0.1 Ny
0 0 -
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
A A
Fig. 3. Dependence of the number Py, on the Fig. 4. Dependence of the number
. o o n i
input rate A when N = 3 with different models pé ) on the input rate A when N = 3
N=3 N=3
1 T T T T T 1 T T T T T
MAP/PH/N MAP/PHIN
0.9 MAPIMIN | | 0.8 MAPMN | |
. — =~ — MPHN T MPHN
0.8 1 S~ = M/M/N 1 e8r L T
0.7 0.7
0.6 0.6
Fo05¢ Fo05
0.4 r 0.4
0.3 \ 1 0.3
02} N 1 02
0.1 "\\-\_ 1 0.1
0 0
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
A A
. 1 . 2
Fig. 5. Dependence of the number Pé ) on the Fig. 6. Dependence of the number Pé ) on the
input rate A when N = 3 with different models input rate A when N = 3 with different models
N=3
1
MAP/PHIN
097 MAP/MIN
N ———— M/PHN
0.8 T
0.7
0.6
Zoost
0.4
0.3
0.2
0.1
0 2 4 6 8 10 12 14 16 18

Fig. 7. Dependence of the number P(g3) on the input rate A when N = 3 with different models

7. Conclusion

In this paper, the algorithmic analysis of the MAP/PH /N retrial queue with heterogeneous servers
is presented. The obtained results are numerically illustrated in brief.

This research has received support by the Belarusian Republican Foundation for Fundamental
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INPABMJIA 1JIA ABTOPOB

1. g ny6Gnvkanuy B XypHaJie IPUHAMAIOTCS] paHee He OIyOJIMKOBaHHBIE B JPYTUX W3JaHUIX
HayyHble cTaTbu. OO30pHBIE CTAaThU MYOJIMKYIOTCS MO PEIIEHHIO PEAKOIJICTHH.

2. O6beM cTaTbi He Oonee 20 KypHAIBHBIX CTPAHHMI] (C YUETOM TAOJIMUIl U PUCYHKOB, a TaKXKe CITHCKA
JUTEPATypHl Ha 2 sA3bIKaX), 00bEM KPAaTKOTO COOOIIEHHS — A0 5 CTpaHMII.

3. Cratpu B KypHase myOaMKyOTCS Ha PyCCKOM WM aHTJIMHACKOM SI3BIKE.

4. Cratbs gomkHa ObITH OATrOTOBJIeHa B cucteMe ISTEX mo oOpasily, HaxoasiemMycsl Ha caiite
Kypnana. He nonyckaercs ucnons3oBanue B TeX-ailnax «HectannapTHeix» TEX-KoMaHg (T. €. KOMaH[,
HE BXOJSIIIUX B CTaHJapTHYIO mocTaBky IATEX), a Takke nepeonpeeieHre CTaHIapTHRIX KoMaH . [Ipu
nojiaue CTaTh aBTOPY HEOOXOIUMO YKa3bBaTh pyopuky JKypHasia, K KOTOpOMY OTHOCHUTCSI CTaThsl.

5. Tekcr craThy HauMHaeTcs ¢ uHAekca YJIK, 3areM cienyioT Ha3BaHUE CTaThbU, UHHUIIAATHL U
(hammiim aBTOPOB, a Takke KpaTkasi aHHOTauus (He 6onee 15 cTpok) u kimoudessie cjioBa (5—10 cioB).
AHHOTaNYs He TOJDKHA COZIepKaTh CCHUIOK Ha (popMyIHl M JUTEepaTypy crathu. CBeleHus o0 aBTope
(aBTOpax), Ha3BaHME CTAThU, AHHOTAIIMS U KJIIOUEBbIE CJIOBA MUY TCS HA PYCCKOM U aHIJIMICKOM SI3BIKaX,
OCTaJIbHBIE NIEMEHTHI 0(POPMIISIIOTCS Ha PYCCKOM (QHTJIMHACKOM) SI3BIKE.

6. CchUIKM Ha IUTEPATYpPy B TEKCTE HYMEPYIOTCS B OPS/IKE MX YIIOMUHAHMS U JAIOTCS B KBaIPATHBIX
ckoOKkax. Mcnomb30BaHue CChUIOK Ha HEOMyOJIMKOBaHHbIE paboTh He AomyckaeTtcs. HeoOXomuMo npuBoanTh
JIBa CIKMCKA CCHUIOK Ha WCIIOJIb30BAaHHYIO B CTaThe JIUTeparypy — «Jlureparypa» u «References».

7. Eciiv npucyTcTBYeT nHpopMalnivs o (puHaHCUPOBAHUM (TTOIJEPKKE I'PAHTAMU MPOEKTOB U T. I1.),
ee CclielyeT pa3Mellarh B KOHIIE CTaThH.

GUIDELINES FOR AUTHORS

1. Scientific articles not previously published in other publications are accepted for publication
in the journal. Review articles are published by decision of the editorial board.

2. The volume of the article is no more than 20 journal pages, taking into account tables and
figures, the volume of a short message is up to 5 pages.

3. Articles in the Journal are published in Russian or English.

4. The article must be prepared in the IATEX system according to the model located on the Journal’s
website. It is not allowed to use “non-standard” in TgXfiles TgXcommands (i. e. commands not included
in the standard I£TEX distribution), and also override standard commands. When submitting an article,
the author must indicate the category of the Journal to which the article belongs.

5. The text of the paper must begin with the UDC, the title, and the name(s) of the author(s)
preceded by initials followed by a short abstract (no more than 15 lines) and keywords (5—-10 words).
The abstract must not contain numbered references to the formulas and bibliography items. Information
about the author (authors), title of the article, abstract and keywords are written in Russian and English,
other elements are written in Russian (English).

6. The references in the text are numbered in order of their appearance and in square brackets. The
use of references to unpublished works is not permitted. It is necessary to provide two lists of references to
the literature used in the article — “References” and “Literature”. An example of bibliographic descriptions
is given in the model located on the Journal’s website.

7. If there is information about financial support for the research (grant support for projects, etc.),
it should be placed at the end of the article.
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