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Abstract. Let § and $ be some Tt-closed o-local formations of finite groups. By §/5$HNF we
denote the lattice of all T-closed o-local formations X such that $NF C X C §. The length
of the lattice §/T$HNF is called the HT-defect, and for § = (1) it is the formation of all
identity groups, [3-length of §. The general properties of the $T-defect of T-closed o-local
formations are studied, and a description of the structural structure of reducible T-closed
o-local formations with T -defect < 2 and /5 -length < 3 is obtained.
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1. Introduction

All groups under consideration are finite. We adhere to the terminology and notation adopted in [1-4].

The study and classification of formations with given restrictions on the lattices of their subformations
is one of the most interesting and meaningful problems in the theory of formations of finite groups.

In 1986, A. N. Skiba [5] proved that the lattice of all formations, as well as the lattice of all local
formations, are modular. This result made it possible to apply the methods and constructions of general
lattice theory to the study of the structural structure of formations of finite groups. The study of the
structural structure of a local formation § based on the properties of its well-studied subformation was
first carried out by A. N. Skiba and E. A. Targonskii [6]. This approach was based on their concept of the
H-defect of a local formation. In the paper [6], the basic properties of the £)-defect of a local formation
were studied, and a classification of local formations of nilpotent defect < 2 was obtained. Subsequently,
this method was widely used in studying the structural structure of not only local formations, but also
formations of other types, such as T-closed multiply and totally local formations, partially saturated
and partially composition formations, etc. Moreover, §) was considered not only as the formation of all
nilpotent groups, but also other fairly well-known classes (the class of all T-decomposable, 7-nilpotent,
metanilpotent, soluble, supersoluble groups, etc.).

In this paper, we study the structural structure of T-closed o-local formations based on the ideas
and results of [2; 6]. Following [2; 6], we introduce the concept of the $)-defect of a T-closed o-local
formation, as well as the [3-length of a t-closed o-local formation, study the basic properties of the
$Hg-defect of a formation, and investigate the structural structure of t-closed o-local formations of finite
5 -defect and [3-length.
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The following main results are obtained in the paper: a description of minimal t-closed o-local not
H-formations for an arbitrary T-closed o-local o-nilpotent formation ), i. e. irreducible T-closed o-local
formations of $§-defect 1 is given; the existence of $§-critical formations for every t-closed o-local
formation § Z ) is proved; a characterization of t-closed o-local formations of 7 -defect 1 is obtained;
a description of the structure of T-closed o-local formations of $5-defect < 2 and /3-length < 3 is given.

We prove the main results of the paper in Sections 3-7 and also consider some of the most
interesting consequences of the obtained results.

2. Basic definitions and some auxiliary results

The basic concepts of the theory of o-properties of groups, as well as general properties of T-closed
o-local formations and their lattices are presented in the papers [1; 4; 7-23].

Let o be some partition of the set of all primes P, i. e. 0 = {0, | i € I}, where P = | J;; 0; and
0;No; =@ foralli# j, G be a group, and § be a class of groups. Then o(G) = {o; | 0;7(G) # @}
and 0(F) = Uges 0(G).

The group G is called [1]: o-primary if G is a o;-group for some i; o-nilpotent if every chief
factor H/K from G is o-central in G, that is, the semidirect product (H/K)x(G/Cg(H/K)) is o-primary;
o-soluble if G =1 or G # 1 and each chief factor from G is o-primary.

The symbol & denotes the class of all o-soluble groups and 915 denotes the class of all o-nilpotent
groups. For any o; € o the symbol &, denotes the class of all o;-groups.

Recall that a class of groups § is called a formation if: 1) G/N € § when G € §,and2) G/NNK € §
when G/N € § and G/K € §.

Every function f of the form f : 0 — {formations of groups} is called a formation o-function [4].
For any formation o-function f the class LF;(f) defined as follows:

LFs(f)=(G|G=1orG# land G/Oy ,(G) € f(0;) for all 0; € 0(G)).

If for some formation o-function f we have § = LF;(f), then the class § is called o-local, and f
called o-local definition of §.

Let T(G) be a set of subgroups of G such that G € T(G). Then T is called a subgroup functor [2] if for
every epimorphism @ : A — Band any groups H € T(A) and T € 1(B) wehave H® € 1(B) and T¢ ' € T(A).

The subgroup functor T is called [2]: trivial, if for any group G we have T(G) = {G}; identity, if for
any group G we have T(G) = s(G) is the collection of all subgroups of G.

A formation § is called Tt-closed, if T(G) C § for any group G € §. In particular, a formation is
called: hereditary, if it is T-closed, where T = s is a identity subgroup functor; normally hereditary, if its
is T-closed, where T(G) = s,(G) is the collection of all normal subgroups of G for any group G.

The collection of all t-closed o-local formations denote by [T. Formations from /; we call
IZ-formations. In particular, if T is a trivial subgroup functor [2], that is T(G) = {G} for all G, the symbol
T we omits and denotes by [ the collection of all o-local formations.

If f is a formation o-function, then the symbol Supp(f) denotes the support of f, that is, the set of
all o; such that f(o;) # @. A formation o-function f is called: T-valued, if f(0;) is T-closed formation for
each o; € Supp(f); integrated if f(0;) C LFs(f) for all i; full if f(0;) = &, f(0;) for all i. If F is a full
integrated formation o-function and § = LF;(F), then F is called the canonical o-local definition of §.

We also use Nje; f; to denote a formation o-function % such that 4(o;) = Njec; f;(0;), in particular,
h(o;) = (fin f2)(0;) = fi(o:) N f2(0;), for all i.

Let {fj | j € J} be a set of all T-valued o-local definitions of §. Then we say that f = Nj;c;f;
is the smallest t-valued o-local definition of §.

For any set of groups X the symbol /jform X denotes a T-closed o-local formation generated by X,
that is, /3form X is the intersection of all T-closed o-local formations containing X. If § = [jform G for
some group G, then § is called a one-generated t-closed o-local formation.

Let {§; | j € J} be some collection of T-closed o-local formations. Then we put Vi (5, | j € J) =
= I3form (U5 ). In particular, for any two [3-formations 9t and §) we set MV §§ = [form (MU SH).

For an arbitrary set of groups X and any o; € o, the symbol X(0;) [9, p. 962] denotes the class of
groups defined as follows: X(0;) = (G/0y,,(G) | G € X), if 0; € 0(X), X(0;) = @, if 0; ¢ 0(X).
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Following [24;25], by a minimal t-closed o-local not $)-formation or an §-critical formation
we mean a T-closed o-local formation § & $), all of whose proper t-closed o-local subformations are
contained in the class of groups $.

Recall [2, p. 12] that a non-empty set of formations 0 is called a complete lattice of formations if
the intersection of any set of formations from 0 again belongs to 0, and the set 8 contains a formation
M such that $ C M for all § € 6. Any formation from 0 is called a 0-formation.

For any two 0-formations 9t and ), where 2t C §), we denote by $/o9 [2, p. 168] the lattice
of O-formations X such that 9t C X C . In particular, £ /39 denotes the lattice of t-closed o-local
formations X such that 9t C X C §).

Let 0 be some complete modular lattice of formations. For any two 6-formations § and 2t [2, p. 192],

and §. Let § and $) be arbitrary 8-formations. Then the $g-defect of the formation § is the lattice length
§/e$HNF (finite or infinite) and is denoted by |§F : H N Fle.

Let Og be the zero of the lattice 8, § € 0. Then the 0-length [2, p. 212] of the formation § is the
cardinal number |§ : Og|o. In particular, the length of the formation F is the number /(F) =
length of the local formation § is the number /() = | : (1)];.

Following [2, p. 192] an $)7-defect of a T-closed o-local formation §, we will call the lattice length
§/5$9NF and denote it by | : $H N F|5. Similarly, following [2, p. 212], an [3-length of a T-closed o-local
formation § is the number [Z(F) = |F : (1)]T.

Let us also recall the concept of direct decomposition of a formation (see [2, p. 171]). Let {; | j € J}
be some nonempty set of subclasses of §; C § such that §; NF;, = (1) for any j; # jo in J. If, in addition,
every group G € §hasthe form G=A; x ... xA;,whereA; €3;,...,A; €}, forsome ji,...,j: €J,
then we write that § = ®;c;§; (in particular, § =31 ®... &5, if J = {1,...,1}).

A subformation 90t of a formation § is called complemented [2, p. 170] in § if § = form(9M U $) and
MN$H = (1) for some subformation § of §. In this case, the subformation §) is called complement of M in F.

To prove the main result of the paper, we need the following known facts from formation theory.

A special case of Theorem 1.15 [16] is the following lemma.

Lemma 2.1 [16, Theorem 1.15]. The set [} of all t-closed o-local formations forms an algebraic
modular lattice of formations.

Lemma 2.2 [26, Chapter II, §8, Theorem 16]. Let £ be a lattice of finite length. Then the following
conditions are equivalent:

(1) the modular law holds in C;

(i1) £ is upper and lower semimodular;

(iil) £ satisfies the Jordan-Dedekind chain condition and h[x| + h[y] = h[xV y] + h[x A y].

Lemma 2.3 [17, Lemma 2.1]. Let I1 be a nonempty subset of 6. Then &1 of all I1-groups and the
class N of all o-nilpotent I1-groups are o-local formations and the following statements hold.

(1) & = LFs(g), where g is the canonical o-local definition of the formation . Moreover,
g(0;) = &y for all 0; € I and g(o;) = @ for all o; € IT';

(2) Ny = LF;(n) = LF5(N), where n and N are, respectively, the smallest and canonical o-local
definitions of the formation MNy. Moreover, n(o;) = (1) for all o; € Il and n(0;) = @ for all o; € 1T,
N(0;) = &g, forall o; € 1 and N(0;) = & for all o; € IT'.

Lemma 2.4 [21, Theorem]. Let § be a nonempty formation. Then the following statements are
equivalent:

(i) § is t-closed n-multiply o-local (n > 1);

(i) 4,35, ,(0:) C J for all o; € 0(F);

(i) § = form (Ug,o(5) B, 3%, (7).

Lemma 2.5 [15, p. 2372]. Let § = @ jc 5 j, where {§ | j € J} is the set of formations such that
0(8a)N0(Fp) = @ for any a,b € J, a # b. If and only if the formation § is n-multiply o-local (n > 1), §;
is n-multiply o-local formation for all j.

Lemma 2.6 [26, Ch. I, §7, Theorem 12]. If a, b, c are elements of the modular lattice M, then if
either of the two equalities a/\ (bV c) = (aAb)V (aNc) oraV (bAc) = (aVb)A(aV c) holds, the triple
{a,b,c} is distributive.
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Lemma 2.7 is a special case of Lemma 2.6 [9].

Lemma 2.7 [9, Lemma 2.6]. Ler § = [Jform(X) = LF;(f) — T-closed o-local formation generated
by X and I1 = o(X). Let m be a formation o-function such that m(o;) = tform(X(o0;)) for all o; € Il and
m(0;) = & for all o; € IT'. Then:

(DI =0(3):

(2) m is a T-valued o-local definition of §; and

(3) m(0;) € f(0o:) N for all i.

The following lemma is a special case of Lemma 3.1 [16].

Lemma 2.8 [16, Lemma 3.1]. Ler §; = LF;(f;) for all j € J, where f; is the T-valued o-local
definition of §j, § = Njes§j, and f = Njey fj. Then:

(1) 0() = Njeso(F;) = Supp(f);

(2) § = LFs(f) is a Tt-closed o-local formation, where f is a t-valued formation o-function.

Furthermore, if f; is an integrated t-valued formation o-function for all j € J, then f is also an
integrated t-valued formation o-function.

Lemma 2.9 [23, Theorem]. Let $) be a o-local formation of classical type and h be its canonical o-
local definition. Then § is a minimal t-closed o-local non-$)-formation if and only if § = [3form G, where G
is a monolithic T-minimal non-$)-group with monolith P = G%, and one of the following conditions holds:

1) G = P is a simple o;-group such that 6; ¢ o(9) and ©(G) = {1,G};

2) P is a non-o-primary group and G is a T-minimal non-h(o;)-group with P = G") for all
o; € o(P);

3) G =P x K, where P =Cg(P) is a p-group, p € 0;, and K is either a monolithic T-minimal
non-h(o;)-group with monolith Q = K"%) ¢ ®(K), where o; ¢ o(Q), or a minimal non-h(c;)-group of
one of the following types: a) the quaternion group of order 8, if 2 ¢ o;; b) an extraspecial group of
order ¢* of prime odd exponent q ¢ o;; ¢) a cyclic g-group, q ¢ o;.

Lemma 2.10 [9, Lemma 2.1]. Ler f and h be formation o-functions and let I1 = Supp(f). Let us
assume that § = LFs(f) = LF5(h). Then:

(DI =0(3);

(2) § = (N,en® ¢ &, f(0:)) N B1. Therefore, § is a saturated formation;

(3) If every group in 5 is o-soluble, then § = (ﬂgien(‘Sglr_@mf(Gi)) NGm;

4) If 0; € I1, then &4, (f(0:) NF) = &g, (h(0;) NF) CF;

(5) § = LF(F), where F is the unique formation o-function such that F(0;) = &,F(0;) C § for
all o; € Il and F(0;) = @ for all 6; € I1'. Furthermore, F(0;) = &,(f(0;) NF) for all i.

Lemma 2.11 is a special case of Corollary 3.1 [14].

Lemma 2.11 [14, Corollary 3.1]. Let f; be the smallest t-valued o-local definition of §;, j = 1,2.
Then §1 C &2 if and only if fi < fa.

Lemma 2.12 [1, Lemma 18.8]. If a group G has only one minimal normal subgroup and 0,(G) =1
(p is some prime number), then there exists a faithful irreducible F,,G-module, where F), is a field of p
elements.

Lemma 2.13[16, Corollary 3.7]. For any o-localformations 0 and 9, there is a lattice isomorphism
MV IH/CM~H/THNM.

Lemma 2.14 [2, Theorem 4.3.2]. Let M be a nonempty subformation of §. Then if ) is the
complement of M in §, then §={AXB|A€M,Be H}.

3. Hi-defect formation

Let $ and § be 1-closed o-local formations. Following [2, p. 192] an 7 -defect of § we will call
the lattice length §/5$NF and denote it by |§ : HNF|T.

By Lemma 2.1 the following two statements are special cases (for 8 = [T) of Lemmas 5.2.8 and
5.2.7 [2], respectively.

Lemma 3.1. Let M, §, X, and $ be T-closed o-local formations, and § = MV X. Then if m, r,
and t are, respectively, % -defects of the formations M, X, and §, and m, r < oo, thent < m+r.
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Lemma 3.2. Let M, §, and $) be T-closed o-local formations, and M C §. Then | : HNM|T <
<IF:HNFE.

An element a of the lattice £ is called neutral (otherwise distributive) [26, p. 96], if for any b, c € £
the triple a,b,c generates a distributive sublattice in the lattice £.

Lemma 3.3. Let M and § be t-closed o-local formations of finite $5-defect, where §) is the neutral
element of the lattice of T-closed o-local formations. Then for the $-defect of the formation MV [§ the
Jollowing equality holds:

MVEF:HNMVIZ) e =M HNME+|F: HNF|E—MNF: HNOMNF)|5-

Proof. Let M, §, and $H be o-local formations satisfying the condition of the lemma. Let X =
=MVIE L=MNF, t=|X:9NX[, m=|M: HNML, k=|F:HNF|Fand [ = |£: HN L. By
Lemma 3.1, we have t < m+k.

Letnow X; :=XViH, M :=MVH, §1:=FViHand £ := £V H. By virtue of Lemmas 3.1
and 3.2, equality | X : HNX [T =1, | HNM[E=m, |F1:HNF1|T=kand |£: HNLT =L
Therefore, the lattice length X /(X N$H) = XV TH/TH is equal to 7. Note also that the formations 01
and § are elements of the lattice X V39 /t9H ~ X/TXN$H and an H-defect is a function of the lattice
height X/ZX N $. Therefore, by Lemma 2.2 the following holds equality

I VES HNEONVEE)|e =D HNM 5+ [T HNFs— 1D NF :HN O NF)|5 (%)

Because M VF1I = (MVEHN)VE(FVEH) =X VTN, that | VES : HN (D VEF1)|S =1. Furthermore,
by hypothesis, ) is a neutral element of the lattice of t-closed o-local formations, therefore 91 N =
=MVIHHNEFEVIH) =MNF)ViH=LViH=2.

Finally, since |£; : HN LT =1=|MNF: HN(MNF)|T, then from (%) we get

MV T HNENMVEE)|e =M HNMS+ [T HNF|c—|MNF: HNEMNF)[5. O

Lemma 3.4. Let §, M, and §) be t-closed o-local formations such that $ C IN. Then the $H§-defect

of § is finite if and only if the $%-defect of the formation M NF and I -defect formations §, in this case
[T : 90T =MAT: HNONF)[G+ [T : MNFs.

Proof. Necessity. Assume that the $T-defect of § is finite and let |§ : HNF|S = n. Then, by
Lemma 3.2, the inequality |TNF : HN(MNF)|S < |F : HNF|S. Therefore, the H-defect M N F is also
finite. Let k = |9 NF : HN (MNF)|S. By the definition of HT-defect and by Lemma 2.1, the modularity
of the lattice [T, implies that there exist chains

HNF=FoCF C...CE1 CEn =7,
ﬁﬁS:f)ﬁ(mtﬂS) =L CLC...C& 1 CLh=MmMNF
from $HNF to § and M N F respectively, which §; is the maximal T-closed o-local subformation in §;;; and
£; is the maximal t-closed o-local subformationin £, foralli=0,1,...,n—1and j=0,1,...,k—1.
Since HNF CMNF C F, then, by Lemma 2.1 from the modularity of the lattice /T It follows that there
exists achain MNF =Xy C X C... C X, C X, =§ of length r = n — k such that X; is the maximal
T-closed o-local subformation in X;11,i=0,1,...,# — 1. Therefore, the lattice § /590N F has finite length

equal to z. Then ¢t = |F : MNF|T by the definition of the T -defect.
Sufficiency. Let k = [DNF: HN(MNF)|T and t = |F : MNF|5. Then we have

MNF=XgCX|C...CX; 1 CX =37,
f)ﬂS:f)ﬂ(gﬁﬁg)ZﬂoCﬂlC...C,QkflCﬂkzmﬂg,

where X; and £; are the maximal T-closed o-local subformation in X;; and £, respectively, i =

=0,1,....,t —1 and j =0,1,...,k— 1. Therefore, there exists a maximal chain of t-closed o-local
formations of length k +7 from $ N F to §. By Lemma 2.1, the latter implies that |§ : HNF|5 = k+1, i. e.
[T :HNFe=1MAT: HNONF)[5+ [T : MNFs. O

Lemma 3.5. Let §) be a t-closed o-local formation such that (1) # $ C Ne. Then $ = Ny).
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Proof. Let IT= o($)) and &y be the class of all [T-groups. By Lemma 2.3(1), the formation &y
is o-local. Moreover, since the formation &y is hereditary, it is T-closed for any subgroup functor T.
Therefore, the inclusion $ C & NNy = Nr.

On the other hand, in view of Lemma 2.4(ii), we have &;, C 65,97, (0;) C $ for all 0; € I1. Thus,
taking into account Lemma 2.5 we have 91 = @¢,enn®o, C $. Thus, $ = 9yg, where I1 = o(9). ]

Lemma 3.6. Every o-nilpotent t-closed o-local formation is a neutral element of the lattice [7.
In particular, the formation Ny of all o-nilpotent groups is a neutral element of the lattice [7.

Proof. Let$,§, and 2 be some t-closed o-local formations, where §) is o-nilpotent. By Lemmas 2.1
and 2.6, to prove the assertion of the lemma, it suffices to show that H N (FVIIM) = (HNF) VI(HNM).

If $ = (1), then the statement is obvious. Let ) # (1) and IT) = o($HNF) and [T, = o(HNM).
Since (HNF) VE(HNM) = [Zform((HNF) U (HNIM)), then by Lemma 2.7(1) we have

S(HNF)VIHNM)) = o((HNF)UHNM)) = 0(HNF)Uo(HNM) = IT; UIL.

Since (HNF) VIHNM) CTHN(FVIM), then o((HNF)VE(HNM)) Co(HN(FVIM)),ie ILHU
UIL Co(HN(FVM).
On the other hand, § V $9t = [Fform(F U M) and again by Lemma 2.7(1) we have

o(FViM) =o(FUM) =o(F)Uo(M).

By Lemma 2.8(2), the formation $ N (FV 590N) is a T-closed o-local formation. Now, if 0; € o($H N
N(F VM), then By, C HN(FV M) by Lemma 2.4(ii). Therefore,

o, €0(H)No(FVeM) =o(H)N(co(F)Ua(M)).
Hence, &5, C (HNF) U (HNM). Therefore,
o;€o(HNF)Ua(HNM) =11, UTL,.

Thus, o((HNF)VEHNM)) = o(HN(FVEM)). Since in this case both formations (HNF) V
VT(HNM) and H N (FV M) are o-nilpotent T-closed o-local formations, then by Lemma 3.5 we have
HNF)VeHNM) =N =HN(FV M), where IT = IT; UII,. Therefore, T-closed o-local formations
9, §, and 91 form a distributive triple in the lattice [T, and therefore $) is the identity element of /7. In
particular, if $ = 91, we obtain the second part of the lemma. O

The next lemma is a direct consequence of Lemmas 3.3 and 3.6.

Lemma 3.7. Let M and § be T-closed o-local formations of finite 5 -defect, where §3 is a o-nilpotent
T-closed o-local formation. Then, for $%-defect of the formation MV [, we have

IMVEF:HNEMVIE)|e =M HNMS+|F: HNF[5—|MAF: HNEMNF)]5-
In particular, if = Ny, then for the o-nilpotent I:-defect of the formation MMV {F we have
MV S NNV G8)[5 = [T Mo NM[G+[F : N N[5 — [MNF : Ne N (MNT) 5

4. [t -Formations of §)-defect 1

Let § be a t-closed o-local formation. Following [2, p. 200], a formation § will be called an
irreducible T-closed o-local formation (or an [3-irreducible formation) if § # [ form(U;e; X;) = VE(X; | i €
€I), where {X; | i € I} is the set of all proper T-closed o-local subformations of §. If there exist such
proper T-closed o-local subformations X and §) of §, such that § = X Vv 39, then the formation § will
be called a reducible t-closed o-local (or an [:-reducible) formation.

Since every minimal T-closed o-local non-$)-formation § is obviously an /3-irreducible formation
and its unique maximal T-closed o-local subformation is contained in $), the §§-defect of the formation §
is equal to 1. Thus, every $%-critical formation is an /-irreducible formation of $5-defect 1.

Theorem 4.1. Let § and $) be t-closed o-local formations such that § € $ C Ns. If and only if §
is a minimal T-closed o-local non-$)-formation, § = [ form G and one of the following conditions holds:

(1) G is a simple o;-group such that o; ¢ o(9) and ©(G) = {1,G};

(2) G is a simple non-o-primary t-minimal non-&,-group for any o; € 0(G), o(G) C o(9);
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(3) G =P x K, where P = C(P) is an abelian p-group for some p € o; € 0($), and K is a simple
o j-group (j # i) such that ©(K) = {1,K}.

Proof. Necessity. Let § be a minimal t-closed o-local non- $)-formation. By Lemma 3.5, we
have $) = Ny, where I1= o($)). By Lemma 2.3(2), we have 9y = LF;(n), where n is the least o-local
definition of the formation Ny and n(o0;) = (1) for all 0; € I1, n(0;) = & for all o; € IT'. Thus, $ = Nyy is
a o-local formation of classical type. Let & be the canonical o-local definition of the formation $).

By Lemma 2.9, we have § = [lform G, where G is a monolithic T-minimal non-$)-group with
monolith P = G, and one of the following conditions holds:

1) G = P is a simple o;-group such that o; ¢ o($) and ©(G) = {1,G};

2) P is a non-o-primary group and G is a T-minimal non-A(0;)-group with P = G"%) for all
o; € o(P);

3) G =P xK, where P = Cg(P) is a p-group, p € 0;, and K is either a monolithic T-minimal
non-h(o;)-group with monolith Q = K"(%) ¢ &(K), where o; ¢ ¢(Q), or a minimal non-/(o;)-group
of one of the following types: a) the quaternion group of order 8, if 2 ¢ o;; b) an extraspecial group of
order ¢* of prime odd exponent g ¢ o;; ¢) a cyclic g-group, g ¢ o;.

If condition 1) holds for G, then, obviously, G satisfies condition (1) of the theorem.

Let condition 2) hold for G. It follows from Lemma 2.3(2) that i(0;) = &, for all o; € IT and
h(o;) = @ for all o; € IT'. We show that in this case G = P is a simple non-o-primary T-minimal
non-&.-group for any o; € 0(G) and 0(G) C o ().

Indeed, since P = G"(%) for all 0; € o(P), we have h(0;) # @. Therefore, o(P) C o(£)) by
Lemma 2.10(5). On the other hand, since |o(P)| > 1, then for 0;,0; € o(P), where i # j, we have

G/P € h(O‘,‘) ﬂh(O‘j) = @Gi ﬁ@gj = (1)

Therefore, and since G is monolithic, we conclude that G = P is a simple non-o-primary group such that
0(G) C 0(9). Since By, is a hereditary formation, &, is a T-closed formation for any subgroup functor T.
Therefore, by [2, Remark 2.2.12], the T-minimality condition for G can be replaced by the T-minimality
condition. This means that G is a T-minimal non-&,-group for all o; € o(P). Consequently, G satisfies
condition (2) of the theorem.

Finally, let condition 3) hold for G. Since Q = K™(%)  then 0; € 0/(£)) and ®(K) = 1 since h(0;) = G,
is a saturated formation.

Let us show that K is a simple o ;-group, j # i. Indeed, since K € £ C N, it follows that K = Q is
a simple o-primary group due to the monolithicity and o-nilpotency of K. Consequently, K is a 0 j-group,
where j # i. Moreover, since K is an T-minimal non-®,-group, it follows that T(K) = {1,K}. Therefore,
G satisfies condition (3) of the theorem.

Sufficiency. Let § be a formation satisfying the conditions of the theorem, / be the canonical
o-local definition of the formation §). By Lemmas 3.5 and 2.3(2), we have ) = 95 and h(o;) = &, for
all 0; € 0($), h(0;) = @ for all 0; ¢ o(H).

If condition (1) holds for §, then obviously, by the condition 1) Lemma 2.9, the formation § is a
minimal T-closed o-local non- $)-formation.

Suppose that condition (2) holds for §. Since &y, is a T-closed formation, by [2, Remark 2.2.12] G
is an T-minimal non-®.-group for any 0; € 0(G). Therefore, G satisfies condition 2) of Lemma 2.9, and
hence § is a minimal T-closed o-local non-$)-formation.

Now let condition (3) hold for the formation §. We show that in this case, conditions 3) of Lemma 2.9
hold for §. Indeed, since 4(0;) = B, and h(0;) = B, it follows that K = K (%) js a monolithic T-minimal
non-h(o;)-group, o; ¢ o(K). Moreover, ®(K) = 1 and 1 = K"(®)) C K. Consequently, conditions 3) of
Lemma 2.9 are satisfied for the group G. Therefore, § = [Jform G is a minimal T-closed o-local non-$)-
formation. O

In the case where §) = 91, is the formation of all o-nilpotent groups, Theorem 4.1 has the
following special case.

Theorem 4.2. If and only if § is a minimal t-closed o-local non-o-nilpotent formation, then
§ = IZform G and one of the following conditions holds:

1) G is a simple non-o-primary t-minimal non-®,-group for any o; € o(G);
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2) G =P x K, where P = Cg(P) is a p-group, p € 0;, and K is a simple o j-group (j # i) such that
T(K)={1,K}.

In the case where T is a trivial subgroup functor, we have

Corollary 4.3 [17, Corollary 2.9]. If and only if § is a minimal o-local non-o-nilpotent formation
when § = Isform G and one of the following conditions holds:

1) G is a simple non-o-primary group;

2) G =P x K, where P=Cg(P) is a p-group, p € 0;, and K is a simple ¢ j-group, j # i.

In particular, if 0 = o! = {{2},{3},{5},...}, from Theorem 4.1 we obtain

Corollary 4.4. Let § and $) be t-closed local formations such that § Z $ C . If and only if § is
a minimal t-closed local non-$)-formation when § = t'form G, where G is one of the following groups:

(1) a group of prime order p ¢ 1($));

(2) a simple non-abelian t-minimal non-N,-group for any p € ©(G) C 7($);

(3) a Schmidt group, ™(G) C ($)).

If 7 is the trivial subgroup functor, then we have

Corollary 4.5. Let § and $) be local formations such that § € $ CN. If and only if § is a minimal
local non-$-formation, then § = lform G, where G is one of the following groups:

(1) a group of prime order p ¢ 7($);

(2) a simple non-abelian group, T(G) C 1(£));

(3) a Schmidt group, T(G) C 7t($).

Furthermore, if $ = 1 is the formation of all nilpotent groups from Theorem 4.1 we obtain
the following well-known result.

Corollary 4.6 [2, Corollary 2.4.4]. If and only if § is a minimal t-closed local non-nilpotent
formation when § = t'form G where G is either a simple non-abelian t-minimal non- N,-group for any
p € (G), or a Schmidt group.

If T is a trivial subgroup functor, then we have

Corollary 4.7 [1, Corollary 19.10]. If and only if § is a minimal local non-nilpotent formation,
then § = lform G and one of the following conditions holds:

(1) G is a Schmidt group;

(2) G is a simple non-abelian group.

The question of the existence of $j5-critical formations, in the case where $ C 91, is decided by

Theorem 4.8. Let § and §) be T-closed o-local formations such that § € $ C N Then § contains
at least one minimal t-closed o-local non-$)-subformation.

Proof. Let § and $ be t-closed o-local formations from the hypothesis of the theorem. If there
exists a oy such that oy € o(§) \ 0($), then by Lemma 2.10 we have &, C § and &, Z $. Since &, is
a T-closed o-local formation, and its only proper o-local subformation is (1) C £, then &y, is the desired
$7 is a critical formation from F.

In what follows, we will assume that o(F) C o(9).

By Lemma 3.5, we have $) = ‘ﬂg( H)- Let /& be the canonical o-local definition of $. By Lemma 2.3(2),
we have h(0;) = &, for all 0; € 0($)) and h(o;) = @ for all 0; ¢ o(). Since F < $, by Lemma 2.11
there exists at least one o; € o(§) such that f(o;) € h(o;) = B,,. We choose a group K; of minimal order
in f(0;) \ Bg,. Since the formation &, is T-closed, K; is a monolithic T-minimal non-&,-group with
monolith Q; = Ki%". Among all such groups K;, we choose a group K of smallest order. Let K := K.
Then K is a monolithic T-minimal non-&;-group with monolith @ = K ®o;,

Assume that Q is not a o-primary group and let o € 0(Q) \ {0;}. Then O, 7 (K) =1 due
to the monolithicity of K. Since K € §, then K ~ K/OGPU& (K) € f(o;). It is clear that K ¢ &, =
= h(oy). Therefore, K € f(oy) \ h(oy). If, in addition, K/Q ¢ h(oy), then K/Q € f(ok) \ h(0x). The
latter contradicts the choice of the group K, since |K/Q| < |K|. Therefore, K/Q € h(oy) = &,. Thus,
K/Q € 65;,NG;, = (1). Consequently, K is a simple non-o-primary t-minimal non-&;-group.

Now let H € ©(K) \ {K}. Then H € f(oy), since K € f(0y) and f(oy) is a T-closed formation.
Suppose that H ¢ h(oy). Then since |H| < |K|, we obtain a contradiction with the choice of |K|. Thus,
K is a simple non-o-primary T-minimal non-&, -group for any oy € o(K). Thus, the group K satisfies
condition (2) of Theorem 4.1. Therefore, £ = [JformK is the desired $)§-critical formation from .
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Now let Q be a o-primary group, i. e., a 0x-group for some k # j. Then K # Q, since o(F) C
C o(%). Moreover, Q = Og, o (K) = Og,(K) since Q is a monolith of K and k # j. Since K € §, then
K/Q=K/Og, o (K) € f(0k). Therefore, K/Q € f(0x) N &, # &. Let A be a group of minimal order in
f(0x)NBg,. Then A is a simple 0;-group and T(A) = {1,A}.

Let p € o%. Since O,(A) = 1, by Lemma 2.12 there exists a faithful irreducible F,A-module P,
where F), is a field of p elements. Let G = P x A. Then P = C(P) and the group G satisfies condition (3)
of Theorem 4.1. Consequently, £ = [Jform G is the desired $)§-critical formation from . O

In particular, if T is the trivial subgroup functor from Theorem 4.8, we obtain

Corollary 4.9 [22, Theorem 3.8]. Let § and ) be o-local formations such that § € $ C Ng. Then
§ has at least one minimal o-local non-$)-subformation.

If $ =N is the formation of all o-nilpotent groups, then we obtain the following important
special case of Theorem 4.8.

Theorem 4.10. Let § be a non-o-nilpotent t-closed o-local formation. Then § has at least one
minimal t-closed o-local non-o-nilpotent subformation.

If T is a trivial subgroup functor, we obtain

Corollary 4.11 [22, Corollary 3.9]. Let § be a non-o-nilpotent o-local formation. Then § has at
least one minimal o-local non-o-nilpotent subformation.

Recall that if 9t and $) are formations such that 91 C §. Then the formation 91 is called
a subformation of §) or, alternatively, an $)-subformation.

Theorem 4.12. Let § and $) be [ -formations such that § € § C Ns. Then and only if the $§-defect
of § is 1, when § = MV 3L, where M is a T-closed o-local subformation of $), £ is a minimal T-closed
o-local non-$-formation, such that:

(1) every T-closed $)-subformation of § is contained in MV T (L£NH);

(2) every I3 -formation X from § such that X ), has the form £V 5(XN$H).

Proof. Necessity. Let § be a t-closed o-local formation with $)5-defect 1. Since § Z $), then by
Theorem 4.8 § contains some minimal T-closed o-local not $)-formation £. By the hypothesis of the
theorem, 9T = §F N $ is the maximal /-subformation of §. Therefore, § = MV L.

Sufficiency. Let § = 9V L, where £ is a minimal t-closed o-local non-$)-formation, and 91 is
an /$-formation of §). Then, by Lemma 3.3, $5-defect of § is equal to 1.

We now show that statements (1) and (2) hold. Since £N§ is a maximal T-closed o-local
subformation of £, it follows from Lemmas 2.1 and 2.13 of the lattice isomorphism

§/c(MV(£N9H)) = (MV(E£NH) VL) /(MVG(L£NH)) ~
~£/5(EN((ENH) VM) = £/5((€NH) Ve (ENM)) = £/5LNH

we get that TV 5(£N$H) is the maximal [Z-subformation of §. Since § Z ), then every $)-subformation
of § is included in (£N$H) V 7M. Therefore, assertion (1) holds.

Let us now show that in § there are no minimal t-closed o-local non-f)-formations different from £.
Suppose that this is false, and let £ be the minimal t-closed o-local non-$)-formation in § such that
£1 # £. Since the $-defects of £ and £; are equal to 1 and £N.£; C §, by Lemma 2.9 we have

IEVEL  HN(EVL) s =1L HNLE+ L :HNE T —|E€NL, : HN(LENL)|s=2.

The latter contradicts Lemma 3.2, since £V 3£ C §. Thus, in the formation § there are no minimal
T-closed o-local non-$)-formations distinct from £.

Now let X be an arbitrary /Z-subformation of § such that X Z ). Then, by what was proved above
and Theorem 4.8, we conclude that £ C X. Since X has $§-defect equal to 1, XN ) is the maximal
T-closed o-local subformation of X. Therefore, X = £V 5 (XN $), i. e., assertion (2) holds. Ul

In the case when $ = 915, from Theorem 4.12 we obtain the following result.

Theorem 4.13. Let § be a t-closed o-local non-o-nilpotent formation. If and only if the o-nilpotent
[3-defect of a formation § is 1 when § = IV T L, where 9 is a o-nilpotent T-closed o-local subformation
of §, £ is a minimal t-closed o-local non-c-nilpotent formation, and:

(1) every o-nilpotent t-closed subformation of § is included in MV (LN Ng);

(2) every non-o-nilpotent I3-subformation X of § has the form £V 5 (X NNg).



Reducible t-closed o-local formations of finite groups with a given structure of subformations 45

In the case where T = s is the identity subgroup functor, Theorem 4.12 implies

Corollary 4.14. Let § be a hereditary o-local non-o-nilpotent formation. If and only if the o-
nilpotent I3 -defect of § is 1 when § =MV {.L, where 9N is a o-nilpotent hereditary o-local subformation
of §, £ is a minimal hereditary o-local non-o-nilpotent formation, and:

(1) every o-nilpotent hereditary subformation of § is included in MV 5 (£ NNg);

(2) every non-o-nilpotent I,-subformation X of § has the form £V (XN Ny).

If T(G) = 5,(G) is the set of all normal subgroups of G for any group G, then we obtain

Corollary 4.15. Let § be a normally hereditary o-local non- o-nilpotent formation. If and only if
the o-nilpotent 13 -defect of § is 1 when § =MV ¢ £, where M is a o-nilpotent o-local subformation
of §, £ is a minimal normally hereditary o-local non-o-nilpotent formation, and:

(1) every o-nilpotent I -subformation of § is in the MV & (LN Ny);

(2) every non-o-nilpotent g -subformation of X of § has the form £V ¢ (XNNy).

In particular, if 0 = o! = {{2},{3},{5},...} from Theorem 4.12 we obtain

Corollary 4.16. Let § and $) be t-closed local formations such that § € $ C 0. If and only if the
7} -defect of the formation § is 1, when § = MMV [ £, where M is a t-closed local subformation of §), £ is
the minimal t-closed local not $)-formation, for In this case:

(1) every t-closed $HH-subformation of § is contained in MV lT(E nyn);

(2) every t-closed local subformation X of § such that X Z ) has the form £V [(XN$H).

If T is a trivial subgroup functor, then

Corollary 4.17. Let § and $) be local formations such that § € $ C N. If and only if the $);-defect
of the formation § is 1, when § =MV 1 £, where M is a local subformation of $, £ is the minimal local
not 9 is a formation, and:

(1) every $-subformation of § is contained in MV ;(£N H);

(2) every local subformation X of § such that X £ $ has the form £V (XN $).

Furthermore, if $§ = 91 is the formation of all nilpotent groups from Theorem 4.12, we obtain
the following well-known result.

Corollary 4.18 [1, Lemma 20.5]. Then precisely the nilpotent defect of a local formation § is
equal to 1 when § =MV £, where M is a nilpotent local formation, £ is a minimal local non-nilpotent
Jormation, and:

(1) every nilpotent subformation of § is contained in MV ;(LNN);

(2) every non-nilpotent local subformation X of § has the form £V (X NN).

Theorem 4.19. Let § and $) be T-closed o-local formations such that § € $ C Ng. Then if
0(F) C o(9), then the following conditions are equivalent:

D [F:HNF=1;

(2) in § each of its T-closed o-local non-9-subformation is complemented;

(3) in § each of its T-closed o-local subformations 9t with |9 : HNM|S = 1 is complemented.

Proof. Let (1) hold and 90 is a T-closed o-local subformation of §. Then if 9t  §, then by
Theorem 4.12 we have 9t = £V 5 (9N $H), where £ is the minimal t-closed o-local not $)-formation. Let
IT=0(5F), I} = o(M) and [T, = IT\ IT;. We show that Ny, is the complement of M1 in F. It is clear that
N, VM = (1). We show that form(IMUMNy,) = §.

By Theorem 4.12 we have § = £V $90t;, where 91; C §. On the other hand,

M=LViMNH) =LV N,
because M N $H C MNN; = Npy,. Now in force Lemmas 2.14 and 2.5 we have
form(fmu‘ﬁnz) = m@’ﬁnz = m\/émnz = (Svgmnl)\/;mnz = SVémn =3.

Thus, the formation 1, is the complement of 91 in §.

Clearly, if assertion (2) holds, then assertion (3) holds, since any T-closed o-local subformation of
oM with [DT: HNM|T = 1 is not an $H-subformation of .

Now let (3) hold. We will show that condition (1) is satisfied. By the hypothesis of the theorem,
$ Z $. Therefore, by Lemma 2.4, § has a minimal t-closed o-local non-$)-formation £. Let M = HNF
and §; = MV L. By Theorem 4.12, we have |§; : HNF|5 = 1.
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Therefore, by the hypothesis of the theorem, § contains a subformation 9t; such that 9t; NF; = (1)
and § = form(§; UM;). Now applying Lemmas 2.14 and 2.5, we obtain that § = §; © 91; and the
formation 9)t; T-closed and o-local.

Suppose that 1) # (1). Then if o; € o(9My), then o; € o(F) C o($) by the hypothesis of the
theorem. Therefore, by Lemma 2.4(ii), the inclusions hold

B, CNMN(FNH) SMNF = (1).

The resulting contradiction shows that 9t = (1). Therefore, § = § © 9M; = F;. Therefore,
F:HNF T =1 O

Remark 4.20. The condition o(F) C o($)) in Theorem 4.19 cannot be omitted, since the presence
of a complement in § for each of its t-closed o-local non- $)-subformations, as well as the presence of
a complement in § for each t-closed o-local subformation 9 of § with |9 : HNOM|T = 1 does not imply
the equality |§ : HNF|G = 1. Indeed, let $ = &g, and § = HV 5G4, V 8, where 0,04 € 0\ {0;},
Jj # k. Then, by Lemmas 2.5 and 2.14 we have § = $H @ QSUJ. @ &g, . By Theorem 4.1 and Lemma 3.3 we
have |§ : HNF|S = 2. However, as is easy to see, every T-closed o-local non-$)-subformation of §, as well
as every t-closed o-local subformation of § with $5-defect 1, have complement in §.

However, the following holds:

Corollary 4.21. Let § be a t-closed o-local non-o-nilpotent formation. Then the following conditions
are equivalent:

(D [§: N NFT =15

(2) in § each of its T-closed o-local non-o-nilpotent subformations is complemented;

(3) in § each of its T-closed o-local subformations 9t with |9 : N NIM|T = 1 is complemented.

In particular, if 0 = o! = {{2},{3},{5},...}, from Theorem 4.19 we have

Corollary 4.22. Let § and $) be such local formations such that § Z $ C N. Then if 1(F) C 7(9H),
then the following conditions are equivalent:

D IF:903h=1;

(2) in § each of its local non- $H-subformations is complemented;

(3) in § each of its local subformations I with |9 : HOM|; = 1 is complemented.

Moreover, if §) = 91, from Theorem 4.19 we obtain the following well-known result.

Corollary 4.23 [2, Corollary 5.2.12]. Let § be a non-nilpotent t-closed local formation. Then the
Jollowing conditions are equivalent:

(D |3 : MO =1;

(2) In § every non-nilpotent t-closed local subformation is T-complemented;

(3) In § every t-closed local subformation 0 with |9t : MNM|T = 1 is T-complemented.

5. Reducible [ -formations of bounded 7 -defect

The main result of this section is the following theorem, which describes reducible t-closed
o-local formations of finite )3 -defect.

Theorem 5.1. Let § and $) be t-closed o-local formations such that § Z $ C Ns and let § be
I3-reducible. If and only if 5 -defect of formation § is equal to k, when § satisfies one of the following
conditions:

(1) § = L£VIM, where £ is an irreducible t-closed o-local formation $5-defectt,1 <t <k—1,
and M is such a t-closed o-local formation $H-defect k — 1, such that £NIM is the maximal T-closed
o-local subformation of the formation £;

(2) = LV M, where £ is an irreducible T-closed o-local formation $5-defect k, I is such
T-closed o-local formation such that M C § and N Q £.

Proof. Sufficiency. Let § satisfy condition (1). Since £ NN is the unique maximal t-closed o-local
subformation of £, it follows that |[£NMT: H N (LNM)|T =7 — 1. Therefore, by Lemma 3.3 we have

1§ NG| =1L HNLT+[0:HAME— [LAM: HA(ENM)[E=1+k—1—(1—1) =k
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Now let the formation § satisfy condition (2). Then by Lemma 3.3 we get
IF:9NFc=1L:HNLIS+M: HNME—[LNM:HN(LNM)|[Z=k+0—-0=k.

Thus, we have |§: HNF|E = k.

Necessity. We prove the necessity by induction on k. Let k = 1 and § be a t-closed o-local formation
with $§-defect 1. Since § Z §, then by Theorem 4.8 § contains some minimal T-closed o-local not
$ is a subformation of £. Since the HHT-defect of §F is 1, M = FN$ is the maximal T-closed o-local
subformation of §. Therefore, § = £V t91 and the formation § satisfies condition (2) of the theorem.

Let k > 1 and assume that the theorem holds for £ — 1. Let 9T denote the maximal t-closed o-local
subformation of § whose $)5-deficit is k — 1.

Suppose that in § there exists an irreducible t-closed o-local subformation X such that X Z 90t
and 1 < [X:HNX|T<k—1.ThenF =MV IX. Lett = |X: HNX[T. Ifr = 1, then XN $) is the unique
maximal T-closed o-local subformation of X. Since 91 is maximal, we have 9t N $H = FN 5. Therefore,
XNH =9MN$H. Therefore, XN = XN $ and the formation § satisfies condition (1) of the theorem.

Now let 2 < ¢ < k— 1 and let any irreducible T-closed o-local subformation of § with $7-defect
less than ¢ be contained in 9. Let X; be a maximal t-closed o-local subformation of X such that
|X1: HNX|T =1—1.If X is [ -irreducible, then by assumption X; C 9t. Therefore, X N9 = X and
§ satisfies condition (1) of the theorem.

Let X; be a reducible t-closed o-local formation. Since t — 1 < k — 1, then by the induction
hypothesis for the formation X; the theorem is true. Therefore, the formation X; satisfies one of the
following conditions:

(a) X; = £; VIO, where £ is an irreducible t-closed o-local formation and |£; : H N L[5 =5,
1 <s<k—2,and M, is a T-closed o-local formation such that |9, : HOM|T =k —2 and £, NM; is
the maximal t-closed o-local subformation of the formation £;;

(b) X1 = £ VM, where My C H, and £ is an irreducible t-closed o-local formation such that
’21 If)ﬂS]’g:k— 1 and 0 € £4.

Let (b) hold. Then, by assumption, £; C 971. Moreover, since 91N $H = FN H, we have N C M
and X = £; V9 C M. Consequently, X NN = X and the formation § satisfies condition (1) of the
theorem.

Now let (a) hold. If the formation 91, is /¢-irreducible, then by assumption the formations 91; and
£ must be contained in 991. Therefore, X N2t = X and the formation § satisfies condition (1) of the
theorem.

If the formation /3-reducible, then by induction the theorem holds for it. Repeating the above
arguments for 91; and so on, after a finite number of steps (since the 7 -defect of the formations under
consideration is finite and strictly decreasing), we obtain that X N9t = X;. Therefore, the formation §
satisfies condition (1) of the theorem.

Now suppose that every irreducible t-closed o-local subformation of § with $)-defect less than
k is contained in 90t. Since § is a reducible T-closed o-local formation, it follows that § \ 9t contains
a group G such that £ = [Tform(G) # §. Then § =MV T L. By Lemma 3.2 we have d = [£: HN L[ < k.
Assume that d < k.

If £ is [-irreducible, then by assumption £ C 901, which is impossible. This means that £ is
a reducible t-closed o-local formation. But then, by induction, the theorem holds for the formation £.
Given the assumption of irreducible T-closed o-local subformations with $)3-defect less than &, and the
fact that § N H = NN $H, we again conclude that £ C M. A contradiction. Therefore, d = k.

Let © be an irreducible t-closed o-local subformation of 91 such that ©® ¢ £. By Lemma 3.2, we
have m = |D : HND|F < k. Since the formations £ and © are contained in §, we have R = LV D C §
and by Lemma 3.2 we have d = |R: H N R|T < k.

On the other hand, by Lemma 3.5 we have the equality

d=k+m—b, whereb=|£ND: HN(LND)|5.

Since ® Z £, then b < m — 1. Therefore, a > k+m — (m— 1) = k+ 1. Contradiction. Thus, any irreducible
T-closed o-local subformation of 9J1 is contained in £. Therefore, if 91 is an irreducible t-closed o-local
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formation, then 9t C £. But then § = £V {9t = £, which contradicts the definition of the formation £.
Therefore, the formation 90 is [ -reducible.

Suppose that £N§H = FNH. Since [P : HNMT =k — 1, then by induction the theorem is true for
the formation 9. Therefore, the formation 21 can be represented as (a) or (b). Given that every irreducible
T-closed o-local non- $)-subformation of 91 is contained in £, we obtain that 90t C £. A contradiction.
Thus, £N$H C FN$H. Since MNH =FNH, it follows that MNH Z £N$H.

Let £ be an irreducible t-closed o-local formation. Then, using the representation of the formation
2 in the form (a) or (b) and taking into account that any irreducible t-closed o-local formation with
$-defect less than k is contained in £ we obtain that § = £V J(9N$). Thus, the formation § satisfies
condition (2) of the theorem.

Now let £ be a reducible t-closed o-local formation. Then, since £ Z 91, by Theorem 4.8, £
contains at least one 9 -critical formation X. Since any irreducible t-closed o-local formation with
$Hg-defect less than k is contained in 9t and M N H = FN A, it follows that | X : HNX|T = k. Note also
that any irreducible T-closed o-local formation in £ with $3-defect less than k is contained in X, since
otherwise the formation § would contain an [}-subformation with $7-defect greater than k, which is
impossible in view of Lemma 3.1. Since the formation 9 is maximal, we have § = 2tV $X. Since
MNH Z LNH, then MNH Z XN $H. Therefore, given the representation of the formation YN in form (a)
or (b), we have F =MV IX =X VL(MNN).

Thus, the formation § satisfies condition (2) of the theorem. O]

In the case where $) = 91, we obtain the following special case of Theorem 5.1.

Corollary 5.2. Let § be a reducible t-closed o-local formation. If and only if the o-nilpotent
[3-defect of a formation § is equal to k when § satisfies one of the following conditions:

(1) § = LV IIM, where £ is an irreducible t-closed o-local formation of o-nilpotent [%-defect t,
1 <t <k—1,and M is such t-closedo-local formation of o-nilpotent [:-defect k — 1, such that LN is
the maximal t-closed o-local subformation of £;

(2) § =LV IM, where £ is an irreducible T-closed o-local formation of o-nilpotent [3-defect k,
M is a T-closed o-local formation such that 9N C $ and N §Z L.

In particular, if o = o' = {{2},{3},{5},...} from Theorem 5.1 we obtain

Corollary 5.3. Let § and $) be t-closed local formations such that § € $ C N and let § be reducible.
If and only if the $;-defect of a formation § is equal to k when § satisfies one of the following conditions:

(1) § =LV M, where £ is an irreducible t-closed local formation of $;-defectt,1 <t <k—1,
and M is a t-closed local formation $);-defect k — 1 such that £NM is the maximal T-closed local
subformation of £;

2) § = LV IR, where £ is an irreducible t-closed local formation of $;-defect k, M is a T-closed
local formation such that I C $ and N Q £.

Moreover, if §) = 91 is the formation of all nilpotent groups from Theorem 5.1, we obtain the
following well-known result.

Corollary 5.4 [27]. Let § be a reducible t-closed local formation. If and only if the nilpotent
[T-defect of a formation § is equal to k when § satisfies one of the following conditions:

(1) § = £V 9N, where £ is an irreducible t-closed local formation of nilpotent [*-defect t, 1 <t <
<k—1,and M is a t-closed local formation of nilpotent [*-defect k — 1 such that £\ is a maximal
T-closed local subformation of £,

(2) § = £V 9N, where £ is an irreducible T-closed local formation of nilpotent [*-defect k, I is
a t-closed local formation such that 9N C $ and N g_ £.

Let § — t-closed o-local formation. Following [2, p. 212], [3-length of § we define the number
5(3) = 15 : (15

In the case when $ = (1), from Theorem 5.1 we obtain the following result.

Theorem 5.5. Let § be a reducible t-closed o-local formation. If and only if the [Z-length of
a formation § is equal to k when § = £V 9N, where £ is an irreducible t-closed o-local formation
[3-length t, 1 <t <k—1, and M is a t-closed o-local formation [}-length k — 1, such that £ NN is
maximal t-closed o-local subformation of £.

If T is a trivial subgroup functor, then from Theorem 5.5 we obtain
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Corollary 5.6. Let § be a reducible o-local formation. If and only if the ls-length of a formation §
is k when § = £V 9N, where £ is an irreducible o-local formation of ls-lengtht, 1 <t <k—1,and M
is a o-local formation of ls-length k — 1, such that £NM is a maximal o-local subformation of £.

Let T = s is the identity subgroup functor. Then Theorem 5.5 implies

Corollary 5.7. Let § be a reducible hereditary o-local formation. If and only if the [};-length of
a formation § is equal to k when § = £V 9N, where £ is an irreducible hereditary o-local formation of
I-lengtht, 1 <t <k—1,and M is a hereditary o-local formation of I%-length k — 1, such that £NMN is
a maximal hereditary o-local subformation of the formation £.

In the case where T = s5,, from Theorem 5.5 we have

Corollary 5.8. Let § be a reducible normally hereditary o-local formation. If and only if the
1& -length of a formation § is equal to k when § = £V ¢ 9N, where £ is an irreducible normally hereditary
o-local formation I3 -lengtht, 1 <t < k— 1, and M is a normally hereditary o-local formation 13} -length
k—1, such that £NIM is a maximal normally hereditary formation o-local subformation of £.

In particular, if o = o! = {{2},{3},{5},...} from Theorem 5.5 we have

Corollary 5.9. Let § be a reducible t-closed local formation. If and only if the [*-length of
a formation § is equal to k when § = £V 9N, where £ is an irreducible t-closed local formation of
[T-length t, 1 <t <k—1, and M is a t-closed local formation of [*-length k — 1 such that £NIM is
a maximal t-closed local subformation of £.

6. Reducible t-closed o-local formations of 5 -defect 2

In this section, using Theorem 5.1, we give a description of reducible T-closed o-local formations
with $5-defect 2, and also consider some special cases and consequences of the following main result
of this section.

Theorem 6.1. Let § and $) be t-closed o-local formations such that § € $ C Ny and let § be
[3-reducible. If and only if 5 -defect of a formation § is 2 when § satisfies one of the following conditions:

(1) § =L VEL VIM, where M C §, and £1 and £, are distinct minimal T-closed o-local
non-$)-formations;

(2) T = LVIIM, where M C 9, and £ is an irreducible t-closed o-local formation $§-defect of 2,
mg L.

Proof. By Theorem 5.1, one of the following conditions holds for §:

(1) § = £V MM, where £ is an irreducible T-closed o-local formation $%-defect 1, and 91 is
a 1-closed o-local formation $5-defect 1 such that £NM is a maximal T-closed o-local subformation
of £;

(2) § = LV, where £ is an irreducible t-closed o-local formation 3 -defect 2, 91 is a T-closed
o-local formation such that 93t C £ and 9t g £,

Let § be a formation satisfying condition (1). Since £ is an irreducible T-closed o-local formation of
$H5-defect 1, £ is the minimal T-closed o-local non- $)-formation. Moreover, since £N 91 is the maximal
T-closed o-local subformation of £, it follows that £NM C 5. By Theorem 4.12 we have 9t =M, VT Ly,
where 901 is a T-closed o-local subformation of ), £ is the minimal T-closed o-local non- $)-formation.
Note also that since £ Z 21, then £ # £,. Means,

SZQ\/EWZS\/E(W] \/gﬂl) 22\/;21 Véml,

where 901 C $, a £ and £ are distinct minimal T-closed o-local non- $)-formations. Thus, the formation
§ satisfies condition (1) of the theorem.

If condition (2) holds for §, then § obviously satisfies condition (2) of the theorem. L]

Theorem 6.1 has many different special cases and consequences for specific subgroup functors T,
formations $), and partitions o. Let us consider some of them.

Thus, if T = s is the identity subgroup functor, then the following holds.

Corollary 6.2. Let § and $) be hereditary o-local formations such that § € ) C Ny and let § be an
I3 -reducible formation. If and only if $}.-defect of a formation § is 2 when § satisfies one of the following
conditions:
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(1) § = L1 VL VI, where N C §), and £y and £, are distinct minimal s-closed o-local non-
H-formations;

(2) T = LVIIM, where M C 9, and £ is an irreducible t-closed o-local formation $§-defect of 2,
mg L.

If T(G) = 5,(G) is the set of all normal subgroups of G for any group G, then we obtain the
following statement.

Corollary 6.3. Let § and $) be normally hereditary o-local formations such that § Z $ C N and
let § be I -reducible. If and only if $H -defect of a formation § is 2 when § satisfies one of the following
conditions:

(HF=LIVELVaIn, where M C 9, and £1 and £, are distinct minimal s,,-closed o-local non-
H-formations;

(2) T =LV uIM, where M C H, and £ is an irreducible s,-closed o-local formation $ -defect
of2, MZ L.

In the case where $ = 15, we obtain the following special case of Theorem 6.1.

Theorem 6.4. Let § be an [}-reducible t-closed o-local formation. If and only if the o-nilpotent
[3-defect of a formation § is 2 when § satisfies one of the following conditions:

(1) T =L VL VM, where M C Ny, and £y and £, are distinct minimal t-closed o-local
non-o-nilpotent formations;

2)§ = LVIIM, where M C Ny, and L is an irreducible t-closed o-local formation with o-nilpotent
I3-defect equal t0 2, M ¢ £.

In the case where T = s is the identity subgroup functor, Theorem 6.4 implies

Corollary 6.5. Let § be an [-reducible hereditary o-local formation. If and only if the o-nilpotent
[3-defect of a formation § is 2 when § satisfies one of the following conditions:

(1) §= L1 ViL VM, where MM C Ny, and £1 and £, are distinct minimal s-closed o-local
non-o-nilpotent formations;

2) =LV, where M C N, and L is an irreducible s-closed o-local formation $3% -defect of 2,
Mg L.

If T(G) = 5,(G), then from Theorem 6.4 we obtain

Corollary 6.6. Let § be an [y -reducible, non-o-nilpotent normally hereditary o-local formation. If
and only if the o-nilpotent I3 -defect of a formation § is 2 when § satisfies one of the following conditions:

(D F=L1VILr VI, where M C Ny, and £1 and £, are distinct minimal s,-closed o-local
non-o-nilpotent formations;

(2) T = LV EIM, where M C Ny, and £ is an irreducible T-closed o-local formation £ -defect
of 2, M SZ L.

In the classical case, when o = ¢!, from Theorem 6.4 we obtain

Corollary 6.7 [2, Theorem 5.2.19]. Let § be a reducible t-closed local formation. Then the
nilpotent [*-defect of a formation § is equal to 2 if and only if one of the following conditions holds:

(D) §=L1 VL VM, where M C N, and £ and £, are distinct minimal Tt-closed local
non-nilpotent formations;

(2) F = LVIM, where M CN, and £ is a t-irreducible t-closed local formation with nilpotent
[*-defect equal to 2, M ¢ £.

If, in addition, T is a trivial subgroup functor, then we have

Corollary 6.8 [1, Theorem 20.6]. Let § be a reducible local formation. Then the nilpotent defect of
a formation § is equal to 2 if and only if § satisfies one of the following conditions:

(D) F= L1V LV IM, where M CN, and £ and £, are distinct minimal local non-nilpotent
Sformations;

(2) § = £V M, where M CN, and £ is an irreducible local formation with nilpotent defect 2,
Mmg L.
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7. t-Closed o-local formations of /}-length < 3

Let § be a t-closed o-local formation. Following [2, p. 212], an [}-length of a formation § we
define the number [%(F) = |§ : (1)]3-

In this section, we apply Theorem 4.2 to describe T-closed o-local formations with [Z-length < 3.

Lemma 7.1. Let § = §1 © ... ® Sk, where §; is a non-identity t-closed o-local formation with
I5(8j) =mj < oo. Then I3(§) = m1 +my+---+my. In particular, if § C Ny and |0(F)| < oo, then
[5(3) = [o(3)].

Proof. We prove the lemma by induction on k. For k = 1, the lemma is true. Now let k > 1 and
assume that the lemma is true for k — 1. Then, by induction, for the formation §; ... & §r—; we have
IX(F1®...®F1) =m;+my+---+m_,. By Lemma 2.13, the lattice isomorphism

F/8k=31D...08k/o8k = ((F1® ... ®Fk—1) VoSk)/ o8k =~
D OF /B D OT ) =F 1D DTt /5(1).

Therefore, I3(F) = 15(F1D ... B Fk—1) +15(Fk) = (m1 +ma+- - +my_y) + my.

In particular, if the formation § is o-nilpotent and |0(F)| < oo, then § = &4, ©...D G, , where
{0i,...,0;,} = 0(F). Therefore, from the first part of the lemma, we obtain [(§) = |0(F)]. O

Lemma 7.2. Every t-closed o-local formation of [3-length 2 is reducible.

Proof. Let § be an irreducible t-closed o-local formation. Assume that the /3-length of § is 2. Since
T NN = Ny(z) by Lemma 3.5, it follows that [o(F)| = [5(N(z)) by Lemma 7.1. Clearly, [o(F)| > 1.
Since the formation § is /3-irreducible, it follows that ‘ﬁg(g) C §. Therefore, § contains a proper t-closed
o-local subformation of /3-length > 2. This contradicts Lemma 3.2. O

Lemma 7.3. Let § be a t-closed o-local formation. If § is an [3-irreducible formation of I:-length
3, then |0(F)| = 2.

Proof. Let § be an [}-irreducible formation of [3-length 3 and 90t be its unique maximal T-closed
o-local subformation. Then [ (9t) = 2. Now applying Lemmas 7.2 and 7.1 we have |o(9t)| = 2. Since the
formation § is /3-irreducible, any proper T-closed o-local subformation of §§ is contained in 9)t. Therefore,
o(F) = o(M). O

Theorem 7.4. Let § be a t-closed o-local formation. Then the following statements hold:

(1) IX(F) < 2 ifand only if § = N1, where |T1| < 2;

(2) IX(F) = 3 ifand only if § = N1, where |I1| = 3, or § is a minimal t-closed o-local non-o-nilpotent
formation, |o(F)| = 2.

Proof. (1) If |0(F)| = 1, then § = &, for some i. Then [I(F) = 1 by Lemma 7.1. Suppose that
§ is not o-nilpotent. Then § is not a o-primary formation, and hence there exist 0; and 0; such that
0;,0; € 0(§) (i # j). By Lemma 2.4, we have &,, &5, C §. Therefore, &5, © &5, C §. By Lemma 7.1
we have [T (&g, @ 0551.) = 2. Therefore, &y, ® &, = §. Contradiction. This means that (1) holds.

(2) Let I3(§) = 3. If § is o-nilpotent, then § = Ny, where |I1| = 3, by Lemmas 3.5 and 7.1. Suppose
that § is not o-nilpotent. Then, by Theorem 4.10, § has a minimal t-closed o-local non-c-nilpotent
subformation $). By Theorem 4.2, we have |o($))| > 2. Since NN = Ny by Lemma 3.5, it follows
that [T($HNDs) > 2. Since at the same time § Z N and [3(F) = 3, then [3($HNNs) = 2. Therefore,
I5($H) =3 and |0($H)| = 2. This means ) = F.

Let § be either a T-closed o-local o-nilpotent formation with |o(F)| = 3, or a minimal t-closed
o-local non-o-nilpotent formation and |o(§)| = 2. Then in the first case [§(F) = 3 by Lemma 7.1. In the
second case, the formation § has a unique maximal T-closed o-local subformation §N91,. By Lemma 3.5,
we have § NNy = Ny5). Therefore, |0(Ng(z))| = 2 and, therefore, [5(Ng(z)) =2 by Lemma 7.1. But
then /3 (F) = 3. O

In particular, if is a trivial subgroup functor, then we have

Corollary 7.5. Let § be a o-local formation. Then the following statements hold:

(1) I5(§) < 2 if and only if § = N, where |1 < 2;

(2) I5(§) = 3 if and only if § = N, where |I1| =3, or § is a minimal o-local non-o-nilpotent
Jormation.




52 V. V. Skrundz, I. N. Safonova

Using Theorem 4.2 from Theorem 7.4, we obtain the following description of T-closed o-local
formations of [3-length < 3.

Theorem 7.6. Let § be a t-closed o-local formation. Then the following statements hold:

(1) IX(F) < 2 ifand only if § = IZform G, where G is a o-nilpotent group with |0(G)| < 2;

(2) I5(§) =3 if and only if § = I form G, where G is either a o-nilpotent group with |6(G)| = 3, or
a simple non-o-primary group with ©(G) = {1,G} and |6(G)| =2, or G= P x K, where P =Cg(P) is a
p-group, p € 0;, and K is a simple o ;-group (j # i) such that T©(K) = {1,K}.

Proof. Let § be a t-closed o-local formation and /3 (§) < 3. Then, by Theorem 7.4, one of the
following statements holds for §: a) § = My, where |I1] < 2; b) § = Ny, where |I1| = 3, or § is a minimal
T-closed o-local non-o-nilpotent formation, |o(F)| = 2.

Suppose that § is o-nilpotent, |0(F)| < 3. And let G be a o-nilpotent group in § such that
0(G) = o(%). Then [fform G = Ny(3) = § by Lemma 3.5.

Now let § be a minimal T-closed o-local non-o-nilpotent formation,
Theorem 4.2, we have § = [jform G and one of the following conditions holds:

1) G is a simple, non-o-primary, T-minimal, non-&,-group for any o; € o(G);

2) G=P x K, where P = Cg(P) is a p-group, p € 0;, and K is a simple 0;-group (j # i) such that
(K)={1,K}.

Let G satisfy condition 1). Then if 0;,0; € 0(§) and H € T(G) \ {G}, then H € &5, NG, = (1).
Consequently, T(G) = {1,G} and the group G satisfies Condition (2) of the theorem.

If Condition 2) is satisfied for G, then obviously G satisfies Condition (2) of the theorem. ]

In particular, if T is the trivial subgroup functor, then the following holds.

Corollary 7.7. Let § be a o-local formation. Then the following statements hold:

(1) Is(F) <2 ifand only if § = I;form G, where G is a o-nilpotent group with |o(G)| < 2;

(2) () =3 ifand only if § = Isform G, where G is either a o-nilpotent group with |0(G)| =3, or
a simple non-o-primary group with |0(G)| =2, or G = P x K, where P = Cg(P) is a p-group, p € 0,
and K is a simple o j-group, j # i.

In the classical case, when o = o! = {{2},{3},{5},...} From Theorem 7.6 follows

Corollary 7.8 [2, Lemma 5.3.11]. Let § be a t-closed local formation. Then the following statements
hold:

1) I'(F) < 2 if and only if § is nilpotent and |1(F)| < 2;

2) I(§) = 3 if and only if § = T'form G, where G is either a Schmidt group or a nilpotent group
with |t(G)| = 3.
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