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Keywords: mildly quasilinear  Abstract. For a one-dimensional mildly quasilinear wave equation given in the first quadrant,

wave equation, mixed problem, we consider a mixed problem in which Cauchy conditions are specified on the spatial semi-axis

classical solution, fixed-point and a Dirichlet condition is specified on the temporal semi-axis. The nonlinearity contains

principle, matching conditions.  independent variables, the unknown function, and its derivatives. We construct the solution
in implicit analytical form as the solution of some integro-differential equations. We prove
the solvability of these integro-differential equations using a generalization of the Banach
fixed-point theorem. For the problem in question, we prove the uniqueness of the solution and
establish the conditions under which its classical solution exists
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Kuirouessle ciioBa: cnabo kBa-  AHHOTauMs. []11 oqHOMEpHOro ¢1a00 KBa3HWJIMHEHHOr0 BOJIHOBOTO YPaBHEHNU, 3alaHHOTO

3WJIMHEHOE BOJIHOBOE ypaBHE- B IIEPBOM KBaJIpaHTE, paCCMAaTPUBAETCs CMelLIaHHAs 3a/1a4a, B KOTOPOi Ha IIPOCTPaHCTBEHHOM

HMe, CMeIllaHHas 3ajlava, KJac-  IOyocH 3aaaioTcs yciaoBus Ko, a Ha BpeMeHHO# noyocH 3afaeTcs yciaosue Jupuxie.

CHYecKoe pelleHne, NMpUHIuI  HeauHelHOCTh conepkuT He3aBUCHMBbIE NIePEeMEHHbIE, UCKOMYIO (DYHKIIMIO U €€ TIPOU3BOJHBIE.

HEMOJBWKHOM TOYKHM, ycJIoBUA  PellleHne cTpouTCs B HESBHOM aHAJIUTUYECKOM BHJE KaK pellleHue HEKOTOPBIX MHTErpo-

COIIaCOBaHUSI. i depeHnnanbHbIX ypaBHeHUiA. PaspemmmocTts HHTErpo-anudQepeHInaIbHpIX ypaBHEHII
JOKa3bIBAaeTCA C MCNOIb30BaHUEM 00001IeH!s TeopeMbl banaxa o HenoaBUkHOM Touke. s
paccMaTpuBaeMoii 3aJa4n JOKa3bIBAETCsl €IMHCTBEHHOCTb PEIIEHNs U YCTaHABJINBAIOTCSA
YCJIOBHS], TIPU BBITIOJIHEHUH KOTOPBIX CYIIECTBYET €€ KJIACCUYECKOe PEeLlEHHE.

1. Introduction

We often use various fixed-point theorems and the method of successive approximations to find
solutions to initial and mixed problems for nonlinear equations. For example, the classical Banach fixed-
point theorem has been used to find a weak solution to the Cauchy problem for the nonlinear wave equation
and the nonlinear parabolic equation with nonlinearities of the form f(Vu, dyu,u) and f(u), respectively [1].
Many results have been obtained using topological fixed-point theorems, such as the Schauder fixed-point
theorem and the Leray—Schauder fixed-point principle, namely: 1) the existence of a weak solution to
a nonlinear elliptic equation [2] (nonlinearity of the form f(u)) in the space H(}; 2) classical solutions
of various mixed problems with a nonlinear boundary condition for the semilinear equation of string
oscillation in a half-strip [3—5] (nonlinearities of the form F [d;u(0,¢)] and f(u)); 3) classical solution of the
Cauchy—Darboux problem, the first Darboux problem and the second Darboux problem for the nonlinear
wave equation [6-8] (nonlinearity of the form A|u|*u); 4) existence of a weak solution of a quasilinear
elliptic equation [1] (nonlinearity of the form f(Vu)) in the space H> N H{; 5) solvability of the Dirichlet
problem for nonlinear elliptic equations in the Holder spaces C>* [9]. Using the fixed-point theorem
adapted to modular metric spaces, it is shown that the Cauchy problem for a one-dimensional nonlinear
parabolic equation with nonlinearity of the form f(z,x,u(t,x), d.u(z,x)) could be solved [2]. Together with



86 J. V. Rudzko

V. 1. Korzyuk, the author of this paper used the Banach fixed-point theorem for locally convex spaces to
construct classical and weak solutions of the Cauchy problem for a mildly quasilinear wave equation [10].

Various versions of the fixed point principle are closely related to the method of successive
approximations. This method has produced several results in the theory of partial differential equations.
For example, it has been used to find: 1) a twice continuously differentiable solution to the Cauchy problem
in a cone and a truncated cone for a nonlinear wave equation with nonlinearity of the form F’(|u|?)u [11];
2) the classical solution to the first mixed problem for the telegraph equation with a nonlinear potential [12];
3) the classical solution to the Cauchy—Darboux problem for a one-dimensional wave equation with power
nonlinearity [6]; 4) the classical solution to the Goursat problem on a plane for a semilinear hyperbolic
equation [13]. A rather interesting application of the method of successive approximations is shown in the
work [14], where an economic problem is qualitatively solved. The problem under study, namely, the first
mixed problem for one-dimensional mildly quasilinear wave equation in the first quadrant of the plane,
was also studied by the method of successive approximations [15—18]. In this paper, we present a new
approach to solving this problem based on the fixed-point principle. This fixed point principle, which is
a generalization of Banach’s theorem to the case of locally convex spaces, for the mixed problem in the
first quadrant is applied for the first time in the present paper in the corresponding locally convex spaces.

2. Auxiliary material

In this section we present a generalization of Banach’s theorem to the case of locally convex spaces,
as well as all the necessary auxiliary definitions for this.

Definition 2.1. Let X be a locally convex space whose topology is determined by a system of
seminorms {p; };c3. A mapping f: X — X is called £-Lipschitz if p;(f(x1), f(x2)) < £pi(x1,x2) for any
ied,xieX, xneX.

Definition 2.2. Let X be a locally convex space whose topology is given by a system of seminorms
{pi}ies. A mapping f: X — X is called p-contracting if it is p-Lipschitz and 0 < p < 1.

Remark 2.3. In the literature, in a locally convex space X with a topology given by a system of
seminorms {p;}icy, a mapping f: X — X is called p-contracting for some p € {p;}icy if there exists
a constant ky, € [0,1) such that p(f(x1), f(x2)) < kpp(x1,x2). However, our definition differs in that it
establishes an explicit correspondence between £-Lipschitz and p-contracting maps, similar to the case of
standard definitions for metric spaces.

Theorem 2.4. Let X be a sequentially complete Hausdor{f locally convex space whose topology is
determined by the system of seminorms {p;}icy and let the mapping f: X — X be p-contracting. Then the
mapping f has a unique fixed point x* € X, and it is the limit of any sequence x,1+1 = f(x,), where x is
any element of X.

The proof is given in paper [19].

3. Statement of the problem

In the domain Q = (0,%0) x (0,0) of two independent variables (¢,x) € Q, we consider a one-
dimensional nonlinear wave equation

Ou(t,x) + f(t,x,u(t,x),du(t,x), du(t,x)) = F(t,x), (t,x) € Q, €))

where 0 = 97 — a*d? is the d’Alembert operator (a > 0 for definiteness), F is a function given on the
set 0, and f is a function given on the set O x R®. Equation (1) is equipped with the initial conditions

u(O,x) = (p(x), al”(ovx) = d)(x)v X € [Oa‘x’)v ()
and the boundary condition
u(t,0)=pu(t), tel0,), 3)

where @, 1\, and p are functions given on the half-line [0, o).
Example 3.1. Setting F = 0 and f(z,x,u,u;,u;) = bsin(Au) in Eq. (1) yields the sine-Gordon
equation, which has a number of applications in physics [20].
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Example 3.2. Setting F = 0and f(7,x,u, u;, uy) = f(u) in Eq. (1) yields the nonlinear Klein-Gordon—
Fock equation, which arises in differential geometry and various areas of physics (superconductivity, slip
in crystals, waves in ferromagnets, laser pulses in two-phase media, etc.) [21].

Example 3.3. Setting F = 0 and £(r,x, u, uy,uy) = £ (1 +g(u) )u, — f(u)), € > 0in Eq. (1) yields
a nonlinear equation describing the voltage on electrical communication lines with nonlinear shunt
conductivity and a series connection of an inductive load, the movement and reproduction of tissue cells
and unicellular organisms, and a branching random walk [22].

Example 3.4. Setting F = 0 and f(,x,u,u;,u,) = sinh(u) in Eq. (1) yields the sinh-Gordon equation.
This equation is a special case of the Toda chain and can model the interaction between neighboring
particles of the same mass in crystal lattices [23].

4. Integro-differential equation
We divide the domain Q by the characteristic x —ar = 0 into two subdomains Q) = {(z,x) :

(=1)/(at—x) > 0}, j=1,2.
Let us consider the following coupled equations

WD) = Qo(x— at)+(p(x+at) xrttp d£+xrtdz f z— y z+y
’ 2 2 x—at x—at x—at
{7y ety 2=y zty 2=y zty
f(za’z’”<2a 2)8’ <2a’2>’
(1) z—Yy z+Yy
Okt ( ) >>:|dya ( ) “4)

2) _ X\ yfat—x at— x+at xtat\ 1
u(t,x) p(t a> u < , = 12>

o xt 2=y y+z 72—y y+z 2=y y+z
g (g (a2 2y (2 @ (2=
szof[<2a’2>f(za’2’” <2a’2)’

at—x

@2y ytz @2y Ytz 50
o (22205 ) 2 (00 ) | e 0 ®

On the closure Q of the domain Q, we define a function u as the one coinciding with the solution
ul?) of Egs. (4) and (5)

u(t,x) =u(t,x), (t,x)€QU), j=1.2, ©6)

on the closure QU) of the domain Q(j ). The following theorem holds.

Theorem 4.1. Let the conditions f € C'(Q x R3), F € C'(Q), ¢ € C*([0,%)), P € C'([0,)), and
€ C?([0,0)) be satisfied. A function u from the class C*(Q) is a solution of the mixed problem (1)~(3) if
it can be represented in the form (4)—(6) and the matching conditions

1(0) = ¢(0), (7)
' (0) =(0), (®)
u”(0) =F(0,0) — £(0,0,9(0),1(0), ¢'(0)) +a*¢"(0) )

are satisfied.
The proof is presented in works [15; 18].
For brevity of further reasoning, we will rewrite Eqgs. (4) and (5) in the form

1 x+at z 7— yz+y Z—y z—l—y
uD (o) = K1 [uV)(1,0) = Gr(1,2) = 5 [ de ff( s ,u“)( i )

xX—at x—at

m(2=y 2ty (=Y 2ty 50
atu < 261 ) >7ax“ (261 " dya (t7x)€Q , (10)
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xX+at x—at
1 z— +z z— +z
W) (t,2) = Kolu)(1,0) = Galt x) + 1y deIf< v 7u(2)( v )

at—x 0

(@ 2=y ¥tz (@(2=y ¥tz 00 1
O <2a, 5 ) oI = ) |y, (1) € 0, (11)

and introduce the sets Or = QN {(¢,x) |t < T}, Q(Tj) =0UN{(t,x) |t <T}, j=1.2, QF =
= [nT,(n+1)T] x [0,00), n € NU{0}.

Assume that the topology of the Fréchet space C! (Q(Tl )> is defined by a countable system of

seminorms {||e||c1( where

Qm)}zz(zaﬂw
Q,, = Conv{(0,0),(0,m),(T,aT),(T,m—aT)}.
This topology is well defined because

1 Conv{(0.0).(0.m), (T.aT). (T.m—aT)} = 0.
m=[2aT+1]

The following lemma holds.

Lemma 4.2. Let the conditions G; € C l(Q(T1 )) and f € C (Q(T1 ) x R3) be satisfied and let the
function f satisfy the Lipschitz condition

|f(t,x,21,22,23) — f(t,x,wi,w2,w3)| < L(|z1 —wi| + |z2 — wa| + |23 — w3]) (12)

in the last three variables with constant L. Then the operator K : Cl(Q( )) — CI(Q(T1 )), acting by
formula (10), is £-Lipschitz, where £ = 3Lmax{T,T?} max{l,a"'}.
Proof. Let us find the norm estimates

1K [u] = Ki[u]lle,) =
lxﬁzf 7 2Ty 2y (22 2y o (XTY HY
J4a2 ) 27 2 "\ 2a 2 ))* 2a’2 ’

g 222 TN L p (202 2ty pf2oy 2y ofzoy aty
N\ 2a 2 2 7 2 2 7 2 207 2 )’

N

1 x+at z B B 7— y Z‘|‘y
<1 [ dz [ L(ju— @l + |9 — oy + | Do — 7)( ; >dy

xX—at x—at

1 - - -
< ELTZ ([lu—tllcq,) + 10 — Al c(q,,) + 105 — xitll () ) -

Similarly, we obtain
10Ky [u] = di Ky [u]llee,) <
LT (||lu—tle,) + 10— dritllc () + 1051 — sl cq,) ) »
10:K 1 [u] = dKi [u] [l c(a,) <
LT ~ ~ ~
S ([l — @l (g, + 10w — Al (g, + 1Ok — Okl () -
Since [[o[|c1(q,) = ll*llc@,) +I9®llc@,) + [|9:®llc(q,,)> introducing the notation T =max{T,T*},A =
=max{1,a"'}, we obtain
1K1 [u] = K[, < LTAl|u— il g,
3] - K e, < LTAlu e o)



Classical solution to the first mixed problem for a mildly quasilinear wave... 89

10K [u] — Bk [l e, < LTAllu il g

where u u i are arbitrary functions from the space C! (Q(T1 )). So,

K1 [u] = Ki[d] 1 @) < BLTA[lu—illci(q,)-

With respect to any of the seminorms, that defines the topology of the Fréchet space C! (Q(Tl )), the

operator K satisfies the Lipschitz condition with constant 3L max{7, szx{l,a_l }. O
Corollary 4.3. Let the conditions G, € C 1(Q(Tl)) and f € C (Q(T1 ) % R3) be satisfied, let the

function f satisfy the Lipschitz condition (12), and let T < min {1 Then the operator

"3Lmax{l,a" 1} }

1
Ki: CI(Q< )) — CI(QT ), acting by formula (10), is p-contracting, where p = Amax{1La T}
By combining Corollary 4.3 with Theorem 2.4, we obtain the following statement.

Corollary 4.4. Let the conditions G, € C' (Q<T1 )) and f € C (Q(T1 ) % R3), let the function f satisfy
1
3Lmax{l,a '}

the Lipschitz condition (12), and let T < min { 1, . Then there exists a unique solution

D of Eq. (10) in the class C'(Q\").
Lemma 4.5. Let the conditions G, € C' (Q(Tz)) and f €C (QT X R3) be satisfied and let the
function f satisfy the Lipschitz condition (12). Then the operator K, : C! (QT )—~C I(QT ), acting by
formula (11), is £-Lipschitz, where £ = 3Lmax{T,T*}max{1,a 1}

Proof. Similar to Lemma 4.2, we introduce the notation 7 = max{7,T2}, A = max{1,a '} and
calculate

LT?||u—1u|  —
=l g

|1 K2 [u] — Ko ul] @@ S SLTAllu—dll, o

)

10Kz [u] — o Ka[u] | @) SLT|ju—ull , —= <LfA||M—ﬁHC]

c1(of) 07’
LTl g
0Kl = ekl < ———— O < LTALu—l,
where u and # are arbitrary functions from the space C' (Q(T2 )) Therefore,
K] - K[l 3LTAIIM—MII o)
_ . O
Corollary 4.6. Let the conditions G, € C! (Q(TZ>), fecC (Q(Tz) x R?) be satisfied, let the function f

1
o o 3Lmax{1,a" '}
K,: C! (Q(Tz)) > C! (Q(Tz)), acting by formula (11), is contractive.
Using the Banach fixed-point theorem, we obtain the following corollary.
Corollary 4.7. Let the conditions G, € C! (Q(TZ>) and f €C (Q(T2 ) x R3) be satisfied, let the function f
1
"3Lmax{l,a" '}

satisfy the Lipschitz condition (12), and let T < min{l, } Then the operator

satisfy the Lipschitz condition (12), and let T < min {1 . Then there exists a unique

solution u'® of Eq. (11) in the class C" (Q(Tz)).
The following theorem on the smoothness of solutions Eqgs. (10) and (11) hold.
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Theorem 4.8. Let the conditions F € C'(Qr), f € C'(Or x R?), ¢ € C*([0,0)), ¥ € C'([0,)),

and w € C*([0,T)) be satisfied, and let the functions u'") € C! (Q(T])) and u® € Cl(Q(TZ)) solve Egs. (10)
and (11), respectively. Then the function

W(1,x) (%) € 0V,

ur(t,x) = =T _
r(t.x) W@ (%) (t,x) € 0P,

belongs to the class C*(Qr) if and only if the matching conditions (71)—(9) are fulfilled.
The proof is presented in works [15; 18].

5. Local classical solution

According to Theorem 4.1 and Corollaries 4.4 and 4.7, under the smoothness conditions F € C' (Qr),
FeCH0r xR3), @ € C*([0,)), b € C'(]0,)), and 1 € C*(]0, T]), the Lipschitz condition (12), and the
matching conditions (7)—(9), we constructed the classical solution u of the problem (1)—(3) on the set Or,

1
where T canbe takenas 7 = —min«< 1, } This solution is determined by formulas (4)—(6).

2 3Lmax{l,a"'}
Furthermore, conditions (7)—(9) are sufficient and necessary.

6. Global classical solution

It turns out that using the conjugation conditions
up(T,x) = uo(T,x), ui(T,x) = dup(T,x), x€[0,00), (13)

we can continue the solution ug of the first mixed problem (1)—(3) to the set Q7’f Since the functions
x> uo(T,x) and x +— dyu1 (T, x) belong to the classes C2([0,0)) and C! ([0, o)), respectively, the matching
conditions are satisfied

FL(T) = MO(T70)7
W(T) = duo(T,0),
W/ (T) = F(0,0) — £(0,0,u0(T,0),0,uo(T,0), deut(T,0)) + a*>d2uo (T, 0).
The function u;: QF > (¢,x) — u; (t,x) € R will belong to the class C*(Q%) if, for example, F € C'(Q),
feCH(QxR), @ € C*([0,%)), P € C'([0,)), and p € C*([0,0)).
Differentiating equalities (13) with respect to x yields the following:
Oty (T,x) = deuo(T,x),  3*uy(T,x) = d*uo(T,x),
vy (T,x) = 0 dup(T,x), x € [0,00). (14)
From Egq. (1) we express the quantities 7u;(T,x), j = 0,1,
9fuj(T,x) = a*d2u;(T,x) + F(T,x) — f(T,x,u;(T,x),0u;(T,x),du;(T,x)), x€[0,00). (15)

Due to expressions (13) and (14) and the continuity of the functions f and F in expression (15), the
right-hand sides are equal for j = 0 and j = 1. Thus, the left-hand sides are also equal, i. e.,

92uy(T,x) = ug(T,x),  x€[0,00). (16)
Conditions (13), (14), and (16) mean that the function
uo(t,x), (t,x)€|0,T]x|0,00),
sty = 0 () €[0.7] [0,
ui(t,x), (1,x) € [T,2T] x [0,00),

belongs to the class C2([0,27] x [0,0)) and satisfies equation (1) on the set (0,27) x [0,0). Note that
a different choice of the matching conditions (13) will result in at least one of the functions ug | or dug |
being discontinuous, which will entail ug; ¢ C*([0,2T] x [0,0)).
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Again, for the function u; the following conditions hold:
w(2T) = wi (2T, 0),
W (2T) = duy (2T0),
W (2T) = F(0,0) — £(0,0,u;(2T,0), d,u; (2T,0), deu; (2T, 0)) 4+ a?02u; (2T, 0),

which, together with the smoothness conditions of F € C'(Qr), f € C'(Qr x R?), ¢ € C*([0,)), b €
€ C'([0,%0)) and p € C?[0,)), the matching conditions (7)—(9) and the Lipschitz condition of f with
respect to the last three variables, makes it possible to extend the solution to the set @ using a similar
scheme. It proves the base of induction.

Suppose that after the n-th step, we have a function

uo n(t,x) = ui(t,x), (t,x) € QOF,

which is defined on the set [0, (n+1)T] x [0, ), belongs to the class C>([0, (n+1)T] x [0,0)), is a solution
to problem (1)-(3) on this set, and satisfies the conditions

w((n+1)T) = uon((n+1)T,0),
W((n+1)T) = dhuo n((n+1)T,0),
W ((n+1)T) =F(0,0) — £(0,0,upn((n+1)T,0),0uon((n+1)T,0),
Okttg n((n+1)T,0)) —}—az&xzuo,n((n—%— 1)T,0).
We extend this function to the set fﬂ using the conditions
up(n+1)T,x) =uo((n+1)T,x), Jun((n+1)T,x) = dupn((n+1)T,x), x€[0,00).
Based on formulas (4) and (5), we obtain

w(n+2)T) = u,((n+2)T,0),
W((n+2)T) = du,((n+2)T,0),
W ((n+2)T) = F(0,0) — £(0,0,u,((n+2)T,0),un((n+2)T,0),
Oty ((n+2)T,0)) +a*0%u,((n+2)T,0),

Using the above-proposed scheme, we prove that the function ug 1 belongs to the class C2([0, (n +2)T] x
X [0,00)). Thus, the induction step is proved.

Thus, a global classical solution of the problem was constructed under certain smoothness conditions,
matching conditions, and Lipschitz conditions. However, condition (12) can be slightly weakened to:

|f(t,x,21,22,23) — f(t,x, w1, w2, w3)| < Giip(t,%) (|21 — wi| + [z2 — wa| + [z3 — w3]), (17)

where Cj;p is some continuous function. We show that in this case one can also construct a unique global
classical solution if we impose the following smoothness conditions @ € C?([0,0)), P € C'(]0,0)),
€ C*([0,%)), f € C'(Q xR?), F € C'(Q) and the matching conditions (7)~(9). Note that the fulfillment
of condition (17) for all (¢,x) € ®,, = Conv{(0,0), (0,m), (m/(2a),m/2),(m/(2a),0)}, m € N, implies
inequality (12) with constant L = [|Gip||¢c(e,) on the same set (,x) € ©,,. We define the function
v @, 3 (1,x) — v (t,x) € R as the classical solution of the first mixed problem (1)—(3) on the set ©,,,.
According to the approach described earlier, such a solution exists and is unique.

We extend v(™ to the entire set Q so that v € C?(Q). We claim that the function «(*) = lim v(")

m—yoo

is a classical solution of the problem (1)—(3) on the set Q. Note that the topology of the Fréchet space
C?(Q) can be defined by a countable system of seminorms P = (p;)% ;, where p;(u) = |ul| c2(@,)» Since
U ©; = Q. Since for any natural numbers m and j the equality [v("*/) —y(™]| - =0 holds, the sequence
i=1 n

v y@ converges with respect to any seminorm p € P. This implies the existence and uniqueness of
the limit lim v in the space C2 (Q). Next, we must verify that the function u'™) satisfies Eq. (1), the

m—yoo
initial (2) and the boundary conditions (3). Indeed, since for any fixed point (¢,x) € Q there exists a natural
number m such that u(* (¢, x) = v(") (1, x), the function u(*) satisfies Eq. (1) at the point (¢,x), and since
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the point (z,x) € Q is arbitrary, it satisfies the equation in the entire set Q. The satisfaction of conditions (2)
and (3) is similarly proved. The uniqueness of the global solution is proved by contradiction. Assume

that there exist two global solutions u™1) and u(=2)_ Then, for a fixed m € N, consider their restrictions

]@ and u(* |@ which are solutlons of the ﬁrst mixed problem (1)—(3) on the set ®,,. Since the
solutlon to this problem is unique, u(* |@ \@m. From this, we obtain [u(‘” A — u(mvz)} |® =0.
Since m is arbitrary and U ©; = 0, u™Y — (2 =0 on the set 0, which proves uniqueness. We state

=1
the result as the followmg theorem.

Theorem 6.1. Let the conditions @ € C*([0,)), b € C'([0,)), € C2([0,)), f € C1(Q x R?),
and F € C'(Q) be satisfied and let the function f satisfy the Lipschitz condition (17) with the function
Ciip € C(Q). The first mixed problem (1)~(3) has a unique solution u from the class C*(Q) if and only if
the conditions (7)—(9) are satisfied. This solution has the representation (4)—(6).

The proof follows from the above reasoning.

Remark 6.2. Formulas (4)—(6), which define the equations for the classical solution u of the
problem (1)—(3), can be rewritten in a simpler form, similar to that given in [24, p. 76-77], namely:

x+at

ufe ) = PEFDTREZA) Ly a1
1 t x+a(t—) -
+ 27(1 de f (F(Tv Ev) _f(Ta (z-vau(T7 E,),a,u(’t, E»)aax”(T’ (t.,)))d(t.,, (tvx) E Q(l)’ (18)
0 x—a(t—m)
x+at
ulrx) =u(t=2) + obtar) B olat =) b [ b(E)det
at—x

2 IdT f (Ta ‘(-7) _f(T¢ E?”(T7 Ev)aatu(T7 &),8xu('r, E,)))da, (Z,X) 6@- (19)
|x—a(t

—)|

Proof. Indeed, by changing the variables

=Yy Tty
= 85
in the integrals in formulas (4) and (5), we arrive at expressions (18) and (19). L]

Remark 6.3. The condition F € C'(Q) of Theorems 4.1 and 6.1 can be replaced with
F cC(0), (Q > (t,x) = fF(r, lxta(t—1)|)dte R) e Ccl(Q). (20)
0
Proof. If condition (20) holds, then the right-hand sides of expressions (18) and (19) represent
a function u from the space C?(Q) under conditions @ € C?([0,)), ¥ € C'([0,%)), 1 € C*(]0,)),
f€C(Q xR, and (7)~(9) [25;26]. O
Remark 6.4. If the function F has the form F(t,x) = F(t) or F(t,x) = F(x) then the condition

) or
F € C'(Q) of Theorems 4.1 and 6.1 can be replaced with F € C(Q).
Proof. Let us first consider the case when F'(z,x) = F(t). We have

(Q > (t,x) — IF(T, |xta(t—1)|)dt= JF(T)dT € R) e C(0).
0 0

The case F(t,x) = F(t) is proved. Now consider the case F(¢,x) = F(x). We have

fF(T, |xta(t—1)|)dt= fF(|xia(t —T)|)dT.
0 0
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By virtue of the formulas
a t t
5 (JF(x%—a(t—’r))dT) :F(x)—l—jaF’(x—Fa(t—T))deF(x—Fat),
0 0

aax (fF(x‘Fa(t—T))dT) :fF'(Ha(t_T))dT: F(X-FCU)—F(x)’
0 0

a

we conclude that

(Q > (t,x) — jF(T,X-i—a(l‘—T))dT € R) cCY(Q).

0

Similary, we derive that
<Q > (t,x) — jF(T, |x—a(t—T)|)dt € R) cCl(0).
0
Thus, the case F(f,x) = F(x) is also proved. O
Conclusions

In this paper, the first mixed problem for a mildly quasilinear one-dimensional wave equation in the
first quadrant has been studied in the classical formulation. The problem contains Cauchy conditions on
the spatial semi-axis and a Dirichlet condition on the temporal semi-axis, with nonlinearity depending
on the unknown function and its first-order derivatives.

The main contributions of the work are as follows:

1. Integral representation of the solution. The solution is constructed implicitly through a system
of coupled integro-differential equations, derived by partitioning the domain along the characteristic
line x — at = 0. This representation generalizes the classical d’Alembert formula to the nonlinear case
and naturally incorporates the initial and boundary data.

2. Fixed-point approach in locally convex spaces. The solvability of the integro-differential system
is established using a generalization of the Banach fixed-point theorem to sequentially complete Hausdorft
locally convex spaces. This allows the treatment of the nonlinear terms under a Lipschitz condition,
ensuring the existence and uniqueness of local classical solutions.

3. Local and global classical solvability. Under smoothness assumptions on the data and
nonlinearity, and subject to matching conditions at the origin, the existence of a unique classical
solution is proved locally in time. Using a step-by-step extension method based on conjugation conditions,
the local solution is extended globally to the entire first quadrant, preserving C2-regularity.

4. Weakened Lipschitz and regularity conditions. Results extended to a spatially and time
dependent Lipschitz condition, broadening the class of admissible nonlinearities. Additionally, regularity
requirements on the nonhomogeneous term F are relaxed, allowing for certain integrability conditions
rather than pointwise smoothness.

5. Physical and mathematical relevance. The framework encompasses several important equations
of mathematical physics, including the sine-Gordon, double sine-Gordon, and nonlinear Klein—Gordon—
Fock equations, demonstrating the applicability of the results to problems in wave propagation, differential
geometry, and nonlinear dynamics.

In summary, the paper provides a rigorous and constructive treatment of the first mixed problem for
a mildly quasilinear wave equation, combining classical PDE techniques with functional-analytic methods.
The results extend prior works on semilinear and quasilinear wave equations and offer a versatile approach
for studying nonlinear initial-boundary value problems in unbounded domains.
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